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a b s t r a c t 

Random Vector Functional Link (RVFL) Networks have received a lot of attention due to the fast train- 

ing speed as the non-iterative solution characteristic. Currently, the main research direction of RVFLs 

has supervised learning, including semi-supervised and multi-label. There are hardly any unsupervised 

research results for RVFLs. In this paper, we propose the unsupervised RVFL (usRVFL), and the unsuper- 

vised framework is generic that can be used with other RVFL variants, thus we extend it to an ensemble 

deep variant, unsupervised deep RVFL (usdRVFL). The unsupervised method is based on the manifold 

regularization while the deep variant is related to the consensus clustering method, which can increase 

the capability and diversity of RVFLs. Our unsupervised approaches also benefit from fast training speed, 

even the deep variant offers a very competitive computation efficiency. Empirical experiments on several 

benchmark datasets demonstrated the effectiveness of the proposed algorithms. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Neural networks have triggered a wave of deep learning in re- 

ent years. Deep neural networks are mainly composed of many 

idden layers used for nonlinear mapping. In particular, a single- 

ayer feed-forward neural network (SLFN) is a shallow version of 

 neural network. It has been proven that any compact subset 

an be approximated by a single-layer neural network with a suit- 

bly chosen number of nodes [1,2] . However, most neural networks 

re typically optimized by back-propagation-based algorithms. This 

ethod involves iteration and requires a large amount of training 

ata, leading to local optima and slow convergence. In addition to 

onventional neural networks, randomized-based neural networks 

mploy closed-form solutions to conquer such problems. As a ran- 

om version of the functional link neural network, Random Vector 

unctional Link [3,4] (RVFL) inherits the advantages of randomized 

eural networks and achieves competitive performance in classifi- 

ation, forecasting and regression. It has also been demonstrated 

hat RVFL is a universal approximator for continuous functions on 

ompact domains as well as other SLFNs [5] . The weights and bi- 

ses of the hidden neurons in RVFL are randomly generated within 

 suitable range and kept fixed. Only the output weights need to 
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e updated in the training phase. And the original features are di- 

ectly propagated to the final layer via the functional link. As the 

quared loss is employed in the RVFL, the solution can be regarded 

s a regularized least squares, or ridge regression, which is a sim- 

le closed-form solution. 

Although many researchers have recently made sufficient con- 

ributions to the application and theory of RVFL [6–8] , as well as 

any variants and extensions of RVFL [9,10] , they are mostly su- 

ervised learning tasks, and there are few results for RVFL in the 

nsupervised domain. In practice, having enough well-labeled data 

s rare, and the difficulty of using unlabeled data can significantly 

educe data efficiency. Therefore, the exploration of unsupervised 

asks is necessary, and clustering is a major topic in unsupervised 

earning. 

To fill the gap, we proposed using unsupervised learning meth- 

ds to handle clustering tasks. We also extend it to ensemble deep 

ariants based on consensus clustering methods, which can in- 

rease the diversity of the model. The unsupervised RVFL has a 

imilar structure to the naive RVFL in that both solve for the out- 

ut weights after mapping the inputs randomly, the only difference 

eing how to solve for the output weights. The random mapping of 

nput patterns plays a key role in RVFL, which allows the network 

o avoid overfitting problems and leads to fast non-linear mapping. 

In the deep variants, we follow the description in [11] , stacking 

ultiple hidden layers in which weights and biases are randomly 

enerated and kept fixed. The only part that needs to be updated 

s the weights of the output between the final layer and the multi- 

https://doi.org/10.1016/j.patcog.2022.108744
http://www.ScienceDirect.com
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Fig. 1. The pipeline of proposed usRVFL and usdRVFL for clustering. 
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le hidden layers. After obtaining the representation features from 

ach layer, we clustered them one by one and ensembled them to- 

ether via relabeling and voting strategy. The whole pipeline of our 

ork is summarized in Fig. 1 . 

The content of this paper is summarized as follows: (i) We pro- 

osed an unsupervised solution for RVFL, the unsupervised method 

s based on manifold regularization. (ii) We extend the unsu- 

ervised RVFL to the ensemble deep version, which is inspired 

y the ensemble deep RVFL. (iii) We manifested that the perfor- 

ance of our unsupervised methods is robust and competitive on 

lustering tasks with extensive experiments on several real-world 

atasets. 

. Related work 

In this section, we first demonstrate a brief overview of the fun- 

amental spectral techniques and some related methods. We then 

eview the base RVFL network and its deeper variants, and next we 

resent some common approaches to consensus clustering. 

.1. Manifold learning and spectral techniques 

The spectral Technique is an algorithm that evolved from graph 

heory and has since found widespread use in clustering. The 

ssence of spectral clustering is manifold learning. Its main idea 

s to regard all the data as nodes in space, which can be connected 

o each other by edges. The edge weights between two nodes that 

re further apart have low values, while the edge weights between 

wo closer nodes have higher values. The purpose of spectral clus- 

ering is to be achieved by cutting the graph composed of all data 
2 
odes so that the edge weights between different subgraphs af- 

er the cut are as low as possible, while the edge weights within 

he subgraphs are as high as possible. Laplacian eigenmaps [12] is 

sed for dimension reduction and it also plays an important role 

n manifold learning. 

Spectral clustering (SC) [13] simply adds a clustering step to 

aplacian eigenmaps. The Laplacian eigenmaps method requires 

he construction of a similarity graph G , followed by the use of 

n adjacency matrix W to determine the weights. When making 

he adjacency matrix, the weights of each edge need to be made 

ith a Gaussian kernel function. The Laplacian matrix L can then 

e calculated, and the first m eigenvectors can be used for em- 

edding. Meanwhile, spectral clustering conducts k means method 

fter the Laplacian eigenmap embedding process. 

Projected Clustering with Adaptive Neighbors (PCAN) 

14] learns the similarity matrix G and the label matrix F si- 

ultaneously by introducing the probabilistic neighbor, where F 

s the final cluster output. The neighbor similarity matrix can be 

egarded as the adjacency matrix in SC. 

The Constrained Laplacian Rank Algorithm for Graph-Based 

lustering (CLR) [15] also learns directly the data similarity graph 

 with k connected components, where k is the number of clus- 

ers. The author imposed a Laplace rank constraint on the similar- 

ty graph to guarantee the existence of k connected components. 

It’s also based on the Laplacian matrix, and the solution of RVFL 

utput weights can be turned into an eigenvalue problem with the 

ame output weights and eigenvectors as in SC. The major dif- 

erence between SC and usRVFL is that the eigenvectors are the 

eights of the output, which are used for obtaining the embed- 

ing features instead of being used for clustering directly. 



M. Hu and P.N. Suganthan Pattern Recognition 129 (2022) 108744 

Fig. 2. The structure of RVFL network. Randomized links are the green lines between the input layer and the enhancement layer, direct links are in red between the input 

layer and output layer. 
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.2. Random vector functional link 

Random Vector Functional Link (RVFL) was proposed by Pao 

nd Takefuji in [16] . The inputs to the final layer consist of the

aw input patterns X ∈ R 

k ×d , the corresponding label Y and the 

eatures after nonlinear transformation A : R 

k ×d → R 

k ×N , where k 

s the number of samples, d and N are the numbers of original in- 

ut features and hidden neurons. The structure of RVFL is given in 

ig. 2 . The parameters for the hidden neurons are generated ran- 

omly and fixed. Only the weights of the output neurons β are to 

e optimized during the training phase by the following equation: 

in 

β
|| E β − Y || 2 + λ|| β|| 2 (1) 

here E ∈ R 

m ×n e is the linear combination of input patterns X and 

idden features A , which we termed enhanced features. And the 

idden features A can be calculated by g(a T 
j 
x + b j ) , where g(·) is

he activation function for non-linear mappings. Thus the objective 

unction can be solved by Moore-Penrose pseudo-inverse: 

= E 

+ Y (2) 

r ridge regression, which can be expressed by 

= ( E 

T E + λI) −1 E 

T Y (3) 

here I is the identity matrix and λ is the regularization param- 

ter. The hidden weights and biases mentioned in this work are 

andomly generated from a uniform distribution U ∈ [ −1 , 1] before

cale. 

Shi et al. [11] proposed deep variants of RVFL, one of the deep 

ariants called ensemble deep RVFL (edRVFL), which adopts the 

trategy of the ensemble. The edRVFL network has multiple hid- 

en layers hierarchically stacked. Input to each hidden layer in the 

tack is the output of the prior layer. The architecture is shown in 

ig. 3 , the input to the hidden layers A 

(i ) is defined as follows: 

 

(i ) = 

{
g( X W 

(1) 
r ) i f i = 1 

g([ A 

(i −1) ; X ] W 

(i ) 
re ) i f i > 1 

(4) 

here W 

(i ) 
re ∈ R 

(d+ N) ×N . The outputs weight βed can be solved by 

qs. (2) or (3) . For the ease of notation, we omit the bias term in
3 
he formulas, as shown in [3,17] , compared with no bias, the net- 

ork with bias has more freedom, it will have a better approxima- 

ion to the data. 

The RVFL network is demonstrated to be a universal approxima- 

or for a continuous function on a bounded finite-dimensional set. 

ts own and its variants perform well on supervised classification 

asks in a variety of situations [11,18] . 

.3. Randomized network based unsupervised learning 

The Extreme Learning Machine (ELM) is an essential branch 

f randomized neural networks, which is also a single-layer feed- 

orward network (SLFN) whose neurons between the input and 

idden layer are randomly generated and fixed, but without di- 

ectly connected layers compared to RVFL [19] . In addition to the 

lassification task, there are some later works that extend the ap- 

lication of ELM to unsupervised learning [20–22] . In unsupervised 

LM (US-ELM) [20] , the author employed US-ELM for feature em- 

edding and using k -means for the clustering. Liu et al. [21] also 

sed US-ELM for feature representation and clustering. 

.4. Consensus clustering 

Consensus clustering is also known as ensemble clustering, the 

rocess is shown in Fig. 4 . The reason why ensemble methods 

re employed is to combine some weak clusters into a strong one 

23,24] . To create diverse clusters, several approaches can be ap- 

lied: using different sampling data, using different subsets of the 

riginal features, and employing different clustering methods [25] . 

fter receiving all the outputs from each cluster, various consensus 

unctions can be chosen to obtain the final output based on the 

ser’s requirements [26] . 

There are many mathematical and computational tools to solve 

he consensus problems, which can be divided into two main 

arts: object co-occurrence and median partition. Objects Co- 

ccurrence methods are more common, which include Re-labelling 

 voting approach [27] , Information Theory approach [28] , Hyper- 

raph methods [29] , etc. 

Among them, Re-labelling & voting approach is a straightfor- 

ard and effective method [30] . The first issue to be solved is that 

f corresponding label problems. Since the labels associated with 
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Fig. 3. The structure of edRVFL network. Compared to dRVFL, the βd is separated into several βed . Each βed is calculated for an individual RVFL output layer. The input 

features concatenate with outputs of each hidden layer by direct links shown as red lines. The final output is obtained by aggregating predictions of all output layers. 

Fig. 4. The process of consensus clustering. 
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ach object in the clustering are symbolic and there is no relation- 

hip between the sets of labels given by the clustering algorithm, 

e convert the relabelling problem to a bipartite graph matching 

roblem and then use the Kuhn-Munkres (KM) algorithm to solve 

t. The KM algorithm transforms the problem of finding a maxi- 

um weight match into a complete match by giving each vertex a 

abel, and it can solve the relabel task in strongly polynomial time. 

he winner is then obtained using a plurality voting method as the 

nal clustering prediction. Details of the method we use for rela- 

eling and voting are described in Section 4.2 

. Unsupervised RVFL for representation learning 

In unsupervised learning, the objective function of RVFL 

 Eq. (1) ) should be free of the labels Y . In order to obtain the rep-

esentation results, we use manifold regularization to enable RVFL 

o obtain a non-linear mapping of the original data. Specifically, 

he normalized Laplacian as a regularizer is used to represent the 

ata in the manifold space as shown in Fig. 5 . The following sec-

ions show the steps of manifold regularization in detail. 

.1. Manifold regularization 

In the unsupervised case, given a set of data points without la- 

els X u = { x . . . x } , where the dimension of x is n r , and all un-
1 k i 

4 
abelled examples can be sampled from the same marginal distri- 

ution P X . If two points x 1 and x 2 are similar, they will be close

o the intrinsic geometry of P X . We also want to include geomet- 

ic information about P X , thus an additional regularization term is 

dded to smooth the ambient space and the marginal distribution 

 X . Therefore, we can have an objective function with an extrinsic 

egularization term and an intrinsic regularization term, which can 

e mathematically expressed as: 

in 

f ∈ H K 
λ|| f || 2 K + || f || 2 I (5) 

or a Mercer kernel K : X × X → R , there is an corresponding norm

| · || K in the associated Reproducing Kernel Hilbert Space(RKHS) 

 K . Here f is the function in the hypothesis space H K and || f || 2 
K 

is

he penalty term. || f || 2 
I 

is an appropriate penalty term that should 

eflect the intrinsic structure [31] . 

Spontaneously, the intrinsic regularization term || f || 2 I can be 

onvert to 
 

x ∈ M 

||∇ M 

f || 2 dP X (x ) (6) 

here ∇ M 

means the gradient and M ⊂ R is a compact submani- 

old of P X support. There are different manifold smoothing regular- 

zers, such as Frobenius norm of the Hessian [32] , Diffusion regu- 

arizers [33] and Iterated Laplacians [34] . Here we can use graph 

aplacian approximating the regularization term Eq. (6) . Thus the 
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Fig. 5. The geometric intuition of usRVFL. The primary justification for mapping to high dimensional is make the difficult non-linear separation to become linear or easy 

separation.Gradient background colours represent transitions between classification areas. 
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bjective function is: 

 = min f ∈ R λ|| f || 2 K + 

∫ 
x ∈ M 

||∇ M 

f || 2 dP X (x ) 
= min f ∈ R λ|| f || 2 K + 

∑ 

i jW i j || f (x i ) − f (x j ) || 2 
= min f ∈ R λ|| f || 2 K + Tr ( f 

T 
L f ) 

(7) 

here L is the graph Laplacian and is obtained from D − W . Here 

 is the diagonal matrix and given by D ii = 

∑ 

j=1 W i j , and W is the

imilarity matrix, which represents the edge weight in adjacency 

raph. Normally, the similarity matrix is sparse consisting of 0,1. 

or each x i , we find the n nearest neighbors and regard them as

onnected. W i j = 1 if vertices i and j are connected by an edge and

 i j = 0 if vertices i and j are not connected. And Tr (·) means the

race of the matrix. 

It is also worth noting that the graph Laplacian can be replaced 

y the normalized Laplacian 

 norm 

= D 

−1 / 2 L D 

1 / 2 (8) 

sing normalized Laplacian instead of graph Laplacian can make 

he convergence easier and perform better in many practical 

asks [35] . Furthermore, there is some experimental evidence 

emonstrated the regularized graph Laplacian L norm 

yields better 

mpirical results [36] . Therefore, the remaining L in this paper rep- 

esents the normalized graph Laplacian. 

.2. Unsupervised random vector functional link network 

Since all the data X are unlabelled, the first term in the origi- 

al RVFL solution Eq. (1) can be removed and the remainder can 

e modified according to the manifold regularization mentioned in 

q. (8) as follows: 

in β∈ R n e ×n o λ|| β|| 2 + Tr ( f 
T 

L f ) 
.t. f i = e i β e i ∈ E 

(9) 

here β follows the notion in Eq. (1) , is the output weights to be

earnt, while n e and n o are the dimensions of the enhanced fea- 

ure and the embedding output, respectively. We can express it in 

atrix form 

min 

∈ R n e ×n o 

λ|| β|| 2 + Tr ( β
T 

E 

T L E β) (10) 

To conquer the degenerated problem that f going arbitrary 

arge, we follow the method proposed by Belkin and Niyogi [37] , 

hich impose a constraint β
T 

E 

T D E β = I. Therefore, our objection 

unction can be expressed as 

min 

∈ R n e ×n o , β
T 

E T L D β= I 
Tr ( β

T 
E 

T L E β) (11) 

According to Ghojogh et al. [38] , the eigenvalue optimization for 

he trace of the matrix βT E 

T L E β can be regarded as a generalized 
5 
igenvalue problem: 

 E β = γ D E β (12) 

ccording to the Croot [39] , a common method to obtain the opti- 

ized solution by the Rayleigh principle, which is stacking the n o 
igenvectors corresponding to the corresponding n o lowest eigen- 

alues of the generalized eigenvalue problem solution Eq. (12) . 

In our solution, we rewrite Eq. (11) as: 

min 

∈ R n e ×n o , β
T 
�β= I 

Tr ( β
T 
�β) (13) 

here � = λI + E 

T L E and � = E 

T D E . And the generalized eigen- 

alue problem solution is 

v = γ�v (14) 

 I + λE 

T L E ) v = γ E 

T E v (15) 

e can also solve such trace minimization problem by the 

ayleigh theorem due to � and � are also self-adjoint, which is 

he as the solution of Eq. (12) . And it is obvious that 1 is an eigen-

ector corresponding to eigenvalue 0, in order to eliminate this 

rivial solution, the eigenvector 1 is discarded and the optimal so- 

ution is stacking up the following n o eigenvectors. 

Refer back to Eq. (14) , let v 0 , . . . , v n o are the eigenvectors, cor- 

esponding to their eigenvalues γ0 , . . . , γn o 

�v 0 = γ0 �v 0 
�v 1 = γ1 �v 1 

. . . 

v n o +1 = γn o �v n o 
0 = γ0 ≤ γ1 ≤ . . . ≤ γn o 

(16) 

he final solution to the embedding weights β is the stacking of 

 0 smallest normalized eigenvectors without v 0 . 

= [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] (17) 

here v̄ i = v i / || E v i || , i = 1 , 2 , . . . , n o . 

If the number of observations is smaller than the dimension of 

nhanced features E , we can transfer Eq. (14) from primal space 

nto dual space by defining � = I + λL E E 

T and � = E E 

T , thus the 

quation can be shown as 

 I + λL E E 

T ) v = γ E E 

T v (18) 

nd the optimize solution is 

= E 

T [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] (19) 

here v̄ i = v i / || E E 

T v i || , i = 1 , 2 , . . . , n o . 

The final output O of unsupervised RVFL can be straightforward 

alculated by 

 = E β (20) 
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Algorithm 2: Unsupervised RVFL for clustering. 

Data : Dataset X u ∈ R 

k ×n r 

Input : Number of clusters K 

Output : List of cluster index ˆ y ∈ N 

k ×1 

Compute the similarity matrix W ; 

Construct the normalized graph Laplacian L ; 

Initialize the usRVFL network, calculate the outputs A from 

hidden layer, and concatenate it with the original input 

feature X to get the enhanced feature E ∈ R 

k ×n e ; 

if n e ≤ k then 

Find the n o smallest eigenvalues γ and corresponding 

eigenvectors v by Eq.~(15); 

Compute the normalized eigenvectors v̄ i = v i / || E v i || ; 
Compute β = [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] ; 

else 
Find the n o smallest eigenvalues γ and corresponding 

eigenvectors v by Eq.~(18); 

Compute the normalized eigenvectors v̄ i = v i / || E E 

T v i || ; 
Compute β = E 

T [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] ; 

end 

Compute embedded vectors O = E β; 

Initialize K centroids; 

while the centroids are changing do 

Assign each embedded vector to the closest centroid; 

Compute the new centroid for each cluster; 

end 

return List of cluster index ˆ y 

Algorithm 3: Unsupervised deep RVFL for clustering. 

Data : Dataset X u ∈ R 

k ×n r 

Input : Number of clusters K ; Number of hidden layers l 

Output : List of cluster index ˆ y ∈ N 

k ×1 

Compute the similarity matrix W ; 

Construct the normalized graph Laplacian L ; 

Initialize the usRVFL network, m ← 0 ; 

for m < l do 

Calculate the outputs A m 

from the m th hidden layer, and 

concatenate it with the original input feature X to get the 

enhanced feature E m 

∈ R 

k ×n e ; 

if n e ≤ k then 

Find the n o smallest eigenvalues γ and corresponding 

eigenvectors v by Eq.~(15); 

Compute the normalized eigenvectors v̄ i = v i / || E m 

v i || ; 
Compute β = [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] ; 

else 
Find the n o smallest eigenvalues γ and corresponding 

eigenvectors v by Eq.~(18); 

Compute the normalized eigenvectors 

v̄ i = v i / || E m 

E 

T 
m 

v i || ; 
Compute β = E 

T 
m 

[ ̄v 1 , ̄v 2 , . . . , ̄v n o ] ; 

end 

Compute embedded vectors O = E m 

β; 

Cluster the embedded vectors and record the clustering 

index of the m th layer y m 

in Y ; 

m ← m + 1 ; 

end 

Relabel the clustering results Y to get the new predictions ˆ Y ; 

Use the voting strategy to determine the winner ˆ y among ˆ Y ; 

return List of cluster index ˆ y 
here O ∈ R 

k ×n o is the embedded vector with the size n o , and the

hole process is shown in Algorithm 1 . 

Algorithm 1: Unsupervised RVFL for representation learning. 

Input : Dataset X u ∈ R 

k ×n r 

Output : Embedded vector O ∈ R 

k ×n o 

Compute the similarity matrix W ; 

Construct the normalized graph Laplacian L ; 

Initialize the usRVFL network, calculate the outputs A from 

hidden layer, and concatenate it with the original input 

feature X to get the enhanced feature E ∈ R 

k ×n e ; 

if n e ≤ k then 

Find the n o smallest eigenvalues γ and corresponding 

eigenvectors v by Eq.~(15); 

Compute the normalized eigenvectors v̄ i = v i / || E v i || ; 
Compute β = [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] ; 

else 
Find the n o smallest eigenvalues γ and corresponding 

eigenvectors v by Eq.~(18); 

Compute the normalized eigenvectors v̄ i = v i / || E E 

T v i || ; 
Compute β = E 

T [ ̄v 1 , ̄v 2 , . . . , ̄v n o ] ; 

end 

Compute embedded vectors O = E β; 

return Embedded vector O 

. Unsupervised deep RVFL for clustering 

Above, we described the approach for the unsupervised RVFL 

usRVFL) representation task. After we obtain the embedding vec- 

or O from usRVFL, we can perform clustering of these vectors 

n embedding space using some convention clustering algorithms. 

he clustering task requires the similarity of a given number of 

ata points to be evaluated, and the clustering algorithm is also 

ighly dependent on the data points involved. We also extend the 

sRVFL framework for clustering to a deep version, which is called 

sdRVFL. It employs the consensus clustering strategy based on the 

sRVFL. 

.1. Unsupervised RVFL for clustering 

In our clustering task, we use the k -means technique to cluster 

he embedded vectors, as shown in Algorithm 2 . And we initialize 

he centroids by the k -means++ [40] , which basic principle is to 

ake the initial clustering centers as far away from each other as 

ossible. 

.2. Unsupervised deep RVFL for clustering 

The proposed unsupervised framework is generic and can be 

dopted on the ensemble deep RVFL network (edRVFL). We treat 

ach hidden layer in the unsupervised deep RVFL (usdRVFL) and 

ts corresponding output layer as a separate usRVFL representation 

peration. Therefore, for an RVFL with l hidden layers, there will 

e l sets of embedding vectors. And we do k -means clustering for 

ach set of these embedded vectors. Instead of training several net- 

orks or using different clustering methods independently, we use 

ne usdRVFL network to obtain multiple clustering results at once. 

After obtaining l clustering results, each of which is a weak 

luster, a more precise clustering can then be made by means of 

onsensus clustering. To ensemble the above clustering results, we 

mploy the relabelling and voting strategy. The details are given 

n Algorithm 3 . We can construct l − 1 weighted bipartite graphs 

 = { ̂  y , y } between the first layer predictions, or called criteria 
i i 1 
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ayer, and the i th layer with the weight matrix C i , each value in

he matrix C i represents the number of overlaps between the i th 

ayer predictions and the criteria predictions. Then we can use the 

uhn-Munkres (KM) algorithm [41] to find the maximum weight 

atching of each graph B i and get the relabelled indices for each 

ayer with the first layer outputs as the criteria. Then we make the 

nal ensemble prediction based on a majority voting strategy. 

. Experiments 

In this section, we evaluate the clustering performance of our 

roposed unsupervised RVFL(usRVFL) and its variant unsupervised 

eep RVFL on several benchmark datasets. We also include some 

omparisons between some other randomized network-based clus- 

ering methods and spectral clustering methods. 

.1. Comparison methods 

To gauge the quality of clustering, externally validated ap- 

roaches are used, whereby the quality of the clustering solution 

s evaluated based on the labels. The evaluation metric used in the 

xperiments is clustering accuracy (ACC). 

If ˆ y i is the relabelled prediction index for i th patterns in cluster- 

ng algorithms and y i is the corresponding ground truth, ACC mea- 

ures the fraction of patterns properly predicted versus the ground 

ruth label in the clustering solution. Mathematically, the ACC is 

efined as: 

ccuracy (y, ̂  y ) = 

1 

k 

k −1 ∑ 

i =0 

1 ( ̂  y i = y i ) (21) 

here 1 is the indicator function, indicating which of these ele- 

ents belong to the given subset. 

To validate the effectiveness of the proposed unsupervised RVFL 

ramework, we have conducted a comparison of related algorithms. 

he compared methods are enumerated as follows: 

1. k -Means: The baseline clustering method 

2. Unsupervised Extreme Learning Machine (US-ELM) [20] 

3. Spectral Clustering (SC) [13] 

4. Projected Clustering with Adaptive Neighbors (PCAN) [14] 

5. Constrained Laplacian Rank (CLR) [15] 

6. ELM based Constrained Laplacian Rank (ELM-CLR) [21] 

7. Low Rank Representation (LRR) [42] 

8. The Separation Capacity of Random Neural Networks (RM) [43] 

9. Unsupervised Random Vector Functional Link (usRVFL) 

0. Unsupervised deep Random Vector Functional Link (usdRVFL) 

It is worth noting that No. 8 method is under the hypothesis of 

he dichotomous case, we will abuse it here in the case of multiple 

lassifications. We follow the method in [43] to construct a random 

eLU-layer F ( ·) in our experiments: 

 (x ) = 

√ 

2 

n o 
ReLU ( Wx + b ) (22) 

here weight matrix W ∈ R 

n e ×n o has standard Gaussian entries, 

nd the bias b obeys a uniform distribution on [ −1 , 1] indepen-

ently. For multi-class tasks, we also follow this approach to con- 

truct random hidden layers that perform a random mapping of 

he initial features. The identical k means++ method is used to clus- 

er the features after random mapping. 

.2. Experiment settings 

In order to fairly compare different algorithms, the following 

xperimental setting is used: The grid search method is used 

or parameter tuning and we selected the best results in tuning 
7 
hases; As the performance of k -means is sensitive to centroid 

nitialization, we repeat the k -means 100 times and take the me- 

ian results in the algorithms that comprise k -means, including SC, 

S-ELM, ALC Series and usRVFL Series; For randomized networks- 

ased algorithms, such as US-ELM, ALC-ELM and usRVFL Series, 

e repeat the weight randomization for 10 times and obtain the 

eans of the accuracy; All the data points are normalized in the 

ange of [ −1 , 1] ; We follow the experiments setting for ELM based

lgorithms described in [21] . The search range of hyper-parameters 

s given in Appendix. 

We conducted the four-fold cross-validation on all datasets to 

nd the optimal hyperparameters. To be specific, we will detach a 

ortion of the training set as a validation dataset, the configuration 

hat achieves the best accuracy on this validation set is selected 

s the optimal setting. We will then retrain the model with the 

omplete training set and the optimal settings and then use this 

odel for testing. 

For randomized neural networks, we stop training when we 

ave traversed all hyperparameters; for other methods, the stop- 

ing criteria is the maximum number of epochs 

.3. Performance comparison and analysis 

The average accuracy of usRVFL/usdRVFL and other baseline al- 

orithms is demonstrated in Table 1 . From the table, we can con- 

lude that usdRVFL proposed in the paper yields the best perfor- 

ance in 10 datasets out of 11, considering the criterion of accu- 

acy. Besides, usdRVFL performs notably well on some low dimen- 

ional tabular datasets, such as AutoMPG(4.12%), SEGMENT(7.19%) 

nd CONTROL(9.33%). However, in the ECOLI dataset, our method 

emonstrated similar accuracy with ELM-CLR and LRR, one pos- 

ible reason is both methods are subspace clustering approaches 

nd the representation in latent space plays an important role. For 

he Diabetes task, the random neural network achieved excellent 

esults, this reveals that random mapping can tackle the task of 

inary classification as the recent work [43] shown. 

We also perform the Wilcoxon Signed-rank Test for ranking. 

he pairwise statistical comparison of all mentioned algorithms is 

hown in Table 2 . We can see proposed method is significantly bet- 

er than any other algorithms in comparison. 

In addition, usRVFL exhibits similar performance to US-ELM, as 

hey both use manifold regularization to embed the input patterns 

nd employ the same method for clustering embedded features. 

owever, usRVFL outperforms US-ELM in general, possibly due to 

sRVFL holding a direct link that provides a better way to repre- 

ent the patterns. Figs. 6 and 7 show a more detailed comparison 

etween usRVFL and US-ELM in UCI datasets (low dimension) and 

mage dataset (high dimension). Here we capture the minimum 

alue of 100 repeats k -means experiments. We can see usRVFL of- 

ers better overall results for all benchmark datasets, and usRVFL 

ut stands US-ELM regarding all embedding dimensions in sev- 

ral special datasets, like USPST and ETH80. We can assume that 

VFL is superior when confronted with high-dimensional cluster- 

ng problems. 

.4. Computational complexity analysis 

Because of the characteristics of randomized networks, usRVFL 

lso possesses superior computational complexity. The RVFL only 

eeds matrix inverse once during training for the β ∈ R 

(d+ N) ×(d+ N) 

nd the computation complexity is O 

(
( d + N ) 

3 
)

. In the edRVFL, 

ach sub-layer requires an output weight βl , and this weight ma- 

rix dimension is the same as single layer RVFL: βl ∈ R 

(d+ N×L ) 2 , 

hus the time consumption for all βl calculation in edRVFL only 

equires O 

(
L ( d + N ) 

3 
)

. The time complexity of k-means is known 
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Table 1 

Performance comparison of the Proposed usRVFL/usdRVFL and related algorithms. 

k -Means US-ELM usRVFL SC PCAN CLR LRR ELM-CLR RM usdRVFL 

UMNIST 43.19 65.94 65.34 68.64 68.17 74.09 45.36 76.45 44.52 80.26 

ORL 54.6 66.27 66.39 67.08 59.50 63.25 73.63 68.25 58.51 73.75 

POLLEN 47.86 44.92 48.03 50.32 43.49 41.11 44.37 54.41 40.79 55.91 

USPST 67.23 77.36 77.52 67.41 64.52 76.73 73.00 84.67 60.44 85.56 

MNIST05 52.66 64.62 65.63 66.98 55.22 57.34 56.46 67.90 42.13 72.69 

ETH80 50.05 50.94 53.57 55.02 49.39 41.07 53.97 56.77 48.47 60.95 

ECOLI 56.25 67.69 67.50 58.93 77.68 67.26 58.13 79.49 61.61 73.85 

AutoMPG 44.13 51.41 58.69 46.43 61.48 46.43 57.14 46.94 62.51 65.60 

Diabetes 66.8 58.82 58.82 64.58 66.02 64.84 67.97 67.41 66.97 67.97 

SEGMENT 66.57 69.51 69.35 67.9 57.57 52.94 72.16 69.78 69.39 79.35 

VEHICLE 36.69 44.16 48.06 42.32 41.25 42.67 41.96 41.97 40.78 64.77 

CONTROL 56.83 60.50 60.50 67.33 68.00 72.17 60.50 71.42 75.83 81.50 

Table 2 

Performance comparison of the Proposed usRVFL/usdRVFL and related algorithms. + means the method in the 

corresponding row is statistically better than the method in the corresponding column, and vice versa. 

k -Means US-ELM usRVFL SC PCAN CLR RM LRR ELM-CLR usdRVFL 

k -Means - - - 

US-ELM - - 

usRVFL - - 

SC - - 

PCAN - - 

CLR - - 

RM - 

LRR + - 

ELM-CLR + + + + + + - 

usdRVFL + + + + + + + + + 

a

n  

t

O
S

c

i

m

r

o

r

Table 3 

The computational time (in seconds) of the Proposed us- 

RVFL/usdRVFL and related algorithms. 

UMIST USPST ORL ETH80 MNIST05 

k -Means 0.05 0.07 0.10 1.25 1.37 

US-ELM 0.32 1.21 0.39 4.89 5.26 

usRVFL 0.33 1.24 0.39 4.95 5.34 

SC 0.40 1.19 0.58 190.96 2.18 

PCAN 3.63 20.13 23.43 88.28 31.28 

CLR 2.30 9.81 1.07 173.31 46.03 

LRR 26.30 19.85 13.22 5430.87 7423.12 

ELM-CLR 3.57 21.32 4.19 46.78 53.67 

usdRVFL 2.09 5.89 2.72 20.51 25.31 
s O ( T Kn ) , where T is the number of iterations, K is the desired 

umber of centroids and n is the the number of samples. As T ∝ n ,

he time complexity of k means is also usually considered to be 

 

(
n 2 

)
. The complexity of eigenvalue decomposition is O 

(
(NK) 2 

)
. 

ince N is usually greater than d, n and K in our experiments, the 

omplexity of our model can be approximated as O 

(
N 

3 
)
, where N

s the number of neurons. 

Table 3 gives a comparison of the time consumption of our 

ethod with other clustering methods in four image datasets. We 

epeated the algorithm 10 times using the parameters yielding the 

ptimal performance. The time consumption of usRVFL is compa- 

able as it does not require an iterative method of optimization 
Fig. 6. Accuracy at different embedding dimensions on the Image dataset. 

8 
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Fig. 7. Accuracy at different embedding dimensions on the UCI dataset. 

Table 4 

The computational time (in seconds) of usdRVFL for different hidden 

layers. 

#layers 1 5 10 50 150 250 

Time(s) 4.95 10.56 17.13 66.68 185.68 308.63 
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[

nd does not require pre-processing of the data. However, usdRVFL 

equires multiple clustering as well as a relabelling process and 

s less advantageous in this respect. As the optimal layer of us- 

RVFL is various across the datasets, the time consumed varies 

idely. We have also conducted experiments with different layers 

f dRVFL on a relatively large dataset ETH80, even considering the 

xtreme case of 250 hidden layers, and the calculation times are 

hown in Table 4 . 

. Conclusion 

In this paper, we propose an unsupervised RVFL framework 

ased on manifold regularization, which enables RVFL to perform 

nsupervised representation learning and allows RVFL to address 

ome popular unsupervised tasks such as clustering. We also adapt 

he unsupervised RVFL to a deep variant for the clustering task, 

hich is inspired by the consensus clustering strategy. 

Although there has been some work that has extended the ran- 

omized networks to unsupervised learning, to the best of our 

nowledge, this is the first work that proposed unsupervised RVFL 

xtension for representation learning and clustering based on the 

pectral method. Evaluations of empirical evidence on a wide range 

f benchmark datasets have shown that usdRVFL achieves equiva- 

ent or superior clustering performance to state-of-the-art spectral 

lustering or graph-based methods. 

For usRVFL, the clustering performance may be improved by 

dopting other clustering algorithms, such as graph clustering. We 

an try to construct some clearer graphs for embedded vectors and 

btain better results. Considering usdRVFL, the adoption of differ- 

nt algorithms for consensus clustering is also a future research di- 

ection. Soft clustering, or Fuzzy clustering, can also be considered 

o make the results more practically meaningful. Moreover, the ef- 

ectiveness of usdRVFL shows the promise of combining edRVFL 

ith other methods to solve complex practical problems. 

In addition to being used for clustering, the features from us- 

VFL are also more suitable for other downstream tasks, e.g., re- 
9 
lacing the raw feature from the input domain to manifold do- 

ain, using for contrastive learning, etc. 
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