
Vol.:(0123456789)

International Journal of Machine Learning and Cybernetics (2025) 16:233–251 
https://doi.org/10.1007/s13042-024-02201-8

ORIGINAL ARTICLE

An integrated simplicial neural network with neuro‑fuzzy network 
for graph embedding

Phu Pham1 

Received: 28 June 2023 / Accepted: 27 April 2024 / Published online: 22 May 2024 
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2024

Abstract
In recent years, graph neural network (GNN) has become the main stream for most of recent researches due to its powers 
in dealing with complex graph data learning problems. However, as most of the recent GNN-based architectures have been 
mainly designed to only evaluate direct relational structures between nodes. As the results, these techniques are unable 
to capture the sophisticated multi-way relationships in graph. The multi-way relationships can be represented by both 
explicit graph-based and complex topological structures. In general, the multi-way relationships in graph can be modelled as 
simplicial complexes, hyper-graphs, e.g., and can be efficiently preserved under the simplicial neural networks (SNN). There 
are several notable SNN-based architectures have been proposed recently, such as the well-known simplicial convolutional 
neural network (SCNN). The SNN-based techniques have shown the competitive performances in handling graph learning. 
However, most of recent proposed SNN-based architectures are designed upon the deep neural learning paradigm. Therefore, 
they still encountered several challenges with regard to the feature noise and data uncertainty. To overcome these limitations, 
in this paper, we proposed a novel integrated SNN and neuro-fuzzy network (NFN) graph embedding technique, called as: 
SFGE. Our SFGE model is designed to better capture the multi-way structural representation of graph by taking advances 
of different advanced graph-based and fuzzy-based neural learning techniques. By taking advances of neuro-fuzzy learning 
approach, our model can efficiently support to eliminate the feature uncertainty/ambiguity during the task-driven fine-tuning 
process. In addition, it also supports to better capture the rich multi-way relational structures of the input graphs under the 
topology-enhanced graph analysis approach. Extensive empirical studies within a real-world molecular graph dataset have 
effectiveness of our SFGE in dealing with graph classification task.
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1  Introduction

In recent years, the GNN [1, 2] has been considered as an 
important deep neural architecture for handling sophisticated 
graph-structured datasets. It has attracted a lot of attentions 
from our research communities due to its indispensable 
advantages in comparing with previous deep neural architec-
tures. In fact, the recent proposed graph neural architectures 
have shown significant performances in multiple complex 
graph data representation as well as task-driven learning 
tasks. As the results, it has been widely adopted in multiple 
data analysis and mining problems, including: information 

network analysis and mining (INAM) [3, 4], natural lan-
guage process (NLP) [5], computer vision (CV) [6], bioin-
formatics [7, 8], networked data recommendation [9, 10], 
etc. Generally speaking, the GNN has shown remarkable 
performances for data mining problems that require in-depth 
evaluation upon the multi-viewed/complex relational struc-
tures of graph-based datasets. In recent years, there are vari-
ous GNN-based techniques have been proposed to deal with 
sophisticated task-driven graph learning problems. These 
graph learning problems can be generally categorized from 
node/edge-level (e.g., node classification/clustering, link 
prediction, etc.) to complete/graph-level (e.g., molecular 
graph classification, graph generation, etc.). Especially, 
within the networked data analysis and mining research 
direction, graph neural networks have presented state-of-the-
art performances in different learning tasks in both graph-
modelled and non-graph-modelled datasets. In addition, they 

 *	 Phu Pham 
	 pta.phu@hutech.edu.vn

1	 Faculty of Information Technology, HUTECH University, 
Ho Chi Minh, Vietnam

http://crossmark.crossref.org/dialog/?doi=10.1007/s13042-024-02201-8&domain=pdf
http://orcid.org/0000-0002-0701-5438


234	 International Journal of Machine Learning and Cybernetics (2025) 16:233–251

also enable the capability of dealing with multiple graph 
representation learning problems in the context of inductive 
and task-driven learning manners. In contrast with previous 
classical node embedding approach [3], the graph neural 
network can assist to capture the representations of nodes/
graphs that are not involved within the model learning pro-
cess. As the results, it can help to continuously learn the 
representations of unseen graph-structural data without any 
re-training effort. This inductive learning capability is con-
sidered as effective for handling graph data representation 
learning problem, especially within large-scaled datasets, 
like as: social networks (e.g., Facebook, Instagram, Twitter, 
etc.), e-commercial networks (e.g., Amazon, Alibaba, etc.).

In general, similar to the data analysis and mining tasks 
for other data structure’s types (e.g., text, image, video, etc.), 
the feature engineering from graph-based data structure 
is always considered as an important process. In fact, 
the quality of extracted features from graph can directly 
influence to the overall accuracy performance of the given 
learning model. From the past, as most of the graph-based 
feature engineering process has been highly relied on the 
hand-crafted approaches in which expert knowledge is 
required to extract distinctive features from the given graph 
datasets. In fact, the hand-crafted feature engineering 
process for graph-based datasets is frequently considered 
as time-consuming and high-cost, especially within larges-
scaled networked datasets, as it requires the involvement 
of expert knowledge in selecting proper graph’s structural 
features for different tasks. To overcome these limitations, 
there are several efforts which has adopted the automatic 
data representation learning paradigm (initially proposed 
in NLP domain [11, 12]), into graph learning area. This 
approach is frequently called as: node embedding (a.k.a. 
node representation learning). The node/graph embedding 
is an approach of transforming the nodes/graphs into 
fixed dimensional embedding vectors while still keeping 
the relational/graph-structural information of the given 
networked dataset. The idea of representing graph’s nodes 
as embedding vectors mainly adopted from the well-known 
word/text embedding methods which are popular within 
the NLP domain (e.g., Word2Vec [11], GloVe [12], etc.). 
At that time, there are some notable node-embedding 
techniques have been proposed, such as: DeepWalk [13], 
Node2Vec [14], etc. These node embedding methods are 
used to deal with the automatic feature engineering from 
graph-structured data.

Even these node embedding techniques can support to 
capture the general local proximity structure of the given 
graph, they are still unable to deal with complex task-
specific learning problem on graph. In more specifics, 
the previous node embedding methods are considered 
as transductive learning approach. Therefore, the given 
generic node embedding technique is unable to learn 

the representations of unseen nodes/graphs. Thus, it 
required the extra re-training efforts in order to achieve 
the embeddings of new graph’s nodes. To find the solution 
for this drawback, go along with the development of 
deep learning [15, 16] as well as achievements within the 
neural learning/optimization strategies [17–19], there are 
multiple deep neural architectures have been proposed. 
The contemporarily proposed neural learning techniques 
have been designed to effectively deal with task-specific 
graph-based data representation learning problem. Among 
recent advanced neural architectures which are proposed for 
graph embedding problem, GNN is considered as the most 
powerful one which have been extensively studied in recent 
years to deal with complex graph learning problems.

1.1 � Contemporary achievements & remained 
challenges

In order to overcome challenges related to transductive 
learning-based and task-driven graph learning problems, 
there are several graph neural learning architectures have 
been proposed recently. These well-known GNN-based 
architectures, such as: GCN [20], GraphSAGE [21], GAT 
[22], GRAND [23], GATv2 [24] and GIN [25]/GINE 
[26]. They have remarkably demonstrated state-of-the-art 
performances within various graph’s node-levelled as well as 
graph-levelled learning tasks. In fact, most of notable GNN-
based architectures are designed to learn the representations 
of nodes/edges which is all considered as node-levelled 
embedding approach. Then, the node embedding 
aggregation/combination is applied to efficiently achieve 
the whole-graph embedding vector for dealing with graph-
levelled tasks like as classification. This node feature vector 
aggregation process is frequently known under the name: 
graph pooling/readout process. For different graph-levelled 
representation learning technique, the readout functions 
are defined differently. There are several readout/pooling 
strategies have been proposed recently, such as: node vector 
summation, node embedding pooling strategies [27, 28], etc. 
To get better inside the node feature representation learning 
process, the core paradigm of GNN-based architecture is 
relied on the iteration message passing schema over neural 
layers. In other words, within a given k-layered graph neural 
architecture, the node embedding vector is generated by 
aggregating the information from its k-hop neighborhood 
nodes. The message passing (a.k.a. node feature aggregation) 
schema is assumed as be able to help to sufficiently capture 
the information which is shared between graph nodes. 
However, the GNN-based architectures which are designed 
upon this schema are still considered as unable to capture the 
rich and multi-scaled topological structures from the input 
graphs. Generally speaking, a graph-based data structure 
can be modelled as a topology object, as its connectivity 
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information and edge’s weights can be considered as the 
topological properties. There are multiple studies [29] [30, 
31] have recently presented the potentiality of learning 
topological information from graph-structural data. In fact, 
the graph-based topological information can be considered 
as important information sources as they can carry in-depth 
multi-scaled structural features of the input graphs. These 
multi-viewed structural features can help to improve both 
quality of node-levelled/graph-levelled representations 
as well as accuracy performances of various task-driven 
learning objectives. Recently, there are several attempts 
have dedicated to seek for proper integration between the 
topological structures (e.g., connected components, cycles, 
etc.) of graph and graph neural representation learning. It 
is needless to say that the recent topology-enhanced graph 
neural network (TopoGNN)-based models have shown the 
significant improvements in various graph representation 
and learning problems. There are multiple TopoGNN-
based techniques have been introduced recently, such as: 
GFL [29], PEGN [30], TOGL [31], etc. These topology-
driven graph learning techniques have significantly shown 
great performances while handling various graph-based data 
mining tasks. The achievements of these TopoGNN-based 
models also prove the potentiality of the integration between 
topological data analysis (TDA) (e.g., persistent homology, 
persistent image, etc.) and GNN. The extensive experiments 
[29–31] within benchmark graph datasets have proved the 
power of TopoGNN-based models in handling complex-
structural graph representation learning problem. Especially, 
the TopoGNN-based models have outperformed classical 
GNN-based models in the case that the connectivity and 
global graph’s structure are considered as highly critical, 
such as within the molecular graph classification-driven 
representation learning problems.

There are some recent studies within the topology-
embraced graph learning area have pointed some drawbacks 
of traditional GNN-based architectures. These limitations 
are mainly related to ability of modelling the multi-way 
relationships between nodes in the given graph. In more 
specifics, most of existing GNN-based techniques (like as: 
GCN, GraphSAGE, etc.) are only capable for obtaining 
the direct/explicit pairwise relations between nodes within 
graph. As the results, they are considered as unaffordable 
for sufficiently handling graph structural representation 
learning task in the context of in-depth analyzing multi-way 
connectivity (e.g., molecular graph, social network graphs, 
etc.). To cope with this problem, in very recent times, the 
rapid development of topology-enhanced machine learning/
deep learning (TDL) [32] has led to novel and interesting 
proposals for dealing with multi-way connectivity learning 
on graph. Among recent proposals within this domain, the 
simplicial neural network (SNN) is considered as a notable 
type of deep neural architecture. There are some SNN-based 

models, e.g., SNN [33], SCCONV [34], SCNN [35], SCNP 
[36], etc. have enabled to learn the multi-way connectivity 
information from graph. In general, the SNN-based 
techniques can help to model the multi-way relationships 
between nodes as simplicial complexes, for examples: hyper-
graphs. By modelling multi-way connectivity information 
of graph as simplicial complexes, it can support to obtain 
high-order/view-varied relationships between nodes.

Major challenges related to graph learning & our research 
assumptions. Generally speaking, most of GNN/SNN-
based architectures were recently developed as complex 
and multi-modal neural architectures. As the results, these 
techniques can easily encounter with problems with regard 
to the feature noise and data uncertainty occurrence during 
the data embedding as well as task-driven model fine-
tuning processes. In deep graph learning approach, the 
feature noise/uncertainty is frequently happened. The root 
cause of this limitation is come from the high-complexity 
and explainability of the multiple neural layers and a large 
number of hyper-parameters/configurations are involved 
within the model learning process. In recent years, there 
are some remarkable researches [37–43] within the fuzzy 
neural learning area have been conducted. These recent 
studies have shed some lights for effectively dealing with 
the feature uncertainty and noise occurrence during the 
high-dimensional [44] data representation learning process, 
especially within sophisticated multi-layered graph neural 
architectures. As the results, there are still rooms for further 
studies and enhancements in this SNN-based graph learning 
approach.

1.2 � Our motivations & contributions

Mainly motivated by recent achievements of recent stud-
ies within both GNN, TopoGNN and SNN for dealing 
with complex/multi-viewed graph representation learning 
approach, in this paper, we proposed a novel graph embed-
ding technique, named as: SFGE. Figure 1 illustrates the 
overall architecture of SFGE model. In more specifics, 
the proposed SFGE model in this paper is an integration 
between simplicial neural and deep neuro-fuzzy network. 
Our model can support to deal with the multi-way and topol-
ogy-enhanced molecular graph representation learning and 
classification problems. In the graph representation learning 
process of our model, in order to better model and learn the 
combined global-levelled structural and multi-way represen-
tations of graphs, we proposed a novel SNN-based graph 
learning component.

In more specifics, in our proposed SFGE model, we 
enhanced the classical simplicial complex-based graph 
learning component. It is designed to integrate with the 
global messing passing learning paradigm of traditional 
GNN-based architecture. This global-levelled graph 
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feature aggregation process is directly employed within 
the simplicial complex convolution and pooling learning 
processes. The graph simplicial complex and pooling 
processes are also designed under the SNN-based learning 
schema. To achieve better representation of graph through 
simplicial neural learning, we employ the simplicial 
pooling mapping and pooling strategies that have been 
recently introduced in the previous SCNP model [36]. In 
the previous approach of the conventional SCNP model, 
the simplicial complex structures are first modelled from 
the input graphs. Then, these structures are efficiently 
encoded through different processes, including: aggregation, 
selection and reduction. However, in order the better achieve 
the accumulated graph-based signals during the aggregation 
process, we implement an extra graph neural learning layer, 
which is specified as a GCN-based architecture, right after 
the local aggregation mechanism. In our approach, we use 
this extra graph learning to efficiently achieve better global-
scoped graph-structural features as well as multi-way lower/
upper connectivity information in the given graphs. Similar 
to the approach of previous SNN-based techniques, the 
lower/upper connectivity information of the graph in our 
approach are also modelled by using simplicial complexes. 
After, relevant to previous studies, the graph simplicial 
structure is passed through selection, reduction and readout 
steps. These steps support to achieve the final representation 
of the input graph. Then, we pass the generated graph 
representation vectors into an uncertainty reduction 
component before feeding the graph representations to 
task-driven component. This task-driven learning neural 
component can be designed as the multi-layered perceptron 
(MLP) or singular full-connect layer which supports for 
delivering graph classification outputs. The feature noise/
uncertainty reduction mechanism is designed as a deep 

fuzzy neural architecture. Specifically, within our approach, 
a deep fuzzy neural architecture with the adaptive inference 
mechanism is adapted. By doing like this, our model can 
significantly assist to reduce the feature noise/uncertainty 
which is occurred within the generated graph embeddings 
that have been learnt in previous stages. As the results, this 
extra fuzzy neural learning component help to enhance the 
overall accuracy performance of the graph categorization-
driven fine-tuning process. In general, our contributions 
within this paper can be summarized as 3-folds, including:

•	 First of all, we adopted the simplicial neural aggregation 
and pooling strategy in previous work to efficiently learn 
multi-way interacting relational structures within the 
given graph. However, as an enhancement from previous 
SCNP model, we implement an extra global-levelled 
GNN-based layer. This layer can support to effectively 
capture the joined rich global graph-structural as well 
as lower/upper interacting relationships between graph 
nodes. This extensive graph neural learning layer is 
implemented at the output layer of the given simplicial 
aggregation mechanism. Then, similar to previous 
work, the simplicial complex subset selection/reduction 
and readout strategies are applied to achieve the graph-
levelled representations.

•	 Secondly, we implemented an additional deep fuzzy 
neural architecture with adaptive inference mechanism 
in our model in order to achieve the noise/ambiguity-
reduced graph-levelled representations. Then, the given 
deep fuzzy neural learning component is implemented 
at the output layer of the given simplicial neural 
architecture. In more specifics, for the of implementation 
of the given fuzzy neural component in our SFGE 
model, we mainly inherited from the architecture of 

Fig. 1   The general architecture 
of our proposed SFGE model 
within this paper
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previous studies [42]. In general, the RFNN model 
[42] is considered as recent robustness deep neuro-
fuzzy architecture. It applied learnable inference 
engine to efficiently improve the performance of the 
inference process. As the results, the adaptive inference 
engine within the given RFNN model is considered as 
sufficiently powerful which can help to transform and 
produce better uncertainty-reduced as well as task-
driven friendly graph representations. Thus, it can 
directly support to enhance the performance of graph 
classification task in the after all.

•	 Finally, to prove the effectiveness as well as 
outperformance of our proposed SFGE model in 
comparing with previous GNN/TopoGNN-based 
techniques, we conducted extensive experiments within 
a real-world molecular graph dataset. The comprehensive 
comparative studies in our paper have shown not only 
the effectiveness but also the outperformance of our 
model in comparing with recent state-of-the-art graph 
learning baselines. The experimental results also proved 
our proposed ideas in this paper can be considered as 
a promising direction for enhancing the performance 
of existing SNN-based and topology-embraced graph 
embedding techniques. The integration between SNN 
with neuro-fuzzy network can help to achieve better data 
representation as well as task-driven learning objectives.

The novelty & difference between our model with 
previous baselines. Our main concentration in this paper is 
the capability of reducing the feature uncertainty and noise 
occurrence during the learning process of the SNN-based 
architecture. Therefore, in our proposed SFGE model, we 
intend to integrate advanced deep fuzzy neural architecture 
into the multi-way graph embedding process of existing 
SNN-based architectures. This combination can support to 
overcome limitations of previous studies. Generally, within 
recent studies related to deep fuzzy-neuro learning area, 
there are different adaptive inference strategies [42] have 
been proposed. Within the fuzzy neural learning approach, 
the inference engine can support to efficiently deal with 
the complex high-dimensional data representation learning 
tasks in the context of noise/uncertainty reduction manner. 
Last but not least, in order to supplement our model with 
the ability of sufficiently capture the joined explicit graph-
structural and multi-way relational information from the 
input graph, we also set up an extra graph neural learning 
component within our model. As the result, our model 
can support to achieve multi-scope structural information 
from the input graphs and is promising for enhancing the 
performance of both molecular graph representation and 
categorization-task driven fine-tuning processes.

The overall structure of our paper. Generally speaking, 
the left contents of our paper are organized into 4 sections. 

In the next section, we shortly present the discussions about 
recent studies which are related to the graph neural network, 
simplicial neural network and topological graph learning 
approaches These research topics are considered as tightly 
regarding with our studies within this paper. In this section, 
we our extensively discuss about pros/cons of previous 
graph learning techniques. Then, within the methodological 
section, we provide the detailed descriptions about the 
methodology and implementation of different neural 
learning component within our proposed SFGE model. In 
addition, within our third section, we also generally provided 
important preliminaries/background concepts. These 
preliminaries are extensively applied within our studies. 
In the fourth section, we comprehensively demonstrate the 
empirical studies with extensive performance comparisons 
to prove the outperformances of our proposed SFGE 
model in comparing with state-of-the-art graph embedding 
baselines. In this section, the ablation studies about 
important parameters/configurations of our model are 
also provided. Finally, in the last section, we summarize 
about our achievements with the proposed SFGE as well as 
highlight several potential enhancements for this research 
direction.

2 � Related works

In this section, we briefly reviewed about recent studies 
which are mainly related with the graph representation 
learning and simplicial neural network domains. It is 
needless to say that graph-based data analysis and mining 
has been extensively and continuously studied for many 
decades. There are primitive graph learning problems, such 
as: classification, clustering, link prediction, etc. These 
generic mining tasks have a wide range of application in 
multiple disciplines, such as: social network analysis, 
networked data recommendation, bio/cheminformatics, etc. 
In the last few years, graph feature engineering is always 
considered as the high-effort and challenging tasks. The 
challenges are come from many problems with related to 
the complexity in structure as well as large-size of real-
world graph datasets (e.g., social networks, bibliographic 
networks, protein-drug interaction networks, etc.). There 
are some classical node-embedding techniques [13, 14, 
45] have widely utilized to deal with the automatic feature 
extraction from graph-structural datasets. However, they 
still encountered several limitations which are related to 
the capability of dealing with inductive and task-driven 
learning problems. Go along with the raise of deep learning 
in multiple areas of computer science, there are multiple 
fundamental graph mining problems have been boosted 
by applying different advanced deep neural architectures. 
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Generally speaking, most of the recent proposed GNN-
based architectures can be grouped into two approaches, the 
explicit graph-structured and topology-driven graph learning 
approaches.

2.1 � Explicit graph‑structural representation 
learning approach

Generally, within the canonical graph neural learning 
approach, most of GNN-based architectures are developed 
upon the local node structural message passing (a.k.a. 
shared neighborhood feature aggregation) schema. This 
learning strategy in which the representation of a target/
ego node is achieved by aggregating feature/information 
from its neighbors. There are multiple types of message 
aggregation schemas which are designed in different GNN-
based architectures. These various types of node aggregation 
are aimed to efficiently achieve the k-hop aggregated node-
levelled embeddings of a given graph under the multi-
layered neural representation learning process. There are 
some well-known GNN-based architectures, such as: GCN 
[20], GraphSAGE [21] and GRAND [23]. These models 
enable to handle complex task-driven node representation 
learning problems in forms of end-to-end neural learning 
manner. In addition, to better control the shared feature 
aggregation process during the graph propagation 
learning process, within each hidden layer, Veličković, 
P. et  al. [22] and Brody, S. et  al. [24] have applied the 
multi-headed self-attention mechanism [46]. Specifically, 
within the graph attention network, the attention weights 
for neighbors of the corresponding target/ego node are 
computed. Then, they are utilized to assist to control how 
much neighborhood information can be aggregated to it. 
Thus, it can adaptively achieve better task-driven node 
representations. Then, in order to achieve the graph-levelled 
representation, the readout function is applied to combine 
all node embeddings and produce the completed graph 
embedding. Recently, within the graph-levelled readout 
and pooling approaches, there are notable mechanisms 
have been defined, such as: vector summation, diff-pool 
strategy [27], sort-pooling strategy [28], self-attention graph 
pooling strategy (SAGPool) [47], etc. On the other hand, 
in order to achieve better representation for graph-levelled 
representation learning approach in which isomorphism 
aspect is taken in consideration, Xu, K. et al. have proposed 
a novel graph embedding technique, named as: GIN [25]. 
Within the GIN model, the graph propagation learning 
mechanism is deigned upon the Weisfeiler-Lehman (WL) 
isomorphism test paradigm. As the results, the GIN model 
tends to produce similar graph-levelled representations for 
isomorphic graphs. In the same approach, within the recent 
studies, Hu, W. et al. have proposed a novel pre-training 
strategy for graph in forms of high-expressive graph learning 

approach, within the GINE model [26]. These recent high-
expressive graph embedding techniques have demonstrated 
significant enhancements in graph-levelled embedding 
and classification problems. Even recent graph learning 
techniques have demonstrated state-of-the-art performances 
in different graph mining problem, there are some limitations 
stilled existed with these GNN-based architectures. In fact, 
there are some in-depth studies [36, 48] have indicated some 
major drawbacks which are related to the classical GNN-
based architectures. These limitations are mainly related to 
the capability of extracting the topological structures and 
the multi-way/multi-scaled relational information between 
nodes in sophisticated graph-based datasets. Therefore, there 
are still rooms for further studies within the deep neural 
graph learning problem.

2.2 � Topology‑driven graph representation learning 
approach

2.2.1 � Topological graph filtration learning approach

In recent times, the topological structural feature analysis in 
graph data has been extensively studied by many researchers 
and it has emerged as an interesting research direction. In 
fact, the topology-driven graph learning is considered 
as a nascent research area, it has recently attracted a lot 
of attentions from our research community. Within this 
approach the multi-scaled topological properties from 
graphs are carefully taken in consideration. Within early 
attempts, Hofer, C. et al. [29] has proposed a novel graph 
learning which is relied on the persistent homology analysis 
on graph-based data, called as graph filtration learning 
(GFL). The proposed GFL assists to evaluate and learn the 
rich topological features from graph which are preserved 
within the persistent barcodes. In more specifics, within 
the GFL model, graph filtration process is conducted by 
different trainable filtration functions. By using self-adaptive 
filtration functions, the GFL model enables to thoroughly 
analyze the graph’s multi-scaled topological structures 
which are represented as the simplicial complexes. Within 
the GFL model, the persistent homological features which 
are learnt from graph are represented by persistent barcodes. 
Similar to that, Zhao, Q. et al. proposed a novel topology-
driven graph learning technique call as: PEGN model [30]. 
The proposed PEGN model applied the persistent image 
projection approach to capture and represent significant 
topological features in graph. The persistent images are used 
to reflect the changes in topological structures of the given 
graph during the filtration learning process. As the results, 
it can support to efficiently learn and extract the significant 
topological features from the given graph. Thus, it can 
directly support to enrich the obtained information within 
graph representation in which topological structures are 
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highly focused. Last but not least, going with the potentiality 
of topological data analysis in graph, in very recent times, 
Horn, M. et  al. has proposed a novel subgraph-based 
filtration learning mechanism within the TOGL [31]. This 
enhanced subgraph-based filtration learning strategy has 
supported to effectively preserve multi-viewed and multi-
scaled topological structures of the given graph. Similar to 
the GFL model, TOGL model also used different trainable 
filtration functions to handle the graph filtration learning 
process.

2.2.2 � Simplicial neural network based graph learning 
approach.

On the other side, mainly inspired from the topological 
signal processing domain [49, 50], the simplicial deep 
learning has recently emerged and widely studied for 
graph learning problem. In general, the standard simplicial 
complex neural architecture is developed upon the 
topological data analysis and feature extraction paradigm. 
Within this approach, the SNN-based architectures are 
designed to learn the representation of input data by in-depth 
analyzing its multi-way connectivity information. To do 
this, first of all the given SNN-based neural network will 
try to model the input data as simplicial complexes. These 
simplicial complexes are assumed as specific instances of 
hyper-graphs. With this approach, it can help to evaluate the 
rich algebraic descriptions of the given data structure as well 
as efficiently preserve the multi-way relational information 
between instances. This multi-way connectivity information 
is normally hidden/not explicitly interpreted from graphs. 
Among notable studies within this area, the early attempt 
of Ebli, S. et al. is considered as the most popular SNN-
based architecture [33]. Similar to that with studies of 
Bunch, E. et al. in the SCCONV [34], which proposed novel 
approaches for generalizing the simplicial convolutional 
operations within the lower/upper neighborhoods of 
simplicial complexes. Going with this direction, Bodnar, 
C. et al. proposed MPSN model [51], proposed a novel 
aggregation and updating functions. These novel node 
feature aggregation mechanisms support to effectively 
exploit lower/upper neighborhoods within the previous 
extracted simplicial complexes of the given graph. By taking 
disadvantages of the attention mechanism [46], in recent 
time, Giusti, L. et al. proposed a novel simplicial attention 
network (SAN) model [52]. The proposed SAN model 
enables to efficiently weight the lower/upper neighborhoods 
of the given graph-modelled simplicial complexes by using 
the multi-headed self-attention mechanism, in a task-
oriented fashion. Similar to that, in very recent times, Yang, 
M. et al. proposed the SCNN model [35]. The SCNN model 
assists to conduct the multi-hop information aggregation 
between nodes. Thus, it can support to effectively achieve 

the graph representation upon the corresponding lower/
upper neighborhoods. As the results, the proposed SCNN 
model can provide the capability of spectral interpretability 
through the definition of simplicial filters as well as the 
simplicial Fourier transformation [48]. To better presenting 
in different resolutions, recently, Cinque, D. M. et  al. 
proposed a novel SCNP model [36] which introduced 
various simplicial pooling/mapping strategies for SCNN 
model. The simplicial mapping and pooling strategies which 
are proposed within SCNP model. Going with the topology-
enhanced graph learning direction, these novel mapping/
pooling strategies are also designed upon topological signal 
processing paradigm. As the results, these novel SNN-
based architectures have demonstrated state-of-the-art 
performances in various graph learning tasks. However, 
within the simplicial neural learning for graph data area, 
there is few researches which have concentrated on the 
feature noise/uncertainty reduction aspect. The feature noise/
uncertainty occurrence is a common problem within both 
general deep learning and deep graph learning areas. This 
challenge is mainly come from graph feature uncertainty 
which is frequently occurred within the representation 
learning process, especially within sophisticated multi-
model deep neural architectures. In recent years, along 
with the progress of deep learning in multiple disciplines, 
deep fuzzy neural network has raised and become a 
powerful tool for dealing with high-dimensional and 
uncertainty data representation learning problems. There 
are notable studies [40–42] have presented the capability 
of effectively extracting high-qualified latent features from 
the complex data structures, including graph while dealing 
with task-driven data embedding tasks. Thus, there are still 
opportunities for further enhancements within the SNN-
based graph learning direction. For further enhancements 
in this direction the integration between SNN-based graph 
learning and fuzzy neural network is considered as the most 
potential and promising direction.

Extensive comparative studies with different graph neu-
ral learning approaches. In order to prove the effectiveness 
of our proposed SFGE model, we extensively evaluated its 
performance with different graph neural architectures which 
are classified in both graph explicit-structural and topology-
driven approaches. As different graph learning paradigm 
has its own advantages while handling different complex 
graph-based structures, therefore it is considered as neces-
sary to compare the performance of our SFGE model with 
different approaches to ensure the capability of our model 
in sufficiently preserving the joined explicit-structural and 
topological information from the input graphs. Thus, it can 
later benefit the multi-viewed graph representation learn-
ing and classification-driven fine-tuning processes. Within 
the graph explicit-structural approach, we evaluate the 
performance of our proposed SFGE model with standard 
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graph neural architectures, like as: GCN [20], GraphSAGE 
[21], GAT [22], GIN [25], GINE [26], GRAND [23], SAG-
Pool [47] and GATv2 [24]. These well-known GNN-based 
architectures have demonstrated great achievements within 
complex graph-structural embedding problems. However, 
they still suffered some limitations related to the capabil-
ity of capturing the topological information from the input 
graphs. Within the multi-view/multi-way relational learning 
approach, we also compare our model with the state-of-the-
art persistent homology/simplicial complex-based graph 
learning models, including: TOGL [31] and SCNP [36]. 
The extensive evaluations within benchmark graph datasets 
have proved the abilities of these topology-embraced graph 
learning techniques in handling rich-topological graph rep-
resentation learning tasks. In addition, the detailed setups 
of these graph learning baselines within our comparative 
studies will be provide within the sub-Sect. 4.2.1.

3 � Methodology & implementation

In this section, we formally present the methodology as well 
as detailed implementation of our proposed SFGE model for 
effectively dealing with multi-way and feature uncertain-
minimized graph learning task. Generally speaking, our pro-
posed SFGE model is composed by two components which 
are the simplicial convolutional and the deep neuro-fuzzy 
components. In our approach, the simplicial convolutional 
network with the mapping/pooling strategy is implemented 
with the inspiration from the previous SCNP model [36]. 
In our SFGE model, we have enhanced the aggregation 

mechanism of the previous SCNP model in order to enable 
the capability of better capturing multi-viewed graph rep-
resentations. The modification in our model’s aggregation 
mechanism includes the implementation of an extra GCN-
based layer. This graph neural layer is placed at the output 
layer of the given simplicial complex aggregation compo-
nent. As the results, it can directly support to increase the 
capability of global shared feature interpretability.

Moreover, it also enables our model to jointly achieve 
the neighborhood structural information from the input 
graph. Later, the output embedded graphs from the SNN-
based architecture are passed through a deep fuzzy neural 
architecture. This fuzzy neural learning component is 
designed upon learnable inference paradigm [42]. It 
assists to achieve the adaptive firing strengths for fuzzy 
rules which are applied for input graph embeddings. 
Therefore, this fuzzy neural component can directly 
support to deduce the feature noises/ambiguities which are 
frequently occurred during the graph embedding process. 
Finally, the output de-fuzzified graph embeddings are fed 
into a task-driven neural component. This classification-
driven component is simply designed as an MLP-based 
architecture with softmax classifier to deal with graph 
classification task. In addition, within the initial contents 
of this section, we also present preliminaries/background 
concepts with regard to our studies. The Table 1 lists all 
common mathematic symbols/notations which are utilized 
within the left contents of our paper.

Table 1   The list of common mathematic notations/symbols

Symbol Explanation

G = (V, E) A graph-based structure with its lists of nodes and edges/links
H� The ( ‖)-simplex which is defined as the subset of graph nodes ( V)
N↓ and N↑ The lower and upper neighborhoods of a ( ‖)-simplex
X The simplicial complexes
D0 , D1 and D2 The ( 0)-simplices (nodes), ( 1)-simplices (edges) and ( 2)-simplices (triangles) within the graph ( G)
‡� The ( ‖)-simplicial signal
� The incidence matrix
� The Laplacian matrix

� , �̈ and �̃ The graph node feature, graph-structural representation and simplicial signal summarization 
matrices, respectively

P(.) The mapping/pooling function
GCN(.) A generic GNN-based architecture as a mapping function
Linear(.) A linear neural layer as a mapping function
�(.) The activation function of a specific neural layer
φ and ψ The fuzzification and de-fuzzification components within a deep fuzzy neural network, respectively
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3.1 � Preliminaries & background concepts

In this part, we brief ly present several background 
concepts which are related to the baselines as well as 
learning paradigms of the SNN, simplicial complex/signal 
and deep neuro-fuzzy network. In this paper, our studies 
are mainly concentrated on graph representation learning 
and classification problems. Therefore, our target data 
sources are modelled as graph-based structures. Generally, 
a graph-structural dataset is denoted as: G = (V, E)—with 
the its sets of nodes ( V ) and edges ( E).

3.1.1 � Simplicial complex and signal processing on graph.

Given a finite set of nodes within the given graph ( G ), a ( ‖
)-simplex, denoted as: ( H� ), is defined as a subset of ( V ), 
with the ( ‖ + 1 ) in cardinality. As a specific face of the given 
( ‖)-simplex, ( H� ) is considered as a subset of ( H� ), with 
( ‖ ) in cardinality. As the results, the ( H� ) is considered as 
having ( ‖ + 1 ) faces. In addition, we also have the co-face of 
( H� ) which is defined as: ( ‖ + 1)-simplex. The ( H�+1 ) also 
includes the ( H� ). The lower and upper neighborhoods of 
a ( ‖)-simplex are denoted as: ( N↓ ) and ( N↑ ), respectively. 
They are defined as the set of simplices with which they 
share the face and co-face of ( H� ), respectively. Simplex 
is considered as the core concept of simplicial complexes 
(definition 1) in algebraic topology and simplicial signal 
(definition 2) processing areas.

Definition 1  Simplicial complexes (X ): a simplicial com-
plex of order ( K ), denoted as: ( XK ) is defined as a list of ( ‖
)-simplex, or: ( H� ) with: � ∈ [0,… ,K] . As the results, for 
any: H� ∈ XK , if: H�−1 ⊂ H� , then: H�−1 ∈ XK . We also can 
formulate the set of simplices within ( XK ), as: 
Dk ∶= Hk ∶ Hk ∈ XK and D� ∈ XK , the ( N‖ ) presents for the 
cardinality of ( D� ), or: |||D�

||| = N� . In addition, we also can 
write: H�−1 ∼ H� , if: H�−1 ⊂ H� , to indicate the orientation 
of ( H�−1 ) is coherent with the one of ( H� ), whereas: 
H�−1 ≁ H�.

Definition 2  (‖)-Simplicial signal (‡�): is defined as the map-
ping of a simplicial complex (including its simplices) to real 
values. This mapping can be formulated as the following: 
‡� ∶ D� → ℝ, � ∈ [0,… ,K].

Same with the previous approaches within the 
simplicial complex-based neural learning area, our 
concentrations in this paper are the simplicial complexes 
that their order is up to two, or: ( X2 ). Given a graph-based 
dataset ( G ), which is modelled as simplicial complexes. 
Specifically, we have its set of nodes ( V  ) as the ( 0
)-simplices, or denoted as: D0 = V . Then, its set of edges 

are considered as the ( 1)-simplices, or denoted as: D1 = E . 
and the set of triangles, denoted as: ( T  ) are the ( 2
)-simplices, or: D2 = T  . We also have: |V| = V , |E| = E 
and |T| = T . The algebraic representation can be used to 
describe the structure of a given simplicial complex ( XK ). 
The structure of ( XK ) is described by a set of incidence 
matrices, denoted as: ��, � ∈ [0,… ,K] . Each incidence 
matrix ( �‖ ) describe the incidence between the ( ‖
) - s i m p l i c e s  a n d  (  ‖ − 1) - s i m p l i c e s ,  a s : 

[

�
]

i,j =

⎧

⎪

⎨

⎪

⎩

0, if :−1 ⊄ 
1, if :−1,i ⊂ ,jand−1,i ∼ ,j

−1, if :−1,i ⊂ ,jand−1,i ≁ ,j

 . Then, from the incidence 

information between simplices, we can construct the high-
order combinatorial Laplacian matrices [53] of the given 
o r d e r :  � ∈ [0,… ,K]   ,  a s :  �0 = �1�

T
1

  , 
�‖ = �

T
‖
�‖ + �‖+1�

T
‖+1

= �‖,d + �‖,u . The ( �‖,d ) and ( �‖,u ) 
present for the lower and upper Laplacian matrices, 
respectively. These matrices encode the lower and upper 
adjacency information of ( ‖)-simplices. For example, 
within the given graph ( G ), two edges are known as lower 
adjacency if they share common nodes. Moreover, two 
edges are considered as upper adjacency if they are faces 
of common triangles. From that, for the ( 0)-simplices ( D1

)—with the set of nodes of ( G ), all the node pairs only 
have the upper adjacency—if they are incident to the same 
edges. As the results, its corresponding Laplacian matrix 
( �0 ) contains only one term. Thus, it is quite similar with 
the normal graph Laplacian matrix. The Hodge 
decomposition [54] can be applied within these high-order 
Laplacian matrices. It supports to decompose the ( ‖
)-simplicial signal ( ‡� ∈ ℝ

N� ). In general, the Hodge 
decomposit ion process can be formulated as: 
‡� = �

T
�
‡�−1 + ��+1‡�+1 + ‡�,h . The ( �T

�
‡�−1 ), ( ��+1‡�+1 ) and 

( ‡�,h ) terms are utilized to present for the irrotational, 
solenoidal and harmonic components, respectively. To 
more focusing on the edge flow signal and complexes of 
order 2, or: ( X2 ). Some notations will be simplified as the 
following: ( ‡1 ), as: ( ‡ ), ( �1 ), as: ( � ), ( �1,d ), as: ( �d ), 
( �1,u ), as: ( �u ) and ( X2 ) as: ( X  ). For the lower and upper 
neighborhoods of the given ( ith ) edge, we simply denote 
they as: ( Ni,↓ ) and ( Ni,↑ ), respectively.

3.1.2 � Simplicial convolutional network (SCN) with pooling 
operation.

In the recent studies, the Hodge decomposition paradigm 
has been applied. This decomposition strategy assists 
to design notable convolutional and filter strategies. 
Specifically, it can support to efficiently extract 
components of simplicial signals from the unstructured 
data collection. Within the recent works [36] of Cinque, D. 
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M. et al., the general convolutional and pooling strategies 
for the convolutional operation have been generally 
defined as the following (as shown in the Eq. 1):

In this equation, the ( � ∈ ℝ
E×G ) is the input matrix of 

collected ( G ) edge signals. The ( � ), ( � ) and ( � ) present 
the filter, residual weight and learnable parameters of the 
given simplicial convolutional architecture. The mapping 
function ( P  ) presents for different pooling strategies 
which are specified within this study [36].

3.1.3 � Fuzzy neural network with adaptive inference engine 
(AIE).

Along with developments of deep learning, there are 
multiple advanced deep neural architectures have been 
proposed in recent years. The deep neuro-fuzzy network 
is considered as one of hot research topics in recent 
time. Recent studies have shown the advanced capability 
of the NFN-based architectures in eliminating feature 
noise/uncertainty related challenges. These challenges 
are frequently occurred during the data representation 
learning and task-driven fine-tuning processes of 
sophisticated multi-model neural architectures, such as: 
GNN and SNN. In recent studies related to the NFN, 
there are some notable inference mechanisms have been 
proposed to enhance the performance of fuzzy neural 
learning paradigm. Generally speaking, these recent 
proposed inference mechanisms can assist to obtain the 
proper firing strength values for different fuzzy rules. 
Therefore, they can significantly handle complex and 
multi-dimensional data representation learning problems 
with high-level uncertainty. Among notable works [40–42] 
within the deep fuzzy neural learning domain, Zhang, L. 
et  al. proposed RFNN [42] which applied an adaptive 
inference mechanism which is designed as a learnable 
neural architecture that can support to achieve proper 
firing strengths for corresponding fuzzy rules within the 
fuzzification and de-fuzzification processes.

3.2 � SFGE model: integrated SNN and NFN for graph 
learning

3.2.1 � Multi‑viewed graph learning with SNN and GCN.

First of all, for the multi-way relational graph learning 
paradigm of our model, we mainly inspired from the 
previous SCNP model. Our model’s simplicial learning 
approach contains three separated processes, which are 
the aggregation, selection and reduction processes. These 

(1)X
′

= �

(
P
(∑Jd

p=1
L
p

d
XDp +

∑Ju

p=1
Lp
u
XUp + XH

))

operation steps support to achieve the multi-way relational 
representations of the given graph. Within this approach, 
the input graph ( G ) is modelled as simplicial complexes. 
In more specifics, for the input of the given simplicial 
convolutional architecture as signals, they are denoted as: 
� = �d + �u + �h . Then in the later steps, the extracted 
simplicial complex-based structures are encoded/represented 
by using the lower and upper neighborhood Laplacian 
matrices, denoted as: X =

(
�d,�u

)
 . The ( P ) function 

presents for the mapping/pooling strategy is formulated as 
the following (as shown in Eq. 2):

In this equation, the ( X′ ) and ( �′ ) present for the out-
put sub-complex and hidden signal representation through 
the mapping/pooling ( P ) mechanism. In the approach of 
the previous SCNP model, this pooling mechanism is 
composed as separated mapping procedures. There are 
three main types of procedures, include: aggregation—
denoted as: ( A ), selection—denoted as: ( S ) and reduc-
tion—denoted as: ( R ). In general, the local aggregation 
process is first applied to achieve the summarization of the 
input signals ( � ), as: A ∶ (X,�) ↦

(
X, �̃

)
 . Then, the sum-

mary of input signals is passed through the selection step 
in order to properly choose subset of edges, denoted as: 
( E

′

∈ E ). Then the subset of edges are used to compose the 
output sub-complex ( X′ ). Generally, the selection process 
is formulated as the following: S ∶

(
X, �̃

)
↦ E�.

Finally, within the signal reduction process ( R ), the 
selected edge subsets and summary of input signals 
which are achieved in previous staged are utilized to gen-
erate the output sub-complex and signals, denoted as: 
R ∶

(
X, �̃, E�

)
↦

(
X�,��

)
 . This reduction process is con-

ducted by two sub-processes which are in charged for down-
sampling sub-complex structure and signal. These sub-pro-
cesses are formulated as the following: RS ∶

(
E�, �̃

)
↦ �

� 
and RX ∶

(
E�,X

)
↦ X� , respectively. Generally, the pro-

duced signal matrix ( �′ ) is known as the simplicial struc-
tural representation of the given graph. This signal matrix 
representation is considered as carrying rich informative 
multi-way relationships between nodes in the given graph. 
The detailed implementations of different pooling strategies 
for the local aggregation, selection and aggregation pro-
cesses can be found within the original paper [36]. Then, 
in our model to simultaneously preserve the global shared 
structural information of the given graph, we implement an 
extra GCN-based layer. This approach is considered as the 
explicit graph-structural connectivity which can facilitate 
the simplicial signal learning processes. In more specifics, 
at the output part of the given SNN-based mapping and 
pooling component, we put a 1-layered GCN-based archi-
tecture. This graph neural learning component takes the 

(2)P ∶ (X,X) ↦
(
X�,X�

)
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explicit graph structure ( G ) and it corresponding summa-
rized simplicial signals ( ̃� ) as the inputs. Then, this GCN-
based architecture supports to generate the 1-hop structural 
representation of the given graph over the summarization 
of input signals, denoted as: ( �̈ ). Generally, this process is 
generally formulated as shown in the Eq. (3):

Then, we apply a linear mapping layer within this com-
ponent to achieve the joint global shared and multi-way 
relational structural information of the given graph. The 
approach of combining multiple graphs which are learnt 
from different aspects are known as the multi-viewed repre-
sentation learning approach. This mapping mechanism sup-
ports to softly combine the global graph structural informa-
tion ( �̈ ), with the corresponding signal summarization ( ̃� ). 
The overall steps of this process are illustrated as shown in 
the Eq. (4). In our model, we simply implement this compo-
nent as a full-connected linear neural network component. 
Within previous data embedding fusion studies, the linear 
mapping is considered as a simple and effective mechanism. 
It can support to softly align the multi-viewed informative 
features in both graph-explicit and simplicial complex-mod-
elled structures.

3.2.2 � Uncertainty‑reduced graph embedding 
transformation with NFN.

Finally, we achieve the final representation of the given 
graph, denoted as: ( �′ ), after passing the graph 
representation through multiple simplicial convolutional 
layers with the corresponding pooling strategy. In order to 
transform the output ( �′ ) into an uncertain-minimized 
embedding, we implement a deep fuzzy neural architecture. 
This extended fuzzy neural architecture is employed at the 
output part of the simplicial convolutional architecture. Then 
noise/uncertainty-reduced graph embeddings can be later 
used to enhance the performance of graph classification-
driven fine-tuning process. In more specifics, for the NFN-
based component in our model, we mainly adopted from 
ideas of previous RFNN model [42]. First of all, the output 
signals ( �′ ) of the given graph are first passed through the 
fuzzification component, denoted as: ( � ). This fuzzification 
component is responsible for fuzzing the inputs with 
membership functions. Then the AIE is applied to computed 
the appropriated fire strength values for different fuzzy rules 
associated with the inputs. Within the de-fuzzification 
component ( ψ ) of the RFNN model, the normalized firing 

(3)GCN ∶
(
G, X̃

)
↦

..

X

(4)Linear ∶
( ..

X ||X̃
)
↦ X̃

strength value for a specific ( kth ) fuzzy rule. Then, the firing 
strength value for the fuzzy rule is generally computed as 
the following: ϕk(��) =

ϕk(��)∑K

k=1
ϕk(��)

[34]. Then, it is later com-

bined with the defuzzification units which is denoted as: 
}k
(
ω;�̇

)
 in order to generate the corresponding crisp outputs 

( �̇ ). In the original RFNN model, the defuzzification unit is 
designed as MLP-based architecture. As the results, the ( ω ) 
is represented for the set of learnable parameters within the 
given neural architecture. At the end, the de-fuzzified output 
signals, a.k.a. multi-viewed graph representation, are then 
fed into a graph classification task-driven component. 
Similar with the defuzzification mechanism of RFNN model, 
this component is also designed as an MLP-based 
architecture. As a task-driven layer, the softmax activation 
function is applied in this component in order to deliver 
class/label predictions for the input graphs. The overall 
processes of this step are generally illustrated within the 
Eq. (5a).

Then, to optimize trainable parameters of our proposed 
SFGE model for handling graph classification problem, we 
utilized the cross-entropy (CE) loss function (as illustrated 
within Eq. 5b). The CE-based graph learning objective 
supports to compute the gradient which are then used to 
update the corresponding model’s parameters in different 
neural components during the training/back-propagation 
process. As shown in the Eq. (5), the ( D ) and ( C ) present 
for the sets of training data and unique labels/classes of the 
given dataset, respectively. The ( yc

i
 ) and ( ̂yc

i
 ) are the vector-

encoded ground-truth and predicted labels of the given ( ith ) 
input graph, respectively. The overall model is optimized 
with the defined graph categorization task by using Adam 
optimization strategy and predefined learning rate ( η).

4 � Experiments & discussions

In this section, we present the extensive empirical studies 
to show the effectiveness and outperformance of our 
proposed SFGE model in comparing with state-of-the-art 
GNN/TopoGNN-based graph embedding techniques. In 
our experiments, we mainly used a real-world molecular 
graph dataset which is considered imbalanced. Then, we 
implemented different graph representation techniques to 
achieve the graph embeddings. Then, the achieve graph 
embeddings are fine-tuned to deal with the molecular graph 
categorization problem. Additionally, within this section 
we also provide the ablation studies on different important 

(5)
ŷ = softmax

(
�̇
)
(a)

L = −
∑
i∈D

∑
c∈C

yc
i
ln
(
ŷ
c

i

)
(b)
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model’s parameters/hyper-parameters. These extensive 
empirical studies support to evaluate their effects upon the 
stability and performance of our model while handling graph 
representation learning and classification problems.

4.1 � Dataset descriptions & experimental setups

4.1.1 � Dataset usage & pre‑processing steps.

For all experiments within this paper, we use a real-
world chemical molecular graph dataset which is recently 
introduced in this study [55]. The introduced BeeTox dataset 
in this paper contains a set of chemical compounds which 
are used/included within pesticides. In order to construct this 
dataset, Wang, F. have collected the information of different 
chemical/biological compounds which are used in pesticides 
from multiple public databases. These public databases, 
include: Pesticide Properties Database by Agriculture 
& Environment Research Unit (AERU) [1], University 
of Hertfordshire, the Pesticide Action Network (PAN)
[2] database provided by Pesticide Action Network North 
America and ECOTOX [3] database provide by United States 
Environment Protection Agency (USEPA). Specifically, 
this dataset contains the information of chemical/biological 
compounds which are categorized into negative and positive 
compounds (not or harmful/toxic for bee). The public 
version of this dataset can be achieved at this repository [4]. 
In more details, the original version of this dataset contains 
891 samples. Each compound in this dataset has 5 different 
information fields, including: name, CAS, the toxicity level, 
source, dataset/category and SMILES string. As this dataset 
is considered as imbalanced dataset in which the number 
of negative/positive samples are 654/237. Therefore, to use 
this dataset in our experiments, we have randomly picked 
up about 468 molecules with the balanced ratio, as: negative 
(233) / positive (235) labelled chemical compounds. This 
modified BeeTox dataset version is used for all experiments 
within our papers.

Data pre-processing steps and molecular graph 
construction. From the constructed class-balanced BeeTox, 
named as: B-BeeTox dataset version (as described in 
previous part), to achieve the graph-based structures from 
chemical compounds within this dataset, we mainly relied 
on the RDKit library [5]. For the dataset initial preparation 
and pre-processing steps, we mainly utilized the RDKit 

library. This library can support to effectively extract the 
adjacency matrix/atom connectivity information from the 
given molecules/compounds in the given B-BeeTox dataset. 
Then, these extracted molecular graphs through RDKit 
library are utilized within our experiments for handling 
the representation learning and classification problems by 
applying different graph learning baselines. For the input 
node features of constructed molecular graphs, similar to 
the empirical studies within this study [31], we don’t use any 
extra initial node/graph features (e.g., chemical/biological 
descriptive information, molecular fingerprint, etc.) as the 
inputs for deep graph learning models. The reason for this 
experimental scenario is that we just want to evaluate the 
performance of different graph learning techniques with 
only the connectivity structural information is taken in 
consideration. Therefore, in our experiments, the accuracy 
performances of different graph embedding techniques as 
well as our proposed SFGE model are reported might be 
lower than the original paper with the same baselines.

4.1.2 � Experimental setup & evaluation metric usage.

For comparative experiments in this paper, we applied the 
same evaluation strategies of previous works [31, 36]. In 
more specifics, our proposed SFGE model as well as other 
comparative graph learning techniques are configured to 
analyze the connectivity information of molecular graphs 
only. Therefore, for the initial node features of constructed 
molecular graphs within the given B-BeeTox dataset, we set 
them as dummy values. Then, the graph learning techniques 
in our empirical studies are configured to ignore the input 
node features. For evaluating the accuracy performances 
of our proposed SFGE model as well as other comparative 
baselines, we utilized the same data splitting strategy of: 
[0.8, 0.1, 0.1] . This splitting strategy is similar the empirical 
studies in previous study [31]. It means that 80% of the 
B-BeeTox dataset will be used for the training purpose, the 
left parts are used or development/validation purpose (10%) 
and testing purpose (10%). Then, within the evaluation 
process, the accuracy performances of our SFGE model and 
other graph learning baselines while handling the molecular 
graph classification task are computed by using different 
methods, including: area under curve (AUC), accuracy 
(ACC) and F-measure (F1-Macro) standard evaluation 
metrics. The accuracy performances of different graph 
classification techniques under the ACC and F-measure 
evaluation metrics are computed as the following (as shown 
in the Eqs. 6, 7 and 8):

(6)ACC =
TP + TN

TP + TN + FP + FN

1  AERU (University of Hertfordshire): https://​sitem.​herts.​ac.​uk/​aeru/
2  PAN: https://​www.​pesti​cidei​nfo.​org/
3  ECOTOX: https://​cfpub.​epa.​gov/​ecotox
4  BeeTox dataset: http://​chemy​ang.​ccnu.​edu.​cn/​ccb/​server/​beetox/​
index.​php/​home/​index
5  RDKit: https://​www.​rdkit.​org/

https://sitem.herts.ac.uk/aeru/
https://www.pesticideinfo.org/
https://cfpub.epa.gov/ecotox
http://chemyang.ccnu.edu.cn/ccb/server/beetox/index.php/home/index
http://chemyang.ccnu.edu.cn/ccb/server/beetox/index.php/home/index
https://www.rdkit.org/
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In these equations, the ( TP ), ( TN ), ( FP ) and ( FN ) terms 
present for the true-positive, true-negative, false-positive 
and false-negative. For the AUC metric, it is identified 
as the area under the receiver operating characteristics 
(ROC) curve which represents the true positive and false 
positive rates at different classification thresholds. Similar 
to the experimental scenario in previous studies, for each 
model, we conducted the experiments 5 times with different 
shuffled train/validation/test splits, the we take the average 
performances as the final outputs.

4.1.3 � Model’s configurations for experiments

For the implementation of our proposed SFGE model, we 
mainly utilized the Python programing language. For the 
implementation of deep neural architectures within our 
SFGE model, we mainly use the PyTorch and PyTorch-
Geometric libraries. To setup our model for empirical stud-
ies in this paper, we set the number of hidden layers ( kSNN ) 
(within the given SNN-based learning architecture), as: 2 . 
The default dimensionality of node embedding vector/hid-
den state ( dSNN ) is set as: 64 . For the number of hidden lay-
ers ( kGCN ) and hidden state size/dimensionality ( dGNN ) of 
the GCN-based architecture which is applied for the local 
aggregation, are respectively set as: 2 and 64 . For the con-
figurations of deep fuzzy neural architecture which is used 
to achieve the better feature uncertainty/noise-reduced and 
classification-friendly graph representations. For this NFN-
based architecture, we set the number of fuzzy rules as: 10 . 
The other configurations of the given RFNN model, we kept 
them as the same as described within the original paper in 
which the RFNN model achieved the highest accuracy per-
formance for the classification task. Additionally, within 

(7)P =
TP

TP + FP
,R =

TP

TP + FN

(8)F-1 = 2
PR

P + R

the implementation and training processes of our proposed 
SFGE model, the early stopping mechanism is applied with 
the patience is set as: 15 (stopping if the model accuracy per-
formance upon the validation set doesn’t have any improve-
ment after a specific number of epochs). The Table 2 lists all 
detailed information about hyper-parameters/configurations 
of our proposed SFGE model for experiments in this paper.

4.2 � Experimental results & discussions

4.2.1 � Comparative baselines

To demonstrate the effectiveness as well as outperformance 
of our proposed SFGE model for dealing with molecular 
graph representation learning and classification tasks within 
the B-BeeTox dataset, we also implemented several state-
of-the-art graph learning techniques for the performance 
comparison purpose. The implemented graph learning 
methods in this section can be categorized into traditional 
GNN -based and TopoGNN-based and SNN-based 
approaches. In more specifics, within the conventional 
GNN-based approach, we implemented common techniques, 
like as: GCN [20], GraphSAGE [21], GAT [22], GIN [25], 
GINE [26], GRAND [23], SAGPool [47], GATv2 [24]. 
Within the TopoGNN-based approach, we implemented the 
TOGL model [31]. Finally, for the SNN-based approach, we 
implemented our main competitor in this paper which is the 
recent SCNP [36] model.

In order to implement the above comparative baselines 
for handing the molecular graph representation learning and 
classification tasks in the B-BeeTox dataset, we have config-
ured them with the same configurations of our SFGE model. 
Specifically, for the basic configurations, like as general 
graph learning process, we configured the number of hid-
den layers and graph embedding vector dimensionality as the 
same with our SFGE model’s configurations (listed within 
Table 2). Similar to that, the number of GNN-based hidden 
layers ( kGNN ) and graph embedding dimensionality ( dGNN ) 
for these baselines are also set as: 2 and 64 , respectively. 

Table 2   The detailed configurations/hyper-parameters of our proposed SFGE model for the comparative experiments in this paper

Our proposed SFGE model’s configurations Value

The number of SNN-based hidden layers ( kSNN) 2

The dimensionality of SNN-based hidden state ( dSNN) 64

The number of hidden layers ( kGCN ) and hidden state size ( dGCN ) for the GCN-based architecture which is applied in SNN’s aggrega-
tion step

1 and 64

The default pooling ratio for different pooling strategies within the given SNN/SCNP-based architecture 0.5

Maximum number of training epochs 150

Patience (number of epochs) for the early stopping mechanism 15

The default learning rate ( η) 0.001

The default training batch size 128
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For the implementation of the topology-driven graph learn-
ing approach, like as the: TOGL model, we set the number 
of filtration/coordination functions which are used for the 
graph filtration learning process, as: 10 . Similar to that, the 
hidden state/output vector embedding size of the filtration 
process is configured as: 64 . For the implementation of the 
SCNP model, we set all its hyper-parameters/configurations 
similar as our SFGE model as listed in the above Table 2. 
Specifically, for different mapping/pooling strategies which 
are utilized within the SCNP (as well as our SFGE model), 
we conducted the experiments with all types of pooling strat-
egies. Then, similar to our model’s evaluation strategy, we 
collected all the performances of different mapping/pooling 
strategies of the SCNP model. Then, we reported the average 
accuracy performances as the final results for the compari-
son purpose. For the other configurations of different GNN-
based, TopoGNN-based and SNN-based graph embedding 
techniques which are related to the training process, like as: 
training efforts/epochs, default learning rate, dropout rate, 
optimization strategy, etc., we configured them as the same 
with our model as listed in the Table 2.

4.2.2 � Comparisons on the graph classification task

For the comparative studies, we implemented our proposed 
SFGE model and other comparative techniques to deal with 
the graph categorization problem within the real-world 
B-BeeTox molecular dataset. The accuracy performances 
in terms of ACC and F1-Macro based evaluation metrics 
of different techniques are reported as shown in Table 3. 
In general, as shown from the experimental outputs, our 
proposed SFGE model has clearly outperformed most of 
graph learning techniques while dealing with the molecular 

graph representation learning and categorization problems. 
In more specifics, as shown from the results, in compar-
ing with classical GNN-based techniques, such as: GCN, 
GraphSAGE, GAT, GATv2, GRAND, GIN and GINE—
our proposed SFGE model significantly achieve better 
accuracy performances than previous techniques. In more 
details, it has improved the classification performances 
approximately: 25.54/20.2%/52.4%, 23.48%/17.16%/52.67, 
23.48%/17.16%/52.67%, 23.48%/18.15%/53.5%, 
28.28%/22.33%/42.24%, 19.59%/15.21%/34.8%, 
20.57%/16.17%/37.97%, 17.69%/11.48%/20.36% in terms 
of AUC/ACC/F1-Macro evaluation metrics, respectively. 
Hence, these experimental outputs have showed the poten-
tiality of simplicial neural network within graph representa-
tion learning and classification problems as the multi-way/
hidden connectivity information from the input molecular 
graphs can be sufficiently captured during the representation 
learning process. In addition, as shown from the experimen-
tal outputs, we also can figure out the capability of topol-
ogy-enhanced graph learning techniques such as the TOGL, 
SCNP and our proposed SFGE model have achieved better 
performances than previous conventional explicit-structural 
graph learning techniques. Therefore, it proved the poten-
tiality of integrating topological structure extraction with 
the graph feature aggregation process. This integration has 
supported to enhance the quality of learnt graph representa-
tions as well as task-driven fine-tuning process. Last but not 
least, by looking into details of the experimental results, 
the overall accuracy performance of SNN-based architec-
tures (including the SCNP and our proposed SFGL model) 
is significantly higher than the classical GNN-based tech-
niques, averagely: 18.84%, 13.87% and 41.88% in terms of 
AUC, ACC and F1-Macro accuracy scores. In comparing 

Table 3   Accuracy performance 
in terms of AUC, ACC and 
F1-Macro evaluations of 
different techniques for handling 
graph classification task within 
B-BeeTox dataset

For the definitions of the significance of bold, as: within the first column: GCN, GraphSAGE, GAT, 
GATv2, GRAND, GIN, GINE, SAGPool, TOGL, SCNP and SFGE are comparative baselines and our 
proposed model. Within the last row: the highest accuracy performances in terms of AUC, ACC and F-1/F-
measure

Metrics Models AUC​ ACC​ F1-Macro

Performance Improve (%) Performance Improve (%) Performance Improve (%)

GCN 0.4918 25.55↑ 0.4894 20.21↑ 0.3348 52.40↑
GraphSAGE 0.5000 23.49↑ 0.5021 17.17↑ 0.3342 52.67↑
GAT​ 0.5000 23.49↑ 0.5021 17.17↑ 0.3342 52.67↑
GATv2 0.5000 23.49↑ 0.4979 18.16↑ 0.3324 53.50↑
GRAND 0.4813 28.29↑ 0.4809 22.33↑ 0.3587 42.25↑
GIN 0.5163 19.59↑ 0.5106 15.22↑ 0.3785 34.81↑
GINE 0.5121 20.57↑ 0.5064 16.17↑ 0.3698 37.98↑
SAGPool 0.5246 17.70↑ 0.5277 11.48↑ 0.4239 20.37↑
TOGL 0.5000 23.49↑ 0.5021 17.17↑ 0.3342 52.67↑
SCNP 0.5788 6.68↑ 0.5553 5.94↑ 0.5065 0.73↑
SFGE 0.6174 0.5883 0.5102
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with topology-enhanced GNN baseline, such as the nota-
ble TOGL model, our proposed SFGL model also gained 
better accuracy performances for the graph classification 
task, approximately: 23.48%, 17.16% and 52.67% in terms 
of AUC, ACC and F1-Macro evaluation metrics. Similar to 
that, the experimental results also indicated that the SFGE 
model gained better performance than our main competitor, 
the SCNP model. From the experimental results, it slightly 
enhanced the AUC/ACC/F1-Macro based accuracy perfor-
mances about 6.68%/5.93%/0.72%, respectively.

To sum up, as shown from the accuracy performance 
comparative outcomes between our proposed SFGE model 
and other graph embedding baselines, it is clear about the 
effectiveness and outperformance of SFGE. In addition, 
the comprehensive performance comparisons between our 
proposed SFGE model with state-of-the-art graph learning 
techniques in multiple approaches (e.g., explicit graph-
structural learning, topological graph filtration and SNN) 
have proved the necessary of our proposed ideas within this 
paper. Our model has also shown the fact is that the multi-
aspect shared structural (from explicit graph structure) and 
multi-way relational (from simplicial complex) information 
of the given graph can be jointly captured during the 
embedding process. Last but not least, within our model, we 
also utilized an extra deep neuro-fuzzy network at the output 
layer of the given graph structure-enhance SNN-based graph 
learning architecture. This neural fuzzy architecture supports 
to effectively reduce the negative effects with regarded to the 
occurrence feature noises/ambiguities. The feature noise and 
ambiguity are normally occurred within sophisticated multi-
modal neural architectures. This NFN-based component 
supports to effectively transform and reduce the feature 
uncertainty from graph representations. As the results, it can 
directly assist to improve the performance of learnt graph 
representation augmentation as well as graph classification-
driven fine-tuning processes in the after all.

4.3 � Ablation studies

In this section, we conducted the extensive empirical studies 
in order to evaluate the sensitivity of some important mod-
el’s configurations/parameters. These critical configurations 
can have thorough influences upon our model’s stability as 
well as accuracy performance while dealing with graph clas-
sification task. The selected configurations/parameters for 
experiments within this section includes: SNN-based num-
ber of hidden layers ( kSNN ), SNN-based hidden state size 
( dSNN ) and the effectiveness of different SNN-based pool 
strategies which are implemented within our SFGE model, 
including: none (no applying pooling) (SFGE-NP), max 
(SFGE-MAX), self-attention (SFGE-SA) and top-k (SFGE-
TK) pooling strategies. First of all, with the number of hid-
den layers within the SNN-based component, to evaluate the 
influence of this configuration, we varied the value of ( kSNN ) 
parameter within the range of [1, 5] , the reported the changes 
in ACC/F1-Macro accuracy performances for the graph clas-
sification task. As shown from the experimental outputs in 

Fig. 2   Studies on the influence of the ( kSNN ) parameter upon the 
graph classification task

Fig. 3   Model’s complexity with different number of SNN-based lay-
ers

Fig. 4   Studies on the influence of the ( dSNN ) parameter upon the 
graph classification task
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Fig. 2, our proposed SFGE model is quite insensitive with 
this configuration/parameter. The experimental outputs have 
indicated that despite the changes in number of SNN-based 
hidden layers, the ACC/F1-Macro based accuracy perfor-
mance lines of our proposed SFGE model are quite smooth. 
Thus, it showed the fact is that our model still can achieve 
acceptable performance with a small number of SNN-based 
hidden layers in which the model’s complexity is linearly 
increased with this parameter (as shown in Fig. 3). Thus, 
it can help to efficiently reduce the time and computational 
cost for the training process.

Similar to that, with the extensive model’s parameter 
evaluations on the dimensionality of SNN-based hidden 
state parameter ( dSNN ), the outputs are also the same with 
experiments for the ( kSNN ) parameter. Specifically, as shown 
from the experimental results within the Fig. 4, it seems 
that our model’s accuracy performance lines (for both ACC 
and F1-Macro evaluation metrics) are quite stable with the 
changes of this parameter. For the experiments with this 

( dSNN ) parameter, we have varied the value of SNN-based 
hidden state size of our model with range: [32, 160] . As 
the increase in the value of the ( dSNN ) parameter has led to 
dramatically escalation of model’s complexity (as shown 
in Fig. 5). Therefore, choosing a reasonable value for this 
parameter should be also taken in consideration, especially 
while handling large-scaled graph datasets. Finally, as our 
proposed SFGE is mainly adopted the mapping/pooling 
strategies within the SNN-based architecture from the pre-
vious SCNP baseline, there are different pooling strategies 
have been implemented within the original work. However, 
within our empirical studies, we only evaluated three types 
of pooling strategies including: max (SFGE-MAX), top-k 
(SFGE-TK), self-attention (SFGE-SA) and no-pooling 
(SFGE-NP). Specifically, within our experimental studies, 
different pooling strategies are applied within our model 
and we reported the average ACC/F1-Macro based accu-
racy performances of these strategies while handling graph 
classification tasks. As shown from the experimental results 
in Fig. 6, different pooling strategies didn’t show signifi-
cant enhancements in accuracy performance of our model. 
Specifically, these pooling strategies didn’t provide any 
clear change in the model’s accuracy performance while 
handling the molecular graph representation learning and 
classification problems. The results are also similar with 
the previous SCNP model, as shown in Fig. 7. However, 
this experimental result doesn’t guarantee all pooling types 
will show the same accuracy performances within different 
datasets. Therefore, extensive empirical studies about this 
aspect should be taken in consideration while implementing 
the model within the practical/realistic environment.

Fig. 5   Model’s complexity with different value of SNN-based hidden 
state size

Fig. 6   Extensive evaluation on the performance of different pooling 
strategies which are used within our proposed SFGE model

Fig. 7   Extensive analysis on the performances of different pooling 
strategies of previous SCNP model within B-BeeTox dataset
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5 � Conclusions & future works

In conclusion, in this paper we proposed a novel integration 
between simplicial neural network and neuro-fuzzy learning 
framework, called as: SFGE model. Our proposed SFGE 
model can support to effectively deal with the multi-way 
relational and uncertainty-reduced graph representation 
learning problem. In more details, within this paper, our 
studies mainly focused on designing a novel graph learning 
technique which adopt from the simplicial complex mapping/
pooling and message passing paradigms. Thus, our SFGE 
model can assist to efficiently capture the multi-way relational 
information from the input graphs. In the context of simplicial 
complex-based neural learning approach, the input graphs 
are modelled as simplicial complexes then learnt through 
simplicial signal aggregation process. In the simplicial signal 
aggregation operations of our model, we also implemented an 
extra GCN-based architecture. This extensive graph learning 
layer can support to achieve the richer multi-viewed graph 
representation. These multi-viewed graph representations 
carry the hidden/multi-way relationships as well as explicit 
global shared features between graph nodes. This extra graph 
learning component takes the summarization of simplicial 
signals as well as the explicit graph’s structure as the inputs. 
Then, it produces the corresponding k-hop relational features 
between nodes in forms of latent embedding vectors. After 
that, the different/multi-viewed representations of a graphs 
are combined through an embedding fusion component. This 
embedding fusion component is simply designed as a full-
connected linear neural layer. In the end, the unified graph 
output embeddings which are produced by the SNN-based 
architecture are then fed into a deep fuzzy neural network. 
Through this approach, our SFGE model can support to 
transform the given graph representation into feature noise/
uncertainty-minimized. In addition, it also supports to 
generate better classification-friendly graph embeddings 
which can utilize to improve the accuracy performance of 
graph classification tasks. In comparing with previous graph 
embedding techniques our model can directly support to 
achieve richer-structural multi-way graph representations. 
The extensive experiments within a real-world molecular 
graph dataset have demonstrate the effectiveness as well as 
outperformance of our proposed SFGE model in comparing 
with previous graph embedding and classification baselines. 
In comparing with state-of-the-art TopoGNN-based and SNN-
based graph learning approaches, our proposed SFGE model 
has shown the capability of extracting rich multi-scaled graph-
structural information in the context of feature noise/ambiguity 
reduction.

Remained challenges of SFGE model & future works. 
However, there is still a limitation of our proposed SFGE 
model related to the multi-view graph structural preserving 

aspect. In more specifics, even the graph simplicial signal 
aggregation process has been improved by implementing 
an extra graph neural learning mechanism, there are still 
some limitations of this approach. Our model’s major 
limitation is the capability of dealing with global-levelled 
graph structural preserving aspect in which the generated 
representations through our SFGE model for different graphs 
which are in different structures should be differentiable. 
This enhanced simplicial signal aggregation mechanism 
is still considered as unable to distinguish the differences 
between various structure-varied input graph. Thus, within 
our next enhancement, we intend to improve the multi-
scaled graph learning component of our SFGE model, 
especially within our model feature aggregation process 
for node representation. Through this enhancement, we can 
supplement our model with the ability of efficiently capturing 
the global structural information from the sophisticated graph 
structures. This approach is considered as the high-expressive 
graph learning approach. The integration with recent high-
expressive graph learning techniques, like as: GIN and 
GINE. These high-expressive graph learning architectures 
are considered as potential enhancements for our model. Last 
but not least, in our future work, we also plan to extend the 
architecture of our proposed SFGE model in order to make 
it capable for dealing with complex graph learning tasks, 
such as: molecular graph structure prediction and generation. 
These complex graph learning tasks such as graph-based data 
generation have plentiful applications in real-world problems, 
such as new material substance or new drug discoveries.
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