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Schallgeschwindigkeitsmessungen in Schmelzen aus den Systemen

Al-Mg, Al-Sn, Mg-Sn und Fe-C*

Ulrich Maier und Siegfried Steeb

Max-Planck-Institut fir Metallforschung
Institut fiir Sondermetalle, Stuttgart

Eingegangen am 23. Januar 1973

Sound Velocity in Molten Alloys of the Systems Al-Mg, Al-Sn, Mg-Sn, and Fe-C

The concentration dependency of sound velocity was measured in molten alloys of the
three systems Al-Mg, Al-Sn, and Mg-Sn in the temperature region between liquidus and
1000 °C. Furthermore it was measured in molten alloys of the system Fe-C in the temperature
range between liquidus temperature 7'y, and T, + 150 °C. From the velocities the compressi-
bilities were calculated, whose concentration dependency revealed changes in the structure
of the melts.

The structure of the three systems Al-Mg, Al-Sn, and Mg-Sn in the molten state was
already investigated by X-Ray diffraction. These results were compared with the results of
velocity measurements. Inhomogeneities in the melts yield increased values of compressibility
compared with the values to be expected for statistical distribution of the atoms. This result
was used for the discussion of the structure of molten Fe-C-alloys:

The conclusion can be drawn, that within the melts of the system Fe-C above 3%/y C
inhomogeneities are existent.

From the values of sound velocity in the molten elements the temperature dependency
of the structure factors I (0) was calculated and compared with experimental values.

1. Einleitung

In vorliegender Arbeit sollen Schallgeschwindigkeitsmessungen an geschmol-
zenen Legierungen beschrieben werden. Diese wurden in den Schmelzen von je
einem Loslichkeits- (Al-Mg [1]), Entmischungs- (Al-Sn [2]) und Verbindungs-
system (Mg-Sn [3]) durchgefiihrt. Es wird aufgezeigt, inwieweit mit dieser Methode
strukturelle Besonderheiten in den Schmelzen dieser drei verschiedenen Typen
festgestellt werden konnen.

Mit den daraus gewonnenen Erkenntnissen wird gezeigt, da auch bei Schmel-
zen aus dem System Fe-C der Verlauf der Schallgeschwindigkeit und Kom-
pressibilitat in Abhéngigkeit von der Konzentration und Temperatur Riickschlisse
auf strukturelle Besonderheiten zulagt.

2. Grundlagen
Fiir die adiabatische Schallgeschwindigkeit gilt:

V(op
2
oy = — — | =~ 1
ad 0 ( aV ad ( )
mit V = Molvolumen, ¢ = Dichte und p = Druck.
* Teil der Dissertation von U. Maier, Universitit Stuttgart, 1972.
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Der Zusammenhang mit der adiabatischen Kompressibilitit ist durch die Be-

ziehung
1 [/aV 1 5
Pua ==\ o ™ o @

gegeben.

Fir die Verkniipfung mit den entsprechenden isothermen GroBen gelten
folgende Zusammenhinge:

T a2
Bis = Paa + s (3)
# = cplov = Pis/faa (4)
Ugq = %+ U, (5)

wobei a = 1/V(8V[0T), der Ausdehnungskoeffizient, 7' die Temperatur in °K
und ¢, sowie ¢y die spezifischen Warmen sind.

Die Schallgeschwindigkeit in einer Substanz 16t sich nur dann nach Gl. (1)
eindeutig bestimmen, wenn eine fir die betreffende Substanz giiltige Zustands-
gleichung der Form p = p(V, T') vorliegt. Nach Ascarelli [4] folgt danach fir die
Temperaturabhéngigkeit der Schallgeschwindigkeit « von Elementschmelzen die
folgende Beziehung:

T 1 Cp kT 2
=131 "o L—mt "3 kT

(1+2m2 2
el

Ey 4 &
~ _Be -
9 I T-vsll?’“

mit M = Atomgewicht

k = Boltzmann-Konstante

n = Packungsdichte

z = Zahl der Valenzelektronen pro Atom

Ey = Fermi-Energie

B = Konstante

vs = Volumen der Proben bei der Temperatur 7'.

Aus der Beziehung (6) ergibt sich ein geringfiigig nichtlinearer Verlauf der
Schallgeschwindigkeit in Abhéngigkeit von der Temperatur. Mit steigender Tem-
peratur wird der nach diesem Modell berechnete Wert des Temperaturkoeffizien-
ten etwas negativer.

Aus den gemessenen Werten der Schallgeschwindigkeit 148t sich nach Guinier
und Fournet [5] iiber die isotherme Kompressibilitit §1 die fiur s = (47 sin0)/A =0
bei Beugungsexperimenten zu erwartende Interferenzfunktion I(0) berechnen:

I(0)=ogo-k-T-pr )
mit go = mittlere Atomdichte
26 = Winkel zwischen Primirstrahl und abgebeugtem Strahl

A4 = Wellenlénge der fiir das Beugungsexperiment verwendeten Strahlung.
Nach Omini [6] gilt fiir die Verkniipfung der Schallgeschwindigkeit mit I(0):
! =1+ ! (8)

1(0) F(y)
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mit F (y) = Funktion von m, 4, k und 7'.
m = Masse eines Atoms.

3. Experimentelle Durchfiihrung und Ergebnisse

Zur Messung der Schallgeschwindigkeit von Schmelzen bei Temperaturen bis
zu 1400 °C wurde das Impuls-Echo-Verfahren nach Seemann und Klein [7] be-
nutzt, und zwar bei konstanter Frequenz von 3 MHz. Dabei wird der von dem
bei Raumtemperatur arbeitenden Schwingquarz ausgehende Schall iiber einen
Aly03-Koppelstempel in die Schmelze iibertragen. Die akustische Ankoppelung
dieses Stempels an die Schmelze wurde durch diinne Schichten aus geeignetem
FluBmittel bewirkt, so z.B. fir die Schmelzen der Systeme Al-Sn, Al-Mg und
Mg-Sn durch (MgClz + KCl), beim System Fe-C dagegen durch BaCls.

Die Messung erfolgte mit fallender Temperatur von 1000 °C bzw. 1400 °C bis
zur Liquidustemperatur in Schritten von AT = 10°. Bei einzelnen Legierungen
wurde zur Kontrolle auch bei steigender Temperatur gemessen. Eine {iber die
Fehlergrenze hinausgehende Abweichung wurde dabei nicht gefunden.

Fir jedes der vier zu untersuchenden Systeme wurden aufler den reinen
Randkomponenten (ausgenommen Kohlenstoff) jeweils ungefédhr zehn iiber den
gesamten Konzentrationsbereich verteilte Legierungen hergestellt. Die Reinheit
der Ausgangssubstanzen betrug 99,999, fiir Al, Sn und Fe; 99,989, fir Mg und
99,959, fir C.

Im folgenden werden die Ergebnisse fiir die vier untersuchten Systeme dar-
gestellt.

4700}
~S
&
3 4600+
Al
4500}
% Mg
4400} 15
4300 2
35
4200}
45
4100} s
61
4000} 70
80
3900} %
440500 600 700 800 900 1000
Temperatur [°C]

Fig. 1. System Al-Mg: Schallgeschwindigkeit in Abhéngigkeit von der Temperatur



4 U. Maier und S. Steeb

-06 \‘ Fig. 2. System Al-Mg: Temperatur-

P koeffizient der Schallgeschwindigkeit
Al 20 40 60 60 Mg in Abhdngigkeit von der Konzentra-
Y%Mg tion

a) System Al-Mg

In diesem System sind im geschmolzenen Zustand die Atome beider Atom-
sorten statistisch verteilt [1]. Fig. 1 zeigt die Temperaturabhingigkeit der Schall-
geschwindigkeit fir verschiedene Konzentrationen, Fig.2 die Konzentrations-
abhéngigkeit des Temperaturkoeffizienten der Schallgeschwindigkeit. Es zeigt
sich, daB fiir die Schmelzen dieses Loslichkeitssystems die Werte von Au/AT der
Legierungen zwischen denen der reinen Elemente liegen und daf ein kontinuier-
licher Abfall vom Wert des Aluminiums zu dem des Magnesiums besteht.

2400

'E\°é400: a/, Al
N
] -
40001 TT—
3600} —_—
- 80
i _\
3200} 70
i 60
2800} s 50
i 40

220055200600 800 1000
Temperatur [°C]

Fig. 3. System Al-Sn: Schallgeschwindigkeit in Abhingigkeit von der Temperatur

b) System Al-Sn

In diesem System liegt im geschmolzenen Zustand Entmischung vor mit
Bildung von kugelférmigen Inhomogenititen, bestehend aus Sn-Atomen [2].
In Fig. 3 setzt sich im Konzentrationsbereich von 30 bis 80 At.%, Al der Verlauf
der Schallgeschwindigkeit tiber der Temperatur jeweils aus zwei Geraden zu-
sammen, und zwar ausgehend von der Liquidus-Temperatur bis etwa 150° dariber
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~ -0
N 600°C
$-02

L)
5 -03

-04

0% 200 60 80 sn

9 Sn

Fig. 4. System Al-Sn: Temperaturkoeffizient der Schallgeschwindigkeit in Abhéngigkeit von
der Konzentration

aus einer flacher verlaufenden und bei hoheren Temperaturen aus einer etwas
steiler verlaufenden Geraden. Dieses Verhalten ist etwas deutlicher in Abb. 4 zu
sehen, wo die obere Kurve den Verlauf des Temperaturkoeffizienten bei 600 °C
und der untere Teil denjenigen bei 900 °C zeigt.

4000}
~o
3, M,

> 2600

3600

3400 \go
3200 \ﬂs

3000 _

. 75
2600 —&7
2600> 2 Qi’

19 45

" ) 1 n L A Sn
200 300 400 500 600 700 "800 900 1000
Temperatur[°q]

Fig. 5. System Mg-Sn: Schallgeschwindigkeit in Abhingigkeit von der Temperatur

¢) System Mg-Sn

In den Schmelzen dieses Systems bilden sich Inhomogenititen aus, in denen
die intermetallische Phase MgsSn vorgebildet ist [3]. Die Schallgeschwindigkeit
iber der Temperatur (vgl. Fig.5) bzw. der Temperaturkoeffizient der Schall-
geschwindigkeit iiber der Konzentration (vgl. Fig. 6) zeigen ein dhnliches Ver-
halten wie beim System Al-Sn. In Fig. 6 fallt das ausgepridgte Maximum an der
Stelle der intermetallischen Verbindung MgeSn auf. In Fig. 7 werden fur zwei
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Fig. 6. System Mg-Sn: Temperaturkoeffizient der Schallgeschwindigkeit in Abhiingigkeit von

der Konzentration

Fig. 7. System Mg-Sn: Isothermen der Schallgeschwindigkeit

Temperaturen die Isothermen der Schallgeschwindigkeit fiir dieses System ge-
zeigt. ‘Die entsprechenden Isothermen fiir die Systeme Al-Mg und Al-Sn zeigen
einen dhnlichen Verlauf.

d) System Fe-C

Um weiteren AufschluB iiber die Struktur der Schmelzen (vgl. [8]) in diesem
System zu erhalten, wurde die Temperaturabhingigkeit der Schallgeschwindig-
keit gemessen (vgl. Fig. 8). Der Temperaturkoeffizient der Schallgeschwindigkeit

ist offenbar fiir alle Konzentrationen etwa derselbe.

4000,

3900

x\\\
O\

a

\ Y, Fe

!
\ F83C
|

=20°C dber der Liquiduslinie
Eutektikum

\
"/

99 98 97 96 95 9% Y

| 4500}
NN .
A . 945% 98% "~54400n
2 E\I&"
. 524300}
i 4200}
4100+
- 4000t
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1200 1300 1400 1500
Temperatur [° C]
Fig. 8

900\ i ——
100 96 92 88 84 80 76 Y%

—=—— Fe-Konzentration
Fig. 9

Fig. 8. System Fe-C: Schallgeschwindigkeit in Abhéngigkeit von der Temperatur

Fig. 9. System Fe-C: Konzentrationsabhingigkeit der Schallgeschwindigkeit, gemessen etwa

20° iiber Liquidus
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In Fig.9 ist die Schallgeschwindigkeit iiber der Konzentiation aufgetragen.
Diese Werte wurden bei ungefdhr 20° iiber der Liquiduslinie gemessen. Vom Wert
des reinen Eisens, den Filippov et al. [9] mit einer anderen Mefmethode gemessen
hatten, ist ein nahezu linearer Verlauf bis zu dem ausgepriagten Minimum bei

3,7 Gew.9, C zu erkennen, von dem aus die Schallgeschwindigkeit mit steigendem
Kohlenstoffgehalt wieder ansteigt.

4. Diskussion

Der Vergleich der hier experimentell bestimmten Schallgeschwindigkeitswerte
fir die geschmolzenen Elemente Al, Mg, Sn und Fe mit den nach [4] berechneten
Werten gibt eine Ubereinstimmung innerhalb einer Abweichung von etwa 10%,
[10].

Der Verlauf der isothermen Kompressibilitit fiir jeweils konstante Temperatur
iber der Konzentration ist fiir die Systeme Al-Mg, Al-Sn, Mg-Sn bzw. Fe-C in
den Fig. 10, 11, 12 bzw. 13 dargestellt. Berechnet wurden diese Werte mittels
GL. (2) und (3) aus den gemessenen Schallgeschwindigkeitswerten.

Fig. 10 zeigt zwei Isothermen der Kompressibilitit fiir Schmelzen aus dem
System Al-Mg. Beide Kurven weisen ungefihr denselben Verlauf zwischen den
Werten der beiden Randkomponenten auf. Sie hingen etwas durch, zeigen jedoch
keine Anomalien. Dies steht im Einklang damit, dafl in diesem System mit ver-
schiedenen Untersuchungsmethoden im gesamten Konzentrationsbereich eben-
falls keine Anomalien gefunden wurden. Die einzige Ausnahme bildet der Verlauf
der Viskositatsisothermen [11].

Im System Al-Sn zeigt die Isotherme der Kompressibilitdt bei 1000 °C (vgl.
Fig. 11} einen linearen Verlauf iiber dem gesamten Konzentrationsbereich,
wahrend die 650 °C-Isotherme einen leicht nach oben gekriimmten Verlauf auf-
weist, was bedeutet, dafl die Kompressibilitit bei dieser Temperatur nahezu
im ganzen Konzentrationsbereich einen etwas héheren Wert besitzt als es dem
statistischen Mittel entspricht. Im Unterschied zum System Al-Mg zeigen die
beiden Isothermen einen unterschiedlichen Verlauf. Dies deutet offenbar darauf

6‘:
S y
o 60 VY
1%}
o
§ 55 A s

g

/][/042
S
\.
N\
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D2\ AN
SN\
s \\\\
. 1072
pe o7,
LR -, R~ 1
i 3
\ 8
S
Y

S
\(:,0
"\
O\
N
N
cm-sec

35¢ s 28

/a/ . X
30
017 24}
25E . -
Al 20 40 60 80 Mg 2% n

YeMg
Fig. 10 Fig. 11

Fig. 10. System Al-Mg: Konzentrationsabhingigkeit der isothermen Kompressibilitéat
Fig. 11. System Al-Sn: Konzentrationsabhingigkeit der isothermen Kompressibilitat



8 U. Maier und S. Steeb
B
b o6 ot . Mg,Sn '(\‘;j\','a L
E 1 RN YNt 61 =20°C ber der Liquiduslinie
N. \o\ A g ’ r
&, | \ \7000 c & L4P
2 50t \ &. -
@ YT \\ 1.2} o
] @ F ~T fis
r '% 1,0-
ol 300°c \ 3 ¢t e
L QZ’O,GE,_.-—" Bod
Mg 20 0 60 80 on  OO[ 99,98 97 96 95 94 %Fe
YoSn 1009692 86 64 80 76 %Fe
Fig. 12 Fig. 13

Fig. 12. System Mg-Sn: Konzentrationsabhingigkeit der isothermen Kompressibilitit

Fig. 13. System Fe-C: Konzentrationsabhéngigkeit der isothermen Kompressibilitiit

SO

hin, daB sich die Struktur der Schmelze zwischen den beiden Temperaturen ver-
dndert: Die bei 650 °C durch Strukturuntersuchungen [2] nachgewiesenen In-
homogenitaten verschwinden bei Temperaturerhdhung und die Schmelze weist
bei 1000 °C statistische Verteilung der Atome verschiedener Sorten auf.

Ein dhnliches Verhalten wie beim System Al-Sn zeigen die Isothermen der
Kompressibilitdt im System Mg-Sn (vgl. Fig. 12). Die 1000 °C-Isotherme weist
im Konzentrationsbereich von 5 bis 45 Vol.%, Sn eine leichte Uberhohung und
die 800 °C-Isotherme im Konzentrationsbereich von 5 bis 65 Vol.%, eine starkere
Uberhshung gegeniiber der statistischen Geraden auf, wobei in beiden Fillen die
stirkste Uberhdhung bei etwa 33 At.%, Sn auftritt. Auch bei diesem System
duBern sich die strukturell belegten MgoSn-Agglomerate [3] durch eine Erhéhung
der Kompressibilitit, die bei héheren Temperaturen entsprechend dem Uber-
gang in eine statistische Verteilung verschwindet.

Fiir das System Fe-C wurde in Fig. 13 sowohl die isotherme als auch die adia-
batische Kompressibilitit eingetragen. Danach zeigt die isotherme Kompressibili-
tét einen Verlauf, der vom Wert des Eisens kontinuierlich bis etwa 3 Gew.9, C
abfillt, von dieser Konzentration bis 4 Gew.%, C konstant bleibt und von dort
weiter abfallt. Dies bedeutet, dafl ab 3 Gew.%, C die Kompressibilitdt grofler ist,
als dies fiir Fe-C-Legierungen mit statistischer Verteilung der Atome zu erwarten
wire. Diese Uberhohung im Kompressibilititsverlauf tritt in Fig. 13 dadurch
deutlich in Erscheinung, dal die zum reinen Fe hin gestrichelt gezeichnete Linie
durch die strichpunktierte verlingert wurde.

Zur strukturellen Deutung der Kompressibilitdtskurven in den Fig. 10 bis 13
wurde dargelegt, daB offenbar das Auftreten einer Inhomogenitit in den Schmelzen,
wie z.B. in den Systemen Al-Sn und Mg-Sn, sich in einer Uberhéhung der Kom-
pressibilitdtskurven &duflert. In Analogic dazu kann aus Fig. 13 geschlossen
werden, daB bei Konzentrationen von 3 bis mindestens 5,5 Gew.9%, C in den
Fe-C-Schmelzen Inhomegenitédten vorliegen.

Die Frage, ob es sich bei diesen Inhomogenititen {iberwiegend um Zementit
(FesC) oder um Graphit handelt, kann zur Zeit noch nicht entschieden werden.
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Ein dhnliches Verhalten der Schallgeschwindigkeit wie die Legierungen im
Bereich der Kompressibilititsiiberhchung zeigen die Elemente Wismut [12] und
Antimon {12]. Zur Erklarung des Kompressibilitdtsverlaufes itber der Temperatur
bei geschmolzenem Antimon werden in [12] zwei Strukturen in der Schmelze
angenommen, die gleichzeitig nebeneinander existent sind. Die eine ist analog zu
der im festen Antimon vorhandenen Struktur aufgebaut, wiahrend die andere
dichtest gepackt ist. Mit steigender Temperatur nimmt nun der Anteil mit der
weniger dicht gepackten, erstgenannten Struktur ab, wodurch das Verschwinden
des UberschuBanteiles der isothermen Kompressibilitit erkliart werden kann.

5. Anhang

In Fig. 14 sind die nach der Boltzmannschen Fundamental-Gleichung [6]
bzw. nach Guinier und Fournet [5] aus Schallgeschwindigkeitsmessungen berech-
neten Werte der Interferenzfunktion 7(0) in Abhéngigkeit von der Temperatur
fiir die Elemente Al, Mg und Sn als durchgezogene Kurven eingetragen. AuBerdem
sind noch ein von Hezel [2] experimentell bestimmter Wert fiir Aluminium bei
665 °C und zwei von Hohler [13] gemessene Werte fiir Zinn bei 330 °C und 730 °C
eingezeichnet. Der gemessene Wert fiir Aluminium liegt um ungefahr 509, und die
Werte fir Zinn um etwa 159, {iber den nach Guinier berechneten Kurven. Die
Temperaturabhingigkeit von I(0) bei Zinn stimmt mit den berechneten Werten
niherungsweise iberein. Die méglichen Ursachen fir die Abweichung der ge-
messenen von den aus der Schallgeschwindigkeit berechneten Werten wurden
schon von Hezel [2] diskutiert und sind hauptsdchlich durch experimentelle
Gegebenheiten bei der Durchfithrung von Réntgen-Kleinwinkelbeugungsexperi-
menten bedingt.

Wir danken dem Verein Deutscher Gieflereifachleute e. V. fiir die finanzielle Unterstiitzung
dieser Arbeit sowie Herrn Professor H. J. Seemann, Saarbriicken, und der Fraunhofer-Gesell-
schaft fir die Bereitstellung von Experimentiergerit.
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Fig. 14. Berechnete Werte von I (0) fiir verschiedene Elemente als Funktion der Temperatur.

Experimentelle Werte sind mit ® gekennzeichnet. Das Zitat 18) in dieser Abbildung ist als
13) zu lesen
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X-Ray and Neutron Wide-Angle Diffraction in Molten Alloys of the System Fe-C

By means of X-Ray- and neutron wide-angle diffraction in molten alloys of the system
Fe-C intensity curves were obtained, from which atomic distribution functions could be
deduced. From these results, together with results of ultrasound-velocity-measurements,
follows the structural behaviour of molten Fe-C alloys in dependency of C-concentration.
Increasing C concentration (up to 1.8%/q) causes a higher packing density of the melts because
of increasing nearest neighbours distance and number. Above 1.8%/o C the distance and
above 3%/ up to 5.5%/p the number of nearest neighbours remains constant. (The upper limit
of the concentration range under investigation was 5.5%/y C.)

Furthermore, the existence of inhomogeneities in melts above 3.5%/y C can be deduced
from ultrasound velocity measurements.

Einleitung

Die Struktur von reinem geschmolzenem Eisen wurde mittels Rontgen-
beugung im Jahre 1966 [1] und mittels Neutronenbeugung im Jahre 1970 {2]
bestimmt. In letzter Zeit wurden Eigenschaftsmessungen im System Fe-C be-
kannt, ndmlich Viskositdtsmessungen [3] und Messungen der Schallgeschwindig-
keit {4]. Um weiteren Einblick in das strukturelle Verhalten von geschmolzenen
Legierungen im System Fe-C zu bekommen, wird in vorliegender Arbeit iiber
Roéntgen- und Neutronenbeugungsuntersuchungen berichtet.

Theoretische Grundlagen

Die kohirent gestreute Intensitit im Falle der Rontgen- bzw. Neutronen-
beugung wird aus den Experimenten nach den in [5] angegebenen Verfahren er-
halten. Dabei wird fiir das Streuvermogen eines Atomes im ersten Fall der winkel-
abhingige Atomformfaktor, im zweiten Fall der winkelunabhingige Streuquer-
schnitt verwendet. Aus der kohérent gestreuten Intensitét folgen die Interferenz.-
funktionen und die verkiirzten Interferenzfunktionen sowie hieraus durch
Fourierumkehr die Paarkorrelations- bzw. Atomverteilungsfunktionen. Die bei
der Neutronenbeugungsmethode anzuwendenden Korrekturen sind ausfithrlich
in [5] beschrieben.

Experimentelle Durchfiihrung und Ergebnisse

Bei der Untersuchung der Schmelzen aus dem System Fe-C muBten sowohl
an der Heizvorrichtung der bereits beschriebenen Rontgenbeugungsanlage [6]

* Teil der Dissertation von U. Maier, Universitiat Stuttgart, 1972.
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Fig. 1. System Fe-C:Kohidrent gestreute Rontgenstrahlenintensitit fiir sechs verschiedene
Legierungen

Fig. 2. System Fe-C: Kohirent gestreute Neutronenstrahlenintensitét fir sechs verschiedene
Legierungen

(0-6 Diffraktometer) als auch an derjenigen der Neutronenbeugungsanlage [5]
(Projekt 14 am Forschungsreaktor 2, Kernforschungszentrum Karlsruhe) be-
sondere Vorkehrungen getroffen werden, um die hier benétigten Temperaturen
von bis zu 1600 °C erreichen zu konnen. Als Ausgangssubstanzen dienten Eisen
(99,99%) und Kohlenstoff (99,95%,), aus denen Proben in einem Vakuuminduk-
tionsofen erschmolzen wurden. Als Tiegelmaterial wurde AlyO3 verwendet. Die
Messungen erfolgten unter Argon von 10 Torr bei der Réntgenbeugung und von
400 Torr bei der Neutronenbeugung.

1. Intensititskurven

Es wurden die Intensititskurven von reinem Eisen und neun bzw. zehn
Legierungen gemessen. Die Kohlenstoffkonzentrationen betrugen dabei 0; 0,5;
1;1,5; 2; 2,5; 3; 3,5; 4; 4,5; 5 Gew.%, und bei den Neutronenbeugungsunter-
suchungen zusétzlich noch 5,5 Gew.%, C. Die MeBtemperaturen lagen zwischen
30° und 40° uber dem jeweiligen Schmelzpunkt der Legierungen. Fig. 1 zeigt die
aus Rontgenbeugungsexperimenten erhaltenen Intensititskurven I3 (s), die mit
dem in [6] beschriebenen Verfahren aus den gemessenen Intensitdtsverteilungen
berechnet wurden. Auflerdem sind die nach Atomprozenten gemittelten Quadrate
der Atomformfaktoren eingezeichnet. Unterschiede im Verlauf der einzelnen
Kurven treten in dieser Darstellung kaum auf.

In Fig. 2 sind die kohéirent gestreuten Neutronenintensititen I3, (s) dar-
gestellt, die nach [5] aus den gemessenen Intensititskurven berechnet wurden.
Entsprechend den f2-Kurven bei der Rontgenbeugung (vgl. Fig. 1) sind hier die
nach Atomprozenten gemittelten Quadrate der kohidrenten Neutronenstreu-
amplituden byon aufgezeichnet. Der Zusammenhang zwischen den aus [7] ent-
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Fig. 3. System Fe-C: Atomverteilungskurven (Rontgenbeugung)

Fig. 4. System Fe-C: Atomverteilungskurven (Neutronenbeugung)

nommenen Wirkungsquerschnitten ¢ und der Streuamplitude b ist durch die
Beziehung

o=4mb? [barn]
gegeben.

2. Atomverteilungskurven

Durch Fouriertransformation wurden die mit den beiden Strahlenarten
erhaltenen Intensititskurven der Fig. 1 und 2 in Atomverteilungskurven trans-
formiert. In Fig.3 sind die so aus Fig.1 erhaltenen Kurven wiedergegeben.
Fig. 4 zeigt die entsprechenden Kurven aus den Neutronenbeugungsexperimenten.
In den beiden Figuren oszillieren die Atomverteilungskurven um die Parabeln
47tr209. Diesen Kurven koénnen zwei wichtige Bestimmungsstiicke, namlich
die Lage T des ersten Maximums und aus der Fliache unter demselben die Zahl
nichster Nachbarn NI entnommen werden.

Diskussion der Ergebnisse
1. Intensititskurven

Das erste Maximum der in den Fig. 1 und 2 gezeigten Intensitatskurven ver-
schiebt sich jeweils kontinuierlich mit steigendem Kohlenstoffgehalt von s = 2,98 A
beim reinen Eisen bis 2,90 A-1 bei einer Legierung aus Eisen mit 5 Gew.%, C.
Irgendwelche Nebenmaxima oder eine Aufspaltung des Hauptmaximums treten
weder bei der Rontgen- noch bei der Neutronenbeugung auf. Die absolute Héhe
des Hauptmaximums nimmt ebenfalls mit steigendem Kohlenstoffgehalt bei
beiden Strahlenarten gleichméaBig ab, wobei sich die Halbwertsbreite erh6ht.

Diese Befunde koénnen damit erklirt werden, da durch den Einbau der
Kohlenstoffatome in das Eisengitter der Abstand der Eisenatome voneinander

erstens vergrofert wird und zweitens die Schwankungsbreite dieser Abstinde
zunimmt.
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Fig. 5. System Fe-C: Zahl der Atome in der ersten Koordinationssphire
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2. Atomverteilungskurven

Entsprechend den Integrationslingen smax = 13 A-1 bei der Réntgen- bzw.
9.1 A-1beider N eutronenbeugung weisen die Maxima der Atomverteilungskurven
im Falle der Rontgenbeugung (vgl. Fig. 3) eine geringere Halbwertsbreite auf als
diejenigen der Neutronenbeugung (vgl. Fig. 4). Die aus den Atomverteilungs-
kurven berechneten Koordinationszahlen NI sind in Fig. 5 in Abhéngigkeit von
der Konzentration fiir beide Strahlenarten aufgetragen. Fir das reine Eisen ergibt
sich aus den Réntgenmessungen ein Wert von 9,0 und aus den Neutronenmessun-
gen ein solcher von 8,8 Atomen. In [2] wird fir das reine Eisen aus Neutronen-
beugungsuntersuchungen ein Wert von 9,5 angegeben. Dieser ist jedoch durch
Integration tber die Atomverteilungskurve von Null bis zum ersten Minimum
nach dem Hauptmaximum berechnet worden. Nach dieser Methode wiirde sich
in vorliegender Arbeit infolge des unsymmetrischen Maximums ein Wert von
ungefihr 11 ergeben. Mit derselben Methode erhalten Schmitz-Pranghe und Kohl-
haas [8] aus Rontgenmessungen eine Koordinationszahl von 11,6, wihrend die
Berechnung des symmetrischen Anteils jener Kurven zu einem Wert von 9,2
fiihrt. 8,2 Atome in der ersten Koordinationssphére wurden von Ruppersberg und
Seemann [1] ebenfalls aus dem symmetrischen Anteil des Hauptmaximums be-
rechnet. Nach dem Vergleich mit diesen Ergebnissen ist anzunehmen, dafl die
hier erhaltene Koordinationszahl NI von etwa 9,0 Atomen den in der Eisen-
Schmelze vorliegenden Verhéltnissen am ehesten entspricht.

Mit steigendem Kohlenstoffgehalt ergibt sich fiir die Koordinationszahl, unab-
héngig von der verwendeten Strahlensorte, eine gleichméaBige Zunahme (vgl.
Fig. 5), wobei die Rontgenwerte um ungefahr 0,15 Atome iiber den Neutronen-
werten liegen. Ab dem Konzentrationsbereich von 2,5 bis 3 Gew.9, nimmt die
Koordinationszahl ebenfalls unabhingig von der zur Untersuchung verwendeten
Strahlensorte einen konstanten Wert an, wobei diesmal die Neutronenwerte um
ungefihr 0,4 Atome uber den Rontgenwerten liegen. Aus den Roéntgenmessungen
ergibt sich so im Bereich von ungefihr 3 bis 5 Gew.%, C eine Koordinationszahl
von 10,8, wihrend die aus den Neutronenmessungen erhaltene 11,2 betrigt.

In Fig. 6 sind die aus den Atomverteilungskurven der Fig. 3 und 4 ermittelten
Werte der Abstinde nichster Nachbarn 7! einmal fiir die Neutronenbeugungs-
untersuchungen (o), zum anderen fiir die Rontgenbeugungsuntersuchungen (4)
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eingetragen. Aus beiden Versuchsreihen ergibt sich fiir das reine Eisen derselbe
Wert von ungefihr 2,60 A. Diese Werte stimmen recht gut mit dem von Waseda
und Suzuki [2] mit Neutronen und dem von Schmitz-Pranghe und Kohlhaas [8]
mit Rontgenstrahlen gefundenen Wert iiberein, der bei beiden 2,58 A betragt.
Bei Ruppersberg und Seemann [6] betriagt der aus Rontgenuntersuchungen ge-
wonnene Abstand der ersten Koordinationssphire 2,52 A.

Durch Zugabe von Kohlenstoff erhoht sich der rI-Wert gleichmiBig, bis er bei
ungefihr 1,8 Gew. 9, C einen konstanten Betrag annimmt, der sich mit steigendem
Kohlenstoffgehalt nicht mehr erhoht. Der Wert, der sich aus Neutronenmessungen
ergibt, liegt bei ungefihr 2,67 A, wihrend derjenige aus den Rontgenmessungen
sich auf 2,66 A belduft. Diese Abweichung ist innerhalb der Fehlergrenze, die etwa
4+ 0,03 A betragt.

Insgesamt ergeben sich folgende Aussagen iiber die Struktur geschmolzener
Fe-C-Legierungen: Der gesamte untersuchte Konzentrationsbereich von 0 bis
5,56 Gew.%, kann in drei Teilbereiche unterteilt werden. Der erste erstreckt sich
von 0 bis etwa 1,8 Gew.%, C. In diesern Bereich nimmt der Radius der ersten
Koordinationssphire mit steigendem Kohlenstoffgehalt kontinuierlich zu. Diese
Zunahme ist verbunden mit einer Zunahme der Koordinationszahl und zwar so,
daB insgesamt die Packungsdichte der Schmelze gréBer wird. Im zweiten Bereich,
der sich von ungefiahr 1,8 bis etwa 3 Gew.%, C erstreckt, ist zwar der Abstand
nichster Nachbarn gleich, aber die Koordinationszahl nimmt noch zu. Bei Kon-
zentrationen grofer als 3 Gew.9, C bleiben die beiden GréBen rI und NI konstant,
jedoch zeigt nach [4] die isotherme Kompressibilitdt noch einen gegeniiber dem
kontinuierlichen Abfall zusétzlichen Beitrag, der nach [4] auf Inhomogenititen
in den Schmelzen dieses Konzentrationsbereiches schlieBen 148t.

Abschliefend sei bemerkt, dall das im vorhergehenden Abschnitt dargelegte
Modell vertraglich ist mit den an anderer Stelle durchgefiihrten Messungen der
Viskositdt [9], [3], der Dichte [10], des elektrischen Widerstandes [9], der Ober-
flichenspannung [9] und der von der Oberfliche ausgehenden, thermisch bedingten
Emission elektromagnetischer Strahlung [11].

Dem Verein Deutscher GieBereifachleute, dem Rechenzentrum der Universitit Stuttgart
und dem Kernforschungszentrum Karlsruhe sei fir die mannigfache Unterstiitzung dieser
Arbeit gedankt.
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A new approach to the microscopic treatment of a system of interacting phonons is
developed based on techniques used by Mori to describe density fluctuations in liquids.
Introduction of a matrix of retarded Greens functions allows a description of dynamic co-
operative phenomena especially suited to investigate coupling of displacement and energy
density correlations in the hydrodynamic domain. The general method is applied in conjunc-
tion with perturbation theory to the model of an anharmonic crystal. The usual expressions
for frequency shift and damping of thermal phonons are reproduced. For long wavelengths
and low frequencies a three-variable theory, which includes the fluctuations in the energy
density, leads to expressions expected from phenomenological equations. This derivation is
direct and avoids complicated treatment of hydrodynamic singularities of other microscopic
theories. Finally, it is shown that a four-variable theory can account for second sound and
its coupling to first sound.

1. Introduction

The theory of phonon interactions describing the frequency shift and line
width of thermal phonons is well established. Using some Greens-function method
one is able to derive by perturbation theory explicit expressions for the phonon
self-energy in terms of the first few derivatives of the lattice potential energy [1].
Although the numerical evaluation of the resulting quantities is rather com-
plicated one now gets results in fair agreement with neutron-scattering experiments,
even in the case of quantum crystals where first a renormalization of the harmonic
phonon energies has to be carried out in order to deal with the large anharmonici-
ties [2, 3].

In the hydrodynamic limit where fluctuations of the system have wavelengths
longer than the mean free paths of thermal phonons, theoretical treatment is more
complicated. Usual perturbation theory breaks down since many collisions occur
during a period of collective motions of the systems. In recent years a lot of
theoretical work has been done in order to account for this collision-dominated
situation. Following the general procedure developed by Kadanoff and Baym [4]
non-equilibrium Greens functions have been used in Refs. [5]—[8] to derive
transport equations for phonons from first principles. In this way one gets gen-
eralized forms of the Peierls equation [9] which are the starting points to a de-
scription of second sound and Poiseuille flow [10]. In a different approach, the
self-energy of the equilibrium one-phonon Greens function has been examined
in Refs. [11]—[14] where hydrodynamic singularities have to be treated in an
appropriate manner. A microscopic foundation of phonon hydrodynamics was

* IBM Postdoctoral Fellow of the Institute for Theoretical Physics, University of Ziirich,
Switzerland.

2 Phys. cond. Matter, Vol. 17
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obtained by Gotze and Michel [12] who discussed the solutions of the coupled
equations for the quasiparticle gas and the elastic waves. All these methods are
rather complicated since finite-order perturbation theory does not lead to the
required structure of the displacement correlation function.

In contrast to the situation in lattice dynamics, the low-frequency, hydro-
dynamic region for liquids is better understood than high-frequency domain where
no theory is available. For density fluctuations in liquids Mori [15] has obtained
microscopic expressions for intensities and widths of spectral lines.

In this work we apply the techniques developed by Mori to phonons in solids.
The essential idea is the following. In all the work mentioned above on phonon
hydrodynamics the one-phonon Greens function describing the displacement cor-
relation has been subjected to a complicated perturbation analysis. This was
necessary since in the hydrodynamic limit the phonon self-energy shows a pole
due to fluctuations in heat density. Thus, starting from the displacement cor-
relation function, one had to sum up infinite classes of diagrams or to solve integral
equations for the vertex part in order to account correctly for coupling to fluc-
tuations in the energy density. The idea worked out here is to consider a matrix
of Greens functions for the displacement and the energy density response. In this
way the effects of coupling of the fluctuations are taken into account at the
beginning. The various poles corresponding to different possible excitations are
then obtained in a direct way without the complicated treatment of hydro-
dynamic singularities of other microscopic theories.

The main advantage of this many-variable theory of Mori is that collective
variables which couple strongly are treated on the same footing. The influence of
coupling to other degrees of freedom leads to random forces which can be cal-
culated in various approximations by perturbation theory. Furthermore, it is also
possible by this method to reduce hydrodynamic transport coefficients to Kubo
formulae without introducing a local equilibrium ensemble [15]. For the case of
interacting phonons, the latter concept was thoroughly investigated by Enz [16]
who developed a description of heat propagation using density matrices for local
thermal equilibrium and local phonon drift. To this purpose an effective Liouville
equation was derived. In contrast, the work of Mori and its application presented
here is concerned with correlation functions evaluated in the canonical equilibrium
ensemble. We can thus obtain second sound as a propagating collective mode of
the energy density in a direct way.

In Sect. 2 we outline formal theoretical concepts according to various papers
by Mori [15, 17, 18]. With the help of a projection-operator technique a generalized
Langevin equation for a dynamic variable is derived. Corresponding equations for
the correlation functions are put into relation with quantities used in Greens
function methods. Introduction of a matrix of Greens functions then allows a de-
seription of dynamic cooperative phenomena. Further it is shown that the random
forces can be represented as continued functions.

The Hamiltonian of our system and the necessary notations are given in
Sect. 3. We assume that the harmonic approximation is a good starting point
and consider the effects of cubic and quartic anharmonicities as small corrections.
This allows the application of usual perturbation theory.
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The fourth section is devoted to the derivation of expressions for the frequency
shift and damping of phonons. The well-known results are reproduced in a simple
way.

The main advantage of using a matrix of Greens functions is exhibited in
Sect. 5 where fluctuations in the displacement and energy density and their
coupling is investigated. The pole structure of correlation functions in the hydro-
dynamic limit is easily obtained by matrix inversion. The resonances of the dis-
placement correlation function correspond to the Brillouin doublet and the Landau-
Placzek peak, in agreement with previous works [13, 14, 19] and with the pheno-
menological equations of elasticity [20]. This aspect has been worked out very
clearly in a recent review article by Gotze and Michel [21]. Also using projection-
operator techniques they started from general anharmonic interactions and
achieved a self-consistent description of phonons, accounting in this way for
quantum crystals. In particular, they related the various thermodynamic quan-
tities occurring in the phenomenological theory to static correlation functions and
calculated the corresponding microscopic expressions.

In Sect. 6 we discuss the second-sound mode which may be excited in perfect
crystals at low temperatures where Umklapp processes are very rare. It has been
detected in solid He [22] and, more recently, also in NaF [23] and in Bi [24].
Taking into account fluctuations also in the energy current we analyze a Greens-
function matrix of four variables. The displacement response function then shows
up two pairs of poles corresponding to first and second sound. The relative weight
of the second pole is smaller by an order of magnitude in the anharmonicities.
The retarded Greens function for the energy density exhibits the same behavior
but with the second sound dominating. These results are in complete agreement
with the structure of the equations obtained by Kwok and Martin [5] and Sham
[25]. Our formulae, however, imply that the response functions contain a pole due
to a mode propagating with the velocity of driftless second sound. This excitation
has been considered by Griffin [26] and Enz [16, 27]. Although the value of the
corresponding velocity is not very different from that of drifting second sound
[10], the concepts are not the same. We study here, as in Refs. [26, 27], the be-
havior of energy-density and energy-current operators without considering the
momentum density. In the derivation of drifting second sound, however, a Boltz-
mann equation for the phonon number density is used to obtain local conservation
laws for energy and momentum {10]. Then the energy current is proportional to
the momentum density with a factor given by the velocity of drifting second sound.
In order to meet this situation in our formalism we need to investigate the coupling
of fluctuations in energy and momentum densities. This does indeed lead to the
drifting second-sound mode, but we have to assume a form of the momentum-
density operator. The microscopic form of the latter is, however, not as well
founded as for the energy density.

2. Equations of Motion for Collective Variables

In this section we first introduce some definitions to apply a projection-
operator technique to the derivation of a generalized Langevin equation for a
dynamical variable. This leads to an expression for the corresponding retarded

2 %
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Greens function in terms of static correlation functions and random forces which
are certain special dynamic correlation functions. Next the equations are extended
to the case of several variables which couple strongly with one another. In this
way we get a matrix of retarded Greens functions which is suited to describe
dynamic cooperative phenomena. Finally, we comment on the evaluation of the
random forces by means of a continued-fraction representation.

All main ideas presented here are due to Mori who gave in Ref. [17] the
derivation of the generalized Langevin equation with the help of the projection-
operator technique. The idea of considering a set of variables to describe the
collective motion was outlined in Ref. [15], whereas the continued-fraction re-
presentation was given in Ref. [18].

Let us consider a conservative system described by the Hamiltonian H. The
equation of motion of a dynamic variable X in the Heisenberg representation is
»(%X(t) = X(t)=4[H, X ()] =iLX (), 2.1)
where L denotes the Liouville operator acting in the linear space of dynamic
variables. In this space we can define a form by

B
(X,Y) = [dA ;X e H Y ), (2.2)
0
where an average over a canonical ensemble is introduced,
{...p)=tr(eBH  )[tre BH (2.3)
and § = (ksT)~1. The following properties are easily derived,
(X,Y)=(Y,X) (2.4)
and
(X, X+)=0. (2.5)

We can thus define a scalar product

B
X, Y — (X, Y*) = [dA(er X oM Y+, (2.6)

0

which is linear in the first argument and satisfies
(X, YH)* = (X+,Y). (2.7

In this way a Hilbert space of dynamic variables can be constructed in which
the Liouville operator is Hermitian,

(LX,Y+) = (X, (LY)*). (2.8)
We now define an operator Px by
PxZ = (Z,X*)(X,X*)1X. (2.9)

Px is linear and Hermitian,
(PxZ,Y")=(Z,(PxY)") (2.10)

and idempotent (P% = Px). These properties define a projection operator; the
corresponding complement is denoted by @x =1 — Px.
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We should now like to relate the correlation functions defined with the help
of the scalar product (2.6) to the quantities introduced by Greens-function tech-
niques. Following the notation of Schneider and Meier [28] we consider the de-
finition of the retarded Greens function

Gy (t) = — sO (O X (), Y] (2.11)

with @ denoting the step function and [ , ] the commutator. Evaluating the
trace in the energy representation it can be shown that the scalar product (2.6)
is connected with the spectral function y(w) by

(X, Yt)=P d—wixx,y), + () = P/d—wL/ dtetot (X (£), Y]>. (2.12)
27 27
From that, the following relations are obtained,
(X, ¥4 = — (X, ¥+) = —i([X, T+]. (2.13)
Further we define a dynamic correlation function @ by
Dxy*(t) = (X (8), Y*) (2.14)
and its Laplace transform
Dxyt(z) = 0j:‘)dt‘ et Pyy+(t) = ::J?dte—z‘ (etLt X, Yt). (2.15)
This allows a representation of the retarded Greens function as
G () = O() (X (1), Y*) = 6.() (d/de) Pxy* (1) (2.16)
The Laplace transform of Gret which is related to the Fourier transform GTet(w) by
Gret () = linol)rGl’et(z = —1iw+ &) (2.17)

can therefore be written in the form
G+ (2) = — Dxv+(t =0) + 2Pxy*(2). (2.18)

We now derive the equation of motion for the quantity @xx+*(z). Definition
(2.15) is equivalent to

1
+ [ — + .
Dxx+(z) (z——iLX’X)' (2.19)
The resolvent is transformed according to the operator identity

1 1 1 1
z2—iL  z—iLQ—iLP z—1iLQ z—iLQ

(—iLP) (2.20)

z—tL’
where we have dropped the subscript X on projection operators Py and Qx.
Since QX = 0 we have

1 X 1X
r—iLQ T 2z

and, using (2.9),

1
— X = @XX+(Z) (X, X+)"1X .

Pz—iL
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This yields

2Oxx+ () = (X, X¥) + bxx' (@) (X, X4)1 (z_ % X) SCE

The last scalar product occurring in (2.21) can be written as

2 —iLQ+iLQ . .
e +| — +) — +
where we have defined the so-called random forces F by
F (T g xe 2.22
xx+(2) = P iLQ . (2.22)

The solution of (2.21) leads to the following expression for the correlation func-
tion @, .
Pxx*(z) = (X, X [2(X, X¥) — (X, XH) + Fxx* ()] (X, XF),  (2.23)

and for the retarded Greens function we get from (2.18)
GRY. (2) = (X, X4 [2(X, X*) — (X, X*) + Fyx+ (&) [(X, X*) — Frx+*(2)]. (2.24)

These formulae are already written in a way which allows an extension to the
case of several variables X1, Xo, ..., X,. X then denotes the column vector

X = (X1, X3, ..., Xp)T (2.25)

and (X, X+) stands for the n X n matrix with elements
(X, Xty = (X4, XF). (2.26)

Py is a projector on the subspace spanned by X; to X, and operates according to
PyY =5 (¥, Xi) (X, X+ 14X (2.27)
(3]

In this matrix formulation, (2.24) is an equation for the n X n matrix of Greens
functions which can also be written in the form

e () = [z — (X, X*) (X, X1 + Fxx*(2) (X, X))
x [(X, X*) — Fxx+ ()], (2.28)
which for computational reasons is more convenient than (2.24).
Finally, we observe that using (2.8) definition (2.22) can be transformed into

. . 1 .
Fxx+(z) = (z-—— iLQ X, X"‘) = (z—i@LQ_ QX, (QX)+> (2.29)

which shows that . .
Fxx+(t) = (eI QX, (QX)T) (2.30)

is a correlation function which evolves under a dynamics from which fluctuations
in the variable X are projected out. If we denote

QLQ=1L; and QX=X (2.31)
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we can calculate

Fxx+(2) = (z X3, Xf) (2.32)

—ily
in the same way as the correlation function (2.19). The above projection method
then again leads to an equation of the form (2.23) where all quantities now have
a subscript one and where the dot denotes a time derivative according to Lj.
This leads to a new random force Fy, x,+ which can again be treated in the same
manner. This process can be continued and the original Fxx-+ is thus expressed
as a continued fraction.

These formal methods have been applied to various physical problems such
as density fluctuations in fluids and spin correlations in magnetic systems. For a
detailed discussion we refer to Mori’s original papers [15, 17, 18]. We just mention
that with the help of the projection-operator technique generalized (frequency
and momentum-dependent) expressions for transport coefficients can be obtained
without the use of a local equilibrium ensemble which in the static limit reduce
to Kubo formulae. The many-variable theory which treats all quantities which
couple strongly in a collective motion, on the same footing, is especially suited
for a microscopic theory of hydrodynamic phenomena. The representation of
memory functions by means of continued fractions has been applied successfully
to a discussion of excitations in liquids {29, 30]. The matrix form (2.28) has also
been derived in Refs. [21] and [31].

3. Phonon Operators

Following the notation of Refs. [7] and [32] we summarize briefly the basic
definitions of phonons operators. The system to be considered is a perfect crystal
with one atom per unit cell. The displacement w, of the n-th atom with mass m
from its equilibrium position R, and the corresponding momentum P, are trans-
formed according to

1
- ikR,
o = o gekAke (3.1)
and
P, = — zl/-l”gz ey Byet*Fn, (3.2)
k

We abbreviate +k = (*k, 1) where k represents the phonon wave vector and 1
the polarization index. It is convenient to work with operators A; and Bj which
are related to the usual phonon creation and annihilation operators a and a;” by

Ap=At, = rﬁ— (ax + a* (3.3)
and -
+ Wk +
By=— BX; =l/"2— (ax —aZy), (3.4)
and which obey the commutation relation

[k, Bf] = n,x’- (3.5)
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We assume here that a harmonic approximation with wy as eigenvalues and ey
as eigenvectors of the harmonic dynamic matrix makes sense, and consider cor-
rections by anharmonic terms to be small. This procedure excludes a discussion
of quantum crystals [3] which, however, following the line of approach of Ref. [32]
could also be incorporated in the subsequent analysis. We therefore start from
the Hamiltonian

H :Zwka,f ag + Vs + Vy (3.6)
k
with
1
Vv:7* ZV(V)(kla"'>k7)Ak17""Aky' (3'7)
Vi,

The anharmonic coupling parameters V® are connected with the v-th derivative
D® of the potential energy by

1

VO o) = 0 e, 2 0 (011 )
X e, (k1) ... e, (Joy) etFr Rem) Tt ik Rimy), (3.8)

They are completely symmetric in the indices £; and obey
VO (—ky,...,— k) =VO¥ky, ..., k). (3.9)
As the eigenvectors may be chosen real, V® is purely imaginary and V4 real.

From (3.8) we see that inversion symmetry implies V& (..., k; = 0, 4;,...) = 0.
From (3.5) to (3.7) we obtain the equations of motion

iz‘ik = By, (3.10)
’b..B.k = (,()I%Ak + Z V(3)(—'ks kl; kZ)AIhAkZ
kiks
+ D VO (—k, ky, ke, ks) Ay, Ay, Ay, . (3.11)
ki, ka, ks

For later use we also give here the expression for the energy density operator A,

- +
b= 2, 0q30q k2,10 k2.2
2
9,

+3> V®(q1, 92, 98) Agy 111, A Ag, (3.12)

21,492,493
+ iz |45 (Q1, q2, 43, q4)A¢11+",11quA43 AUA .
a1, 42,493,494

There is no unique definition of the energy density operator in the literature
[16, 33, 34], but the differences are of minor importance for our work as they
consist in small corrections due to polarization mixing. Eq. (3.12) corresponds
to the energy density of Enz [16].

It is well known that phonon interactions described by Vs and ¥, lead to a
shift in frequency, 4, and a damping, I, of the phonons which are usually cal-
culated by means of some Greens-function technique. In the next section we
briefly show that the formalism presented in Sect. 2 reproduces the same results
in a straightforward manner.
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4. Damping and Frequency Shift

A quantity of physical relevance is the retarded Greens function G55'A* (w).
It describes the linear response of the system which is subjected to a mechanical
force disturbing the mean displacement. Its singularities determine the elementary
excitations, the phonons.

In the subsequent analysis we shall work out approximations for this Greens
function by calculating the effects of the anharmonic terms V3 and V4 by means
of perturbation theory, and confining ourselves to terms quadratic in V3 and
linear in V4. We neglect polarization mixing, i.e., we assume G5 (w) to be diagonal
in the polarization indices (it has been shown elsewhere [32] that the corresponding
effects are of higher order in the anharmonicities).

In this section we apply the techniques outlined in Sect. 2 to the case of
variables A; and Bj reasoning that displacement and momentum are the only
variables strongly coupled. Thus we have a two-variable theory with the vector

X = (4x, By)T. (4.1)

First we have to evaluate various correlation functions. Using (3.5), (3.10), and
(2.13) we find

(Ak, Bf )=0, (By, Bf)=1, (dg, B})=(Bp, A})=—i. (42)

Abbreviating
(Ak, Af) =5 (4.3)
(s72 will be calculated later) we get the following matrices
xxy=* 9, @xy=(° 44
xx9=; |) d&xn=(_. ) (44)
Let us first neglect the matrix F. Then (2.24) yields
Gret (b, 2) = @ (5) = —— - [ w) 45
(k,2) = XX+(Z)—’Z*2TS%' iz &) (4.5)

Using (2.17) we obtain undamped phonons described by d-function resonances of
Gret (k, w) with a renormalized frequency si. The latter quantity can be calculated
most easily if we replace Ay in definition (4.3) by its values occurring in the
equation of motion (3.11). We can then use (2.13) and obtain
876_2 = 6()]:2{1 - Z V(3)(_k, kl’ k2) (AklAkz’ Al_clh)

k1, k2

_Z V(4)(——k’ kl!kz’ k3) (Ak1Aszk3’Al-c‘-)}‘ (46)

Erkaks
In these higher-order correlation functions we may again apply the same trick
and replace Aj according to (3.11). This leads to

S;Z — w;z {1 + wi—zz 1 46)) (—k‘, ky, kz) ¥V 3) (k, 91, q2) (zdk1 Akz’ Aq1 Aqa) @1
ki, k2 .

- 3 wk—z z V(4) (_ k, k: kl, kz) <AL1 A‘ka>}
ki, ke .
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The remaining correlation functions now occur in combination with anhar-
monic terms of order V®* and V® and may, therefore, in the sense of our per-
turbation theory, be evaluated in the harmonic approximation [denoted by
( )0 or ¢ )9, respectively]. Defining the Bose distribution function

1
N(wr) = g, _ (4.8)
we obtain
1
(A A0 = 0py, 1 op [NV (wg,) + 1/2]. (4.9)

(A, Ay, A4, A,,)° is obtained in the Appendix as the static value of a time-
dependent correlation. Abbreviating

N (@1) + N () + 1

N+ (w1, wp) = - o b (4.10)
N~ (01, w2) = N(@a%_—_’i]l(wz) (4.11)

we can write the resulting frequency shift in the form

N(wg,) +1/2

F—0f =33 VO~ by, —k) "
k1 k

1

1

— 2|V (=& by, ka) |2 [N* (g, o) + N= (g, )] (4.12)
k1, ka Wp, Dy

This result equals the static contribution 4(k, ® = 0) (in the notation used in

Ref. [7]) of the real part of the self-energy, which is usually calculated by Greens-

function techniques. Considering Eq. (2.12) this is evident as

do y(k, o
&= P/27-£ "(w ) G,z =0). (4.13)
We should like to mention that the above procedure is also best suited to get the
renormalized harmonic approximation (see [2]) for quantum ecrystals. This has
been worked out in detail by Gotze and Michel [21].

In a next step we take into account the damping and the dynamic effects of
shift described by F(z). To this end we first have to calculate the projection

QX = (1 — Px)X. From (4.1), (4.4), and (2.27) we get

. Ay 0
X =Q[5F] = 4.14
¢ © (Blc) ( lc) (4.14)
with .
fr = Br + i} Ax. (4.15)

Equation of motion (3.11) and Eq. (4.12) then yield up to orders V® and V©”,

fk = - iz Ve ('—k: klr k2) Ak1 Aka . (4'16)
k1, k2
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Thus the matrix F reads

F(2) = 0 0 4.17
©=\o F22(2)> @
with
Fas(z) = ( — T fk) (4.18)
and from (2.24) we get
—1 1 12
G (hr2) = 22 4 2Foa(z) + 82 (zz s2+ ngz(z)) ’ (4.19)

Inspection of (4.16) shows that the quantity (4.18) is proportional to V®*. Tt
may thus be calculated by using the harmonic density matrix and the harmonic
time evolution. The corresponding time-dependent correlation function

Fio(t) = (€' fi, f)° (4.20)
is evaluated in the Appendix with the result
Fo() =2 |V (—k, k1, k) |2 *1‘
ki, k2 6()1 w2
X {N *( ) ( : + ! ) (4.21)
w1, © ; — .
b (014 w2) T 2 —i(w1+ w2)

1 1
+ N~ (w1, wz)( z — (w1 — w2) Jr—z + t(w1 — wz))}’

where w; = wy,. Performing the limit (2.17),
. 7
Fao(z = —iw+8)=@(5k(w)*§7’k(w)), (4.22)

we get expressions for the shift ¢ and the damping y which are well known from
results of Greens-function techniques [35, 36].

5. Hydrodynamic Singularities

The results of the previous section are adequate to describe the line shape of
phonon resonances measured by inelastic neutron scattering, They fail, however,
to give an account of the behavior in the hydrodynamic regime, where w and &
tend to zero.

Mathematically, this failure is seen from the fact that the term proportional
to N~ in expression (4.21) for Fz(2) becomes singular for ¥ — 0 and z — 0.
Since

V@& (—k, k1, ko) oc A(k — k1 — ks), (6.1)
we can write
ky=q+ k2, ka=-—q+EK2 (5.2)

making use of the momentum econservation implied by the function A. For
A1 = Ag (polarization indices) we get

w1 — we k- vy, (8.3)
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where
0w 4
Vg = —a;* (54)
is the group velocity. Thus in the hydrodynamic limit, (4.21) has singular terms
1 1

z_ikvq+z+ikvq‘ (5:5)
(For a detailed discussion see Refs. [11, 12].)

Phenomenologically, the equations of elasticity [20] lead to a pole in the ex-
pression for the phonon self-energy which is due to heat conduction. This pole
cannot, however, be obtained in finite order of perturbation theory which breaks
down in the hydrodynamic regime.

In recent years there have been many theoretical efforts to obtain the correct
hydrodynamic behavior in a microscopic way, starting from a Hamiltonian of the
form (3.6). Equilibrium methods have been used by Gotze and Michel [12],
Sham [11], Klein and Wehner [13], and Beck [14], whereas the non-equilibrium
methods of Kwok and Martin [5], Niklasson [6], and Meier [7] concentrated on
the direct derivation of a transport equation. All these works are based on com-
plicated techniques.

In this section we show that our method described here is able to account
for the pole in the phonon self-energy, which is due to heat conduction, in a
simple way. Reasoning that in the limit of long wavelengths the sound waves
are coupled with heat conduction, we include the energy density A, (3.12) in the
set X of our collective variables. We have now to deal with a three-variable

theory with the vector
X = (Ag, Bg, by)T. (5.6)

Scalar products ) )
(Br, hil) = (A, bi ) = (hye, i) = 0 (5.7)

vanish by symmetry. (B.k, hif) can be evaluated with the help of (2.13) and (4.9)
with the result . .
(B, hif ) = (hwe, Bi) = by, (5.8)
where
2 N 1/2
by = —Z I VO (—Ek; ky; —k1+ K, }‘l)l ”*(C*UQ +*/ - (5.9)
3 k1 w1
[according to the remarks made in conjunction with Eq. (3.9) by is real].

We abbreviate
457

(A, hif) = — (by, Ai) =i (5.10)

%
and evaluate this expression by replacing A with the equation of motion (3.11).
We can then use (2.13) again. The resulting commutator of By with the anharmonic
part of the energy density yields — ibz/wj;. The remaining harmonic correlation
function involving A9 is easily calculated (see Appendix) and we obtain

ag =bg+ > | VO (—k; ky; — ki + k, L) | N~ (wn,> 0py—121). (5.11)
k1
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Whereas the correlation functions (5.8) and (5.10) are anharmonic quantities
proportional to ¥ ®), the correlation function

(hi» bi) = e (5.12)
is non-vanishing in the harmonic approximation where it takes the value
k k
e => wiN- [w(kl—}-g,ll),w(kl —E,llﬂ. (5.13)
k1
As shown in Refs. [21, 25] g,_¢ is connected with the specific heat C:
Ep—=0 = TC. (514)
From (4.4), (5.7), (5.8), (5.10), and (5.12) we get the following matrices:
i 0 iapw;?
(X, X+) = 0 1 0 (5.15)
—iagwy > 0 £0
and
) 0 —i O
(X, Xt)y={(—1 0 bz]. (5.16)
0 —bx O

Anticipating the fact that the only non-vanishing elements of matrix F(z)
are Fas and Fg3 [see (5.26)] we can now calculate the retarded Greens functions
using (2.24) or (2.28). After some matrix algebral we obtain

—1

Gk, 2) = , 5.17
4k, 2) ot oFa) + s (ax — bx)? (5.17)

TR T ez 4 Fas(2)ea]

and for the energy density Greens function
Fs3(z

&t (k, B X e 5.18
Gty 2) = — S /e,, 2.bx G704 (5.18)

These equations show the expected structure as discussed at the beginning of
this section. In the hydrodynamic limit, Fgg is directly connected with the thermal
conductivity, and Fag with the viscosity (see [15, 21, 31]).

From (5.17) we see that the density response has three resonances. Besides
the two phonon peaks (Brillouin doublet) there is also a central (Landau-Placzek)
peak corresponding to a purely diffusive process. Whereas the intensity of the
latter is usually much smaller than that of the phonon resonances it will dominate
near a phase transition. Recent neutron-scattering experiments from NbsSn,
SrTiO3, and KMnF3 have indeed revealed the existence of this central peak at

1 Actually one has to deal with 7 by 7 matrices as the variables A; and By both com-
prise three polarization indices. By matrix inversion, non-diagonal contributions also occur,
which are, however, smaller than the diagonal ones by a factor of V{3)2, consistent with the
remarks made in Sect. 3. Therefore we may continue to consider only terms diagonal in the
polarizations and we are again left with 3 by 3 matrices.
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temperatures closely above the structural phase transition which occurs in these
crystals. For a further discussion of these aspects we refer to Beck and Meier [37].

The main contribution to the energy density correlation stems from the first
term in (5.18) and corresponds to a resonance of a purely diffusive process (heat
conduction). The second term describes coupling to the displacement correlations
through b; and vanishes if only the harmonic part of the energy density %, (3.12)
is retained, as seen from (5.8). In this context we also note that in the anharmonic
term (ax — bg)2 occurring in (5.17) the effects of the anharmonic part of 4, cancel.

The hydrodynamic limit of (5.17) and (5.18), and relation of the various forms
with thermodynamic quantities have been discussed thoroughly by Gotze and
Michel [19, 21].

We have already made use of the form of matrix F. To calculate the matrix
elements we first have to evaluate the projected variables QX . From (2.27), (5.6),
(6.15), and (5.16) we obtain

QX = (0, fi, 1" (5.19)
with
. br — a
fo=Bitiotde— " "hy (5.20)
k
and .
gr = by — Zbk,l By ;- (5.21)
s

Inspection of (4.15) and (4.16) shows that in the three-variable theory at hand
we have an additional term in fi. If Fo,(2) is calculated in the same way as in
Sect. 4 the effect of this term is to cancel the singular contributions (5.5) in the
limit £ — 0 and z — 0. A treatment more appropriate in the hydrodynamic limit
is to use the continued-fraction method mentioned in Sect. 2.

In the hydrodynamic limit the energy density satisfies a local conservation

law of the form .
hy=ik-S (5.22)

with S being the energy current operator (see Hardy [34]). We now neglect in
(5.21) coupling to the sound waves described by the term B which is due to the
anharmonic part of A (consequently Qhy, = hy). Inspection of (2.30) then shows
that the corresponding expression for Fs3 is

Fas(z=n—>0) =k by [dte-nt(Si(8), S7). (5.23)
0

Regarding the definition (2.2) of the scalar product, the integral in (5.23) cor-
responds to the Kubo formula [38] for the thermal conductivity tensor Kt/
(up to a factor 7T'). Using (5.14) we get therefore for the term Fsg(z)/ep entering
(5.17) in the corresponding limits,

Fasle = (1/0) ki kI K4 . (5.24)
This expression is to be expected from the phenomenological equations of elas-

ticity which also relate Fog to the viscosity. As regards the additional term in
(5.21), which we have neglected, we refer to Kadanoff and Martin [39] who
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discuss equivalent expressions for transport coefficients and show that in the
limits considered the term in question does not contribute.

Deo and Behera [40] have evaluated (5.23) assuming a harmonic expression
for S and using a simple Greens-function technique to calculate the correlation
function which corresponds to a solution of Peierls’ equation for thermal con-
ductivity by a relaxation time. Hardy [41] used a master equation and discussed
also the influences of various correction terms to S. In our formalism we can
follow Mori [18] and apply the continued-fraction method. According to (2.30)
to (2.32) one has to consider the two variables

X1 = (f&, g)7 (5.25)

and evaluate, as before, the corresponding matrices of correlation functions. From
(5.20), (5.21), (5.7), and (5.8) it follows that (fx,gi) = 0. Hence we now see
from (5.19) that the matrix Fyx+ has indeed the structure assumed previously, i.e.,

0 0 0
Fxxr@)=|0 Faur o |. (5.26)
0 0  Fs3(2)
Eq. (2.23) for

¢x,x1(z)=< ! Xl,X{f) (5.27)

2 — 1,L]_
then allows the writing down of explicit expressions for Fap and Fgs3, since the
new random forces F'y, y,+ can,in the sense of perturbation theory, be expressed
in terms of the anharmonic coefficients V). The corresponding expressions for
the thermal conductivity and the viscosity have been calculated by Gétze and
Michel [21].

Finally, we should like to mention that in the high-frequency domain the three-
variable theory considered in this section reduces to the expressions of the previous
section. The denominator of (5.17) then simplifies to

22 + 2 Fa2(2) + 2 + (ak — br)?/ex

The last term just compensates the difference between Fas obtained from (5.20)
and Fg in (4.19) resulting from (4.15).

6. Second Sound

Eq. (5.18) exhibits that the response of the system to a variation in tempera-
ture will result in a diffusive process. The heat is transported by thermal con-
duction. It is known that for perfect crystals at low temperatures, where Um-
klapp processes are very rare, a propagating heat mode, called second sound, may
be excited.

In this section it is shown that we can account for this propagating tempe-

rature mode by including the operator }.z,, into the set of our collective variables.
We shall thus investigate the retarded Greens functions for the displacement and
the energy density correlations by the use of a four-variable theory according
to the vector .

X = (A, By, b, )7 (6.1)



32 P. F. Meier

In addition to the correlation functions already known we have to evaluate

(A, bif) = (ha, AF) = iby (6.2)
which results from (3.10) and (5.8), with the help of (2.7) and (2.13). The quantities
(Bi, hif) = (h, Bi) = (hs, bi5) =0 (6.3)

vanish by symmetry. If we abbreviate
(}Lk: hlf) = (.}.I'k: hi) = ety (6.4)

we can write down the matrices

sp 2 0 darw;? O
0 1 0 — by
X, Xt = . 6.5
( ) —zakwk_2 0 &k 0 (6.5)
0 — by 0 exts
and
0 —q 0 1 b
&xn=|"" ¢ b0 (6.6)

0 —bk 0 Skt?‘
\ibk 0 ——Skt% 0

For a first discussion we again neglect random forces Fx x+. Inserting (6.5) and
(6.6) into (2.28) the relevant retarded Greens functions can be calculated by
matrix algebra. This leads to the following expressions,

22 - 12 4 (ax — br) bi/ex

(b, 2) = — —— g g = - (67
BB = o R B+ (0 — b e — el
t2(22 + 87) + 22 bp(ax — b
Gt 2) = — — @8 F b e g
(2% + 8;) (2% + 1) + (ak — bx) (bk 5k — axfy)/ex
where we abbreviated the renormalized quantities
857 = 8¢ + ax(ar — bi)/ex (6.9)
and
Bi= i+ > ar(arts/se — bi)ex- (6.10)
)

The Greens functions now have two pairs of poles, one corresponding to sound
propagating with frequency §; and a new mode propagating with frequency .
The weights of these poles, however, are different. For the displacement response
function (6.7) the residue of the first-sound pole is one, whereas the second-sound
can only be excited with a weight proportional to cubic anharmonicities squared.
This behavior is reversed in the energy density response (6.8) where the poles at
z = -+ il dominate and the first-sound poles have much smaller residues.

These results have already been discussed by Kwok and Martin [5] and by
Sham [25] who obtained the same equations by means of an approximate solution
of the Boltzman equation. The fact that both first and second sound appear as
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resonances of the same correlation function is due to coupling of the displacement
and the phonon fields. These aspects have been discussed by Meier [7] and,
extensively, by Beck [14].

There is, however, an important difference in our results (6.7) to (6.10) com-
pared to those of Refs. [5, 7, 14, 25]. We can calculate (6.4) by virtue of (2.13)
and the time derivative of ki . The result has a non vanishing harmonic part
given by

exty = Z wi, [0 (k1 + /2, 21) — o (k1 — K[2, A1)]2

X N- [0) k]_ —+ k/2 11), ki, — k/2 11 (611)
The expansion for small wave vectors yields
cots =k; ka o}, v};l vﬁ'ﬂ N-(wy,, wp,)- (6.12)
k1

For a Debye model where v}, = C,k;/k this expression can be easily evaluated.
Upon comparison with (5.13) we see that the sum over the momenta gives 1/3 ;9
up to the summation over polarization indices. Thus we obtain

3 = CZhk? (6.13)

with
Ci=%1>c0r' > e (6.14)
i A

being the velocity of driftless second sound [16] which is different from
Ch=14201%2.07° (6.15)
i p

the corresponding velocity of drifting second sound [10]. Before we comment
further on this difference we first discuss the damping terms described by F. To

this end we have to calculate the projected values QXX =(1— PX)X From
(2.27), (6.5), and (6.6) we get

QX = (0, fx, 0, 1) (6.16)
with fz given by (5.20) and with
be=Qhy = hy + by — i > (b s} — artd) A (6.17)
i

As (fx, ) =0 the only non-vanishing matrix elements of Fyxx+ are Fgp and
F44. If these are taken into account in the evaluation of (2.28) we have to modify
expressions (6.7) and 6.8) according to

22+ 52 —>22 + 2F2(2) + 52 (6.18)
and

22 + B —> 22 4 2F4a(2)[euth + B3 - (6.19)

Fap gives the damping of first sound as in the previous sections, whereas Faq
is responsible for the damping of second sound. These expressions again agree
with those of other authors [5, 25].

3 Phys. cond. Matter, Vol. 17
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The fact that our treatment with the four variables (6.1) yields driftless
second sound is understandable with regard to the derivations of Gritfin [26] and
Enz [16, 27], who also obtain a mode with velocity (6.14) by considering the
energy density correlation without recourse to a momentum conservation law.
In the derivation of drifting second sound, however, one uses the local conserva-
tion laws for energy and momentum density, respectively. In a Debye-model
approximation the heat current S is then proportional to the momentum density P:

S=3-CLP (6.20)

and the velocity (6.15) enters through this relation. If we assume an expression
of the (harmonic) momentum density operator p to be given by

Pr= D k1ai, o1 @i ap2.0, (6.21)

k1
we can investigate this coupling of energy density 4, and momentum density p;
simply by considering
X = (Ak, B]c, hk’ Ph)T' (622)

We neglect, for simplicity of the argument, coupling to first sound as well as
damping. In a Debye model we get in the limit of long wave-lengths

(P%, pg:) = 60(,580%20;5/2 0;37 (6.23)
A A

and .
(b, D) = — ik eokp. (6.24)

Using the same technique as above one can calculate the retarded Greens function
for the energy density with the result
& k2C 121

22 + 0121 k2 ’
Thus by coupling energy and momentum densities we get an excitation with the
velocity of drifting second sound. The weak point in this discussion is, however,
the form (6.21) for the pseudo-momentum density operator which is not at all
obvious. It corresponds to a summation over the pseudo-momenta times a Wigner-
density operator. In contrast to the energy density (3.12) there exists no micro-
scopic foundation of a pseudo-momentum density and (6.21) cannot be extended
to include anharmonic corrections.

It seems possible, however, to investigate these two second-sound modes
further on the basis of the theory developed here. A detailed calculation of the
damping of driftless second sound and its relation to the drifting mode will be
discussed in a separate publication.

@ (k,2) = — (6.25)
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Appendix
Evaluation of Harmonic Correlation Functions

In the framework of our perturbation theory, correlation functions can be
calculated by transformation to a form involving anharmonic coupling parameters
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V® and V@, This is achieved by successive use of equations of motion (3.10)
and (3.11). All correlation functions occurring in combination with V®* and V&
may be evaluated in the harmonic approximation. This can be done by some
Greens-function technique in conjunction with (2.12) or by direct calculation
using definition (2.2). Since the operators evolve according to

Ap(t —iA) = o= (e~ tox(—iD g, | gloxlt=ilgt )y (A1)
the trace can be easily evaluated.

For convenience we write down the results for the functions used in Sects. 4
and 5. From

<Ak1 Ak‘2> - 6161 —ka [N (wh) + 1/2] (A‘2)
we get
— (w1 — wg)t
(@1(tyatqy(t), AF A0 = o ooy (61,302,4 + 01,402,3) N~ (w1, w2)  (A3)
and
—i(w1+ wg)t
(@1(f) az(t), A5 Af)0 = 21/—;4 (61,302,4 + 01,402,3) N* (w1, w3), (A4)

where the definitions (4.10) and (4.11) have been used. Combining (A.3), (A.4),
and the corresponding equations for the complex conjugate quantities we obtain

1
(A1() Az(t), AF Af )0 = Loroy (01,802,4 + 01,402, 3)

X {N+ (w1, w2) (e+i(w1+wa)t + e—i(w1+wa)t) (A.5)
-+ N—(wl, C‘)Z) (e+i(w1—-wa)t + e—i(w;—w,)z)}

which leads to (4.21). The static limit of (A.5) was used in (4.12) to obtain the
renormalized frequency sz.
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The A-specific heat anomalies of ferromagnetic fee Ni-Co and Ni-Fe alloys were investigated
near the Curie temperatures. The magnetic contribution to the specific heat was found to be
logarithmically divergent [ey = log | /T — 1|4] above the Curie temperature. The expo-
nent 4 was composition dependent. Entropy and energy values associated with magnetic
transitons were determined experimentally and compared with theoretical predictions of the
Heisenberg and Ising localized electron models obtained from series expansion calculations.

Introduetion

The specific heat of a large number of ferromagnetic elements and compounds
has been measured over extended temperature ranges. Of particular interest is
the region near the critical temperature, T;, where the magnetic contribution
em (T') to the specific heat has been determined and its temperature dependence
has been compared with existing theories. However, an extensive investigation
of this type has not been made on the disordered substitional alloy systems
involving iron, nickel and cobalt as the components. This is due to both experi-
mental difficulties since changes of atomic ordering by diffusion may effect the
magnetic specific heat contribution and due to theoretical difficulties since dis-
ordered alloys lack the symmetry of pure elements.

The molecular field theory was the first theory which allowed the calculation
of magnetic specific heats, cyr. One assumes in this model that the magnetic
interaction of all the other atoms of the sample on one individual atom is given
by a molecular field which is proportional to the magnetization of the sample.
This theory predicts a sharp drop of ¢y at T'¢, and zero ¢y values above 7. The
drop of ¢y at T is equal to

o BIGED
PAG+H12T
where 7 is the number of Bohr magnetons per atom, and j the total angular
momentum quantum number [1]. This theory can be applied to alloys. The results
of the Bethe-Peierls-Weiss theory, a modification of this approach, predicts also a
sharp A-peak at T.. cy drops continuously at T'¢, but non-zero cy values exist
above T. Unfortunately neither theory agrees well with experimental findings.

*  Present address: Wilkes College, Department of Engineering, Wilkes Barre, Penn-
sylvania.
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Fig. 1. Magnetic specific heat as derived from the Weiss molecular field theory (MFT) for
J = 1/2 and for the 2-dimensional Ising model with s = 1/2

More recent calculations of the magnetic specific heat are based on the Ising
or Heisenberg localized electron model. The Onsager solution of the two-dimen-
gional Ising model gives a divergency in ¢y at T, but ¢y will not change dis-
continuously (see Fig. 1). Analytical solutions to the three-dimensional Ising or
Heisenberg model are not available, but series expansion techniques make it
possible to calculate the temperature dependence of ¢y near 7' for the Ising and
Heisenberg models. These two theories are most appropriate for describing
magnetic specific heat behavior in electrically insulating materials and the be-
havior of several materials closely approximates the predictions of the theory.

Attempts were made by Stoner [2] and Wohlfahrt [3] to determine magnetic
properties of metals with a collective (itinerant) electron model. Recently Katsuki
{4] calculated with this model the specific heat as a function of temperature not
only for pure elements but also for alloys using density of states curves determined
from liquid He specific heat measurements. However, the model contains adjust-
able parameters which are not always known. Therefore, one frequently calculates
both the magnetic energy and the temperature dependence of ¢y (7') from the
localized electron model of ferromagnetic insulators and applies the results to
metals.

These models might give a reasonable description of magnetism in transition
metals and alloys due to the nearly localized character of the magnetic d-electrons.
However, the conduction electrons will be partly polarized by the field of the
d-electrons and this should yield experimental results that differ somewhat from
the predictions of the insulator model. As a result, the magnetic properties of
many pure elements appear to have both localized and itinerant electron charac-
teristics.

Nickel is usually classified as an itinerant electron ferromagnet. This means
that non-localized d-electrons, and partly polarized s-electrons are responsible for
ferromagnetic ordering below a critical temperature. The Stoner itinerant electron
model would explain the slight curvature in the 1/y versus temperature curve in
this element. However, the susceptibility near the Curie temperature (1-anomaly)
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is also in agreement with the predictions of the localized (an highly unrealistic)
Ising model with the quantum number of S = 1/2 [5]. An experimental confirma-
tion of the scaling laws has been demonstrated from experimental data on nickel
[6] which again suggests localized electron characteristics. Iron displays a sizeable
specific heat A-peak. This transition is a second order transformation. The
magnetic energy and entropy values associated with the peak along with the
temperature dependence of the susceptibility [7] suggests that iron can be described
with a Heisenberg model. It is therefore assumed that most of the magnetization
in iron is due to localized (non-conducting) d-electrons of Heisenberg model
character with the conduction electrons partially polarized. Cobalt again shows
both itinerant and localized electron features. It may be closer to nickel in its
properties, where the itinerant character gives usually a better description, than
iron, where only a small fraction of the ferromagnetic ordering should be due to
itinerant conduction electrons. The election of the Heisenberg or Ising model is
to a certain degree arbitrary, since each model is frequently able to duplicate
features of the other model [8].

Since a unified model of magnetism in the iron group metals is not available,
a specific heat study of magnetic alloys involving iron, nickel and cobalt might
yield valuable additional information on magnetism in the 3d transition metals.
Only a few high temperature specific heat measurements on alloys are presently
available. Measurements in the neighborhood of the Curie temperature demon-
strated that small additions of copper impurities to nickel broaden the A-peak
considerably [9]. The peak disappears entirely when the alloy contains more than
259, copper even though alloys having up to 509, copper are ferromagnetic and
should display anomalous behavior at their Curie temperatures. The broadening
and disappearance of the peak could be attributed to the presence of non-magnetic
impurities in a magnetic host lattice which decreases the effective long range
correlation necessary for critical behavior. Another possible explanation is that
compositional inhomogenities exist in the alloy resulting in a distribution of Curie
temperatures and a broadened A-peak. This argument [10] has been advanced
to explain magnetic specific heats in PdCo and PdFe alloys. The rather rounded
A-peak in these alloys could be quantitatively accounted for by assuming a
Gaussian distribution of the chemical composition of small volume elements even
if each volume element has a sharp A-peak at its Curie temperature. This model
does not appear to be applicable to the nickel rich Ni-Cu alloys. There it is difficult
to envision small magnetic volume elements acting independently of each other
since in e.g. the Ni 75Cu, g5 alloy each Ni-atom has in the average 8 nickel atoms
as nearest neighbors. Large non-magnetic or only weakly magnetic boundary
sections in between nickel rich volume elements are unlikely. A sharp A-function
has been found for FeCr alloys with up to 10 at 9, chromium [11], indicating that
compositional fluctuations in an alloy with non-ferromagnetic impurities in a
ferromagnetic matrix with localized electrons would exhibit a similar specific heat
as the pure element.

To determine whether compositional fluctuations in microscopic volume
elements or a break-up of spin alignments between a nickel atom and a non-
magnetic impurity atom are responsible for the rounding of the A-peak in the
specific heat of NiCu alloys, the specific heat of nickel alloys with iron or cobalt
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elements as a second component, was investigated. Both elements are ferro-
magnetic in their pure state and most likely have some localized moments, which
should magnetically couple with the nickel matrix. Therefore, if the A-peak in
the specific heat of disordered nickel base Ni-Co and Ni-Fe is sharp then the
rounded specific heat curves of NiCu alloys cannot be due to fluctuations of the
chemical composition in small volume elements.

Experimental Technique

Samples were prepared in an arc-melter similar in design to that of Nielson
and Johns [12]. The suppliers and the purity of the metallic elements used for
making the alloys were: Nickel 99.99, Whitehead Metals, Inc., Iron 99.99,
Westinghouse “Purion®, and Cobalt 99.99%, Electronics Space Products.

The appropriate amounts of the elements were mixed and placed into a water
cooled copper hearth under a vacuum jar. The system was evacuated to a pressure
of about 100 microns and then flushed with argon, re-evacuated to 100 microns,
and reflushed. This procedure was repeated several times before sealing off the
pump and admitting the 3 to 5 psi pressure of argon necessary to maintain a
suitable arc for melting. Once the charge was completely molten, the arc was
passed back and forth over the length of the liquid alloy for about one minute.
This provided a considerable amount of agitation in the liquid for obtaining
compositional homogeneity in the ingot.

After cooling, the sample was turned over and melted from the backside
without opening the system to air. To insure homogeneity, this procedure was
repeated several times. The material loss due to melting was about 0.029, of the
original weight. These samples should be disordered, since the cooling rate of the
sample in the water cooled copper hearth after melting is very high. The samples
were not reannealed and quenched, since they had to be reheated for several
minutes to 1500—1800 °K before they cooled in the calorimeter for the ¢, measure-
ments.

The essential features of the “heat exchange” calorimeter and the analytic
technique to evaluate the measurements has been described by Orehotsky and
Schroder [13]. In this calorimeter, the hot sample was inserted into a copper can.

The heat loss of the sample, QS = (4 Ts was equal to the heat absorption of the
copper can, C¢* T, corrected for heat losses. Since C;, T, and 75 are known,
Cs can be calculated.

Orehotsky and Schroder [13] demonstrated the accuracy (- 2%,) and reliability
of this calorimeter by determining specific heats of iron in the temperature range
600 °K to 1300 °K. They found excellent agreement with published results to
Hultgren [14], Braun, Kohlhaas and Vollmer [15] and Pallister [16] but lower
values than the results of Lyman [17] and Schréder and MacInnes [18]. Experi-
ments on an FeggAljo alloy showed that changes in short range order during
heating, cooling, or short time annealing should not cffect these measurements
[19]. Five down quenching runs were made on this alloy specimen where each
run was quenched from a different temperature: 1425 °K, 1225 °K, 1100 °K, 995 °K
and 875 °K. The measured c,(7") values for each run coincided with the over-
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lapping experimental points of the other runs showing that no changes in short
range ordering influenced the measurements.

Results and Discussion
1. Specific Heat Values

The experimentally determined specific heat values of our samples are shown
in Figs. 2 to 4. Fig. 2 summarizes the specific heat data for the nickel-cobalt
alloys. It shows that the general features of the ¢p-temperature plots are similar
for all samples. A A-peak is found for all alloys.

Figs. 3 and 4 give the specific heat of the NiCo and NiFe alloys in more detail.
The curves show rounding near the Curie temperature. This rounding extends over
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Fig. 2. Total specific heat of cobalt-nickel alloys
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Fig. 3a. Specific heat of Co5Nigs (dashed line gives ¢, + ¢g, if At = 4-). Top line gives
details near T
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a temperature range of a few degrees. It is of the same order of magnitude as
expected from temperature inhomogeneities in the sample [13]. High resolution
experiments by MacInnes and Schroder [18] with a “heat pulse” calorimeter
showed similar rounding for iron and iron-chromium alloys. It seems therefore
likely that higher resolution measurements would not lead to noticeably different
specific heat data in these alloys.
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The data can be analyzed in the following way. If the magnetic ordering
contribution to the specific heat ¢y (7') can be separated from the other contribu-
tions then both the temperature dependence of cy(7) and the energies and
entropies involved in the magnetic transformation can be determined and com-
pared with the predictions of the localized electron models. At high temperatures,
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the total experimental specific heat ¢, (7') at temperature 7' is assumed to be
composed predominantly of dilation (cp — ¢p), lattice ¢y (T), electronic cg(7T),
and magnetic ¢y (7'), contributions:

ep(T) = [(ep(T) — co(T)] + er(T) + ou(T) + en(T) . (1)

At each temperature, the lattice, dilation and electronic specific heat background
has to be estimated and subtracted from the experimental ¢, values to obtain the
magnetic specific heat, ey (7).

The dilation correction (¢, — ¢y) can be described usually by a function
linear in temperature, through a coefficient K that contains the atomic volume
(V), the thermal expansion coefficient («), and the compressibility ().

Caila, = (Cp — €0) = KT (9Va2/p)T . @)

Experimental information on these quantities is not available for alloys but an
empirical approach indicates that cg;, is only a few percent of ¢, (7"). The dilation
contribution appears to be small even if thermodynamic derivatives like the
thermal expansion and compressibility do exhibit anomalous behavior in the
neighborhood of the critical point [20, 21]. In nickel ¢, — ¢, is about 0.03 c,.
Therefore, ¢, — ¢, was neglected in this alloy investigation.

The lattice contribution, excluding for the moment anharmonic effects, can
be determined quite easily since the Debye specific heat is expected to give an
adequate representation of the lattice specific heat ¢r,(7) and since the charac-
teristic Debye temperature, 7'p, is known. Even variation of 7'p by 50 °K will
not noticeably effect the evaluation of the data, since our measurements are
performed usually at 7' > 1.5 T'p.
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Kittel [22] suggests that the anharmonic contribution to cy, is a linear function
of temperature. Calculations [23] on b.c.c. iron show that the anharmonic
specific heat of iron range from +2.82 X 104 7T to 7.62 X 10—4 T calories/(mole
degree) depending on the particular model chosen for the calculation. ¢, is
about 1/4 to 1/2 of cg. The anharmonic specific heat term shows the same tem-
perature dependence as the electronic specific heat. Therefore anharmonic effects
could not be separated from cg. Experimental cg values obtained from the
specific heat term linear in the absolute temperature will therefore always include
this anharmonic lattice specific heat contribution.

The electronic contribution at temperatures below T'¢, was calculated from
the relationship:

where the yg coefficient (Table 1) was taken from low temperature specific heat
studies [24—28]. More recent measurements by Ho and Viswanathan [29] give
higher y¢ values. Using their data would not modify our results markedly.

Table 1. Debye temperature 6 and low temperature electronic specific heat coefficients yo
(Values for alloys obtained by interpolation from values given in references)

Alloy 0 (K) yo (cal/mole®K?2) Reference
fee. Ni 472 16.8 (10-4) [24]
0015Ni35 480 15.0 [25]
CO40Nieo 480 11.0 [25]
COGONi4Q 490 10.0 [25]
Co75Nigs 490 9.0 [25]
FessNisg 420 10.3 [27]
FegaNing 410 10.7 [28]

Deviations from Eq. (3) at higher temperature due to shifting of the degeneracy
of the electron gas are probably unimportant for our investigation. cg(7') = yo T
was added to the previously calculated lattice contribution. This ¢z, 4 cg value
was taken as the background to be subtracted from the experimental c¢,(7')
curves yielding the temperature dependent magnetic contribution cy (7). The
temperature dependence of cy(7') and the associated magnetic energies and
entropies can be determined at these temperatures and compared with the
theoretical predictions for temperature regions below T'.

The density of states changes due to the shifting energy band structure [4]
when the samples pass from the ferromagnetic to the paramagnetic state. In the
paramagnetic region above the Curie temperature, the low temperature yg
coefficients are no longer appropriate for determing the electronic specific heat
contribution. Very little is known about the electronic specific heat coefficients
(i.e. density of states) in the temperature interval above the Curie point except
for some recent calculations by Katsuki. There appears to be no theoretical or
experimental work on the alloys of this investigation.

The magnetic properties of the nickel alloys will be analyzed with localized
electron Ising and Heisenberg models since such models have been used to
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describe properties of the pure elements with more success than models based on
the collective electron model. The addition of iron or cobalt to nickel should
strengthen the localized electron character of our samples.

Onsager’s [30] group theoretical treatment of a two-dimensional Ising magnet
leads to logarithmically divergent temperature dependencies of the magnetic heat
capacity around eritical points [34]

Te

T —
em(T) = A*ln — ~° 4 B 4)
Te

Table 2. Magnetic entropy (S) and energy (E) values below 7'

(Sc - S())/ICB (Ec - Eo)/kn Te

Theory
Ising fee. (g =12) §s=1/2 0.591 0.463
(Ref. 34) s=1 0.983 0.721
§=2 1.486 0.990
§= o oo 1.541
Heisenberg f.e.e. (9=12) s=1/2 0473 0.297
(Ref. 34) s=1 0.810 0.555
§=2 1.305 0.833
§ = oo oo 1.406
Experimental
f.c.c. CoysNigs 0.497 0.416
COeoNi40 0.502 0.432
CO40Ni60 0.440 0.379
Coy5Nigs 0.172 0.183

Table 2 (Continuation). Magnetic entropy (S) and encrgy (£) values above 7.

Electronic
(Seo — Se)kn (Boo — Lo)ks T, Specific
Heat Coefficient
Theory
Ising f.c.c. s=1/2 0.102 0.150
(Ref.34) (g=12) s = 0.116 0.160
s=2 0.123 0.167
§=o0 0.131 0.175
Heisenberg f.c.c. s=1/2 0.265 0.439
(Ref.36) (g=12) s=1 0.289 0.449
s=2 0.304 0.459
§ = o0 0.322 0.474
Experimental
Alloy Background [10~4 cal
f.c.c. 14 [mdfébKé
Co75Nigs Ising s =1/2 0.133 0.150 17.7
CogoNigo Ising s =1/2 0.124 0.157 17.7
CoggNigo Heis. s =1/2 0.440 3.9

Ising s =1/2 0.125 0.147 17.1
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where A+ and B= are the critical values characterizing the temperature dependence
of the magnetic specific heat above (4) and below (—) the critical temperature.
An additional result of the theoretical treatments are the values of the energies
and entropies associated with the magnetic transformation as a function of
temperature. Table 2 gives theoretical values of

(Boo — Ee)[kBTe, (Seo — Se)/kB, (Ee— Eo)lksTe and (Se— So)/ks,
obtained from series expansion methods and used in the evaluation of our ¢, data.

E. — E. would be the magnetic ordering energy above the critical temperature,
and E. — Eo would be the magnetic ordering energy below T¢. Se, S¢ and Sy
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would be the entropy at T' = oo, T' = T and T = 0°K respectively. Table 2
shows that the (Ee — E¢)/kT; values are nearly independent of the spin quantum
number, but differ markedly for the Ising and Heisenberg model, whereas the
(Ee — Eo)/kT. values depend mostly on the spin quantum number, but are nearly
the same for the Heisenberg and Ising model with the same spin.

The analysis for 7 < T, proceeded in the following way: knowing the back-
ground below T, from cr(7T) + cu(T'), the temperature dependence of cy (1)
and the experimental magnetic energy and entropy associated with the transition
below T can be determined and compared with the predicted values for the
Heisenberg and Ising models. Figs. 5 and 6 give plots of ¢y (7') as a function of
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log | T—T¢| - ey (T') does not follow a power law temperature dependency below T'¢
for any of the Fe-Ni alloys and only the alloy Co;5Nigs displayed a logarithmie
dependency (Fig. 5d) from which the 4~ value can be termined. This value
along with the 4~ values determined from literature data on pure Ni and Co are
presented in Table 3. A possible reason for the non-logarithmic behavior of the
em(T') data and the sizeable transitional rounding just below T are changes in
the magnetization of the alloys as their temperature approaches 7'c. Band shifts
and changes in the density of states occur. As a result, the electronic contribution
to the specific heat neat 7' could rapidly diverge from the assumed linear yo T
behavior used in the analysis to obtain ¢y (7). It can be shown that cg may even

4 Phys. cond. Matter, Vol. 17
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be divergent for 7' — T'¢ [19]. The results of the energy and entropy determinations
are given in Table 2. Additional contributions to the specific heat at temperatures
below T, due to crystallographic ordering [31] prevented a similar determination
of ¢y (T) below T and the associated energies, entropies and critical values 4~
or o~ for the f.c.c. alloys FeggNi'yg and Fe44Ni56 .

Table 3. Experimental critical values A+ and A-, and Curie temperatures 7'
Experimental results

A+ Range A~ Range A-[A+ ela Te

(T — Te)/Te (Te —T)/Te (°K)
Ni 0.149 0.234 1.57 10.00 628
Co 0.420 0.910 2.16 9.00 1388
Fe 0.875 2x103-2x10"2 0.988 1x10-2—3 x 101 1.13 8.00 1038
NigsCo75  0.479 8 X 10-3—9 x 102 0.862 1 x10-1—5x 101 1.80 9.26 1255
NigCogo 0.305 3 x10-3—1 x 101 940 1145
NigoCosp 0.288 3 X 103—3 x 10-2 9.60 1033
NigsCois 0.186 3 X 103—1 x 101 9.82 803
NisgFeqqs 0.282 2% 10-3—3 X 102 9.12 825
NizgFess 0.215 2 x 10-3—1 x 101 9.56 843

The data above T cannot be discussed in this fashion. However, the ¢,
data above T, can be used to obtain a crude approximation of the density of
states for each alloy in the paramagnetic region above T'.. The analysis requires
two major assumptions: first that the lattice specific heat is given by the tem-
perature independent Dulong-Petit value and second that the electron specific
heat is a linear function of temperature: cg = y T for 1T' > T, where y is pro-
portional to the paramagnetic density of states. ¢r, + ¢g above T was constructed
in such a way (y was selected as an adjustable parameter) that the enclosed area
between it and the experimental specific heat curve ¢, — (cr, + cx) equals the
magnetic energy associated with the theoretical Heisenberg model. In exactly
the same manner, another background was constructed for each alloy from the
energy predictions of the Ising model. Different spin quantum values did not have
to be taken into account since the magnetic energy above T'¢ in both models is
nearly independent of s. Both the constructed Heisenberg and Ising background
are presented in Fig. 3b for the Co4oNigy alloy. For the other alloys only the
Heisenberg or the Ising model matches up reasonably well with ¢, — (c1, + cg).
y obtained with this approach is presented in Table 2. It shows that the density
of states above T is higher than below 7'¢ for the Ising model (see Table 1).

em(T) values above T'¢ for all the alloys were found to be logarithmically
temperature dependent (Figs. 5 and 6) for all the alloys. A+ values are presented
in Table 3. This analysis above 7. may yield an incorrect 4+ value because of an
improper background choice. However, the logarithmic dependency and the
associated A+ value were found to be independent of the background choice for
the Co4oNigo alloy where both the Ising and Heisenberg models gave a reasonable
match with the high temperature experimental data. This indicates that A+ is
most likely independent of the background calculation for all alloys in this
investigation.
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Fig. 7. Composition dependence of the critical value 4+ for f.c.c. crystals

The feature that the ¢y (7') data of all the alloys displays a logarithmic tem-
perature dependence above T, and, in general, not below T, is similar to the
behavior found in the insulating materials EuO and RbMnF3 [32, 33]. The non-
logarithmic behavior below T, suggests that transitional rounding is severe in
the CoNi alloys and can be attributed to intrinsic effects such as magnetic domains
or magnetostriction. This severe rounding means that the calculated entropy
S¢ — 8o and energy E, — Ej values for the CoNi alloys was anomalously small.

Another feature of the data (see Table 2), is that the constants A+ and A~
determined for each alloy system from the logarithmic dependencies do not agree
with either theoretical predictions of the Ising (s = 1/2) model [2] or with
previous results on other magnetically ordered system [33, 35] that are considered
usually as localized electron ferromagnets. Stoner excitation might account for
this discrepancy.

The compositional dependency of A+ is presented in Fig. 7. The A+ values
for the four f.c.c. materials Co, Ni, CoNi alloys and FeNi alloys are a linear
function of nickel concentration. The linear plot extrapolated to A+ (f.c.c.) =0
intercepts the abscissa at approximately the composition NiggCugo where the
d band is filled and the spontaneous magnetization is zero. It is presently not
possible to explain why A+ should be a linear function of composition. 4+ may
be also a linear function of 7T, since T is in first approximation also a linear
function of composition.

Summary and Conelusion

The specific heat of ferromagnetic f.c.c. alloys with iron, cobalt, and nickel
elements were measured with a “heat exchange” calorimeter in the temperature
range from 600 to 1500 °K. It was found that the specific heat near the Curie

4%
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temperature showed a sharp y-peak. Rounding occurred in a temperature interval
of 5 to 10 °K. This was slightly larger than expected from experimental rounding
and nearly the same as that found for pure elements in our experimental system.
This indicates that marked rounding of the peak in the magnetic specific heat, as
found for nickel copper alloys, is not typical for all disordered alloys.

The specific heat of the alloys was separated into the lattice, electronic and
magnetic contributions. In practically all alloys, the magnetic specific heat above
the Curie temperature followed the theoretically predicted relation:

em =log |T[Te — 1|4,

independent of whether the non-magnetic specific heat contribution was estimated
with the concept of a Heisenberg or Ising model for the magnetic specific heat.
The critical exponent A+ depended linearly on the composition. This equation
described the data accurately for 10-3 < |T/T. — 1| < 10~! above the Curie
temperature. However, below the Curie temperature, such a linear relationship
between cy and log T was found over a much smaller temperature range only for
the CO4oNiso alloy.
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The shape of the K emission band of Lithium is investigated by considering electron-
electron interaction in the conduction band. The width of the conduction band turns out to
be 3.4 eV. The fitting procedure applied may also be used for interpreting the K spectra of
other metals.

1. An Approximation for the Emission Spectrum in the Many-Body Scheme

Recent calculations of the band structure of Lithium [1] showed that the width
of the conduction band depends on the potential used in the one-particle Schro-
dinger equation. Comparison of such calculations with experimental results then
allows to determine the most appropriate potential. In the one-electron scheme
the breadth of the soft X-ray emission spectrum gives directly the width of the
conduction band. However, due to many-body effects the uncertainty in deter-
mining this magnitude from measurements is considerable. In the case of Lithium
not only the bottom of the conduction band is obscured by the low energy tail
but also the X-ray emission spectrum near the Fermi edge bends over in a very
round way producing a premature peak 0.4 eV below the edge [2, 3]. In spite of
the different extensive investigations [4—8] the origin of this Fermi edge be-
haviour is not completely explained up to date. For that reason we shall restrict
the consideration to the influence of many-body effects on the low energy side.
Nevertheless we get a good result near the Fermi edge by a reasonable assumption.
Neglecting the relaxation of the core hole the intensity of X-rays emitted with
frequency o is given by [9]

I(w) = w? ZIPcv(k)le(k: Ec(k) + ) O (Bp — o — Ec(F)) . (1)

Pov (k) is the matrix element of the momentum operator between a core state ck
and a valence state vk, Ec(k) and Ev (k) are the corresponding energies. In the
case of Lithium the k-dependence of the core energies turns out to be negligible.
O is the Heaviside step-function and A (k, w) the spectral density function for
one-electron excitations. It is related to the one-electron Green function through

Ak, o) = %ImG(k, ®). @)

For further details of the many-body aspects the reader isreferred to relevant
review articles [10].
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The calculation of I{w) using Eq. (1) is impossible because 4 (k, w) depending
both on the vector k and the frequency w, is not known for a real crystal at the
moment. All the present investigations restrict themselves to the case of the
homogeneous electron gas where the k-dependence of A4 (k, w) comes only from
the energy E (k), which, in turn, is a function of the absolute value of k. Then the
spectral function 4 (k, w) depends on two scalar variables: the energy E (k) and
the frequency w. Therefore we may first integrate in Eq. (1) over a surface of
constant energy yielding as one factor the unbroadened spectrum I defined by

Io(w) = w2 > | pev (k) |26 (0 + Ec — By (K)). 3)
F
The emitted intensity is given by the following integral
To(e) , ,
I(w) = w? --»»-w,z Alk(0w" + E¢), w + Eoldw' O (By — w — Ee) . (4)

From the investigations done for the homogeneous electron gas [11, 12, 13] we
know that the spectral density function exhibits two different kinds of structures.
One strong peak in the w-dependence may be attributed to the excitation of a
quasi-particle characterized by the wave-vector k and the energy E (k). Besides
this structure the spectral density function shows two pronounced continuous side
bands at energies satisfying | K — Ev| > hiwp (wp: plasma frequency) due to the
excitation of plasmons. As we are interested in the main emission spectrum and
not in the plasmon satellite it suffices to consider the quasi-particle peak in the
spectral density function only. This restriction is desirable since for performing
the integration in Eq. (4) we need the spectral function A4 (k, w) as a function of k
for fixed values of w. Even in the case of the homogeneous electron gas this in-
formation is at our disposal only in the neighbourhood of the energy-shell w = E (k).
Elsewhere the w-dependence of A[k(E), w] is known for some values of | k| only.
For w ~ E (k) we approximate the Green function by its quasi-particle pole

2B (k)]
o — B (k)

Gk, w) ~ 4)
where the residue Z (E (k)) of the pole may be determined from the self-energy
function. Both Z (k) and E (k) are complex magnitudes. The corresponding real
and imaginary values will be denoted by subscripts 1 and 2, respectively. The
renormalized energy E; (k) will differ little from the energy eigenvalue obtained
by solving a Schrédinger equation where many-body effects are taken into account.
E, (k) may be interpreted as the inverse life-time of the quasi-particle state.
Assuming (5) to be valid in the whole integration region of Eq. (4) we get

1 a3 do’ Zh (o) Es(@") + Zo(w') (0 — o + E¢) ,
1= o P e ma =B,
- (6)

Note that this result of the many-body theory is different from a previous proce-
dure [14] which takes into account a finite line width of the one-particle state by
folding I with an appropriate Lorentzian. The two procedures differ from one
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another by the term Zs(w') (w — o’ 4+ E¢) in the numerator. Since in general
the imaginary part of the energy E»(w) is small in comparison with the band width,
the integrand will be peaked at o’ = w 4 E with the result that this additional
term will contribute only little. This conclusion does not hold below the bottom
of the conduction band and thus we expect that both procedures will differ in the
low energy tail.

2. Details of the Calculation and Results

Using Bohn’s MAPW -results the unbroadened emission and absorption spectra
of Lithium were thoroughly investigated by Faust [15]. He found that the matrix
elements pcy (k) determining the K emission spectrum are weakly orientational
dependent and that they may be approximated as a linear function of the differ-
ence of the energy E and the energy of the bottom of the conduction band — E'g.
Further, up to Ep, the quasi-particle energy E (k) was found to be a quadratic
function of | k|. The unbroadened K emission spectrum then has the well-known
form

Iy(w) ~ (w + Ec— Eg)32 for Ep—E.<w < Er—E,. (7)

Detailed calculations of Faust [15] had the result that the contributions to the ina
tegral (6) from w > Er — E, are negligible.

Numerical values of Z1(E), Zo(E) and Es(E) were calculated by Hedin [16] for
the jellium model, for different values of |k| and electronic densities character-
ized by rs. We have parametrized the k-dependence in the following way: The
imaginary part of the energy is approximated by

E — Ex \2
Eg—Ey

B, () =Y(EF—EB)( (8)

in agreement with the general results of the many-body theory [17]. Similiar ap-
proximations hold for the real and imaginary part of Z (k), too.

E — Er \2
Z1(B)="{11+ (1, En—Er 9)
E — Ep \®
Zs(E) = {2 Tp 1 By ) (10)

In the jellium model the numerical values of y, (1,1, {1,2 and {2 depend on g only.
For all values of rg encountered in metals, Eg () turns out to be smaller than the
band width (Er — Eg). Hence we expect that both procedures of folding i.e. the
one based on Eq. (4) and the heuristic one due to Landsberg yield similar results.

E—F the agreement becomes the better the nearer the
B— LF

Due to the factor T
X-ray transition is to the Fermi edge.

As no other information about Lithium is known, the results deduced for the
homogeneous electron gas will be used to study the influence of the electron-
electron interactions in the conduction band on the K emission spectrum. Even
better agreement with the measured spectrum may be achieved by an appropriate

choice of the parameters in Eqgs. (8), (9) and (10). Since the influence of the term
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Fig. 1. The frequency dependence of the integral J;

(w — @’ + Ec)Zo(w') in the numerator of Eq. (6) is small in the main spectrum
and as further the real part of Z varies slowly with the energy, only the parameter
y was adjusted, whereas we took {1,1 = 0.70, {12 = —0.069 and {» = —0.138
from Hedin’s paper. With these approximations the intensity turns out to be
proportional to the integral

(y — ) Z2 () + y (1 — )2 2y () 53 ,
/ Y — ) p2(1 — 2t dx (11)
with
w=—H.+ Eg(l —y)+yEr (12)
and
E—F
©= v (13)

E’F—EB
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Fig. 2. The frequency dependence of the ratio Ja(y)/J1(y)

as dimensionless variables. In Fig. 1, J;(y) is shown for different values of . In
addition, an integral Jp(y) was calculated for the heuristic broadening procedure
which is formally obtained from J; by setting Zs (z) = 0. Fig. 2 showing the ratio
Ja(y)/J1(y) confirms the above suggestion that both procedures yield results
differing only in the low energy tail of the main spectrum. As Z; varies slowly
with energy, the integral J2(y) is almost independent of the solid considered and
hence may be used for the K spectra of other materials, too.

Finally, with an appropriate choice of Eg and Ey the expression Ji(y) was
mapped on the K emission spectrum measured by Crisp and Williams [2]. This
was achieved by approximating the measured intensity through the expression

I(w)=a+bJi(w). (14)

The coefficients a and b refer to the background and the unknown scaling ratio of
intensities respectively. They and the energy Ep were determined by minimizing
the quadratic deviation in the energy range 1.3 g — 0.3 By < E <04 Eg+ 0.6E¥.
The value of the Fermi energy was determined from the intersection of the straight
line @ + % b with the measured spectrum. That means that the Fermi edge is at
the 509, point of the spectrum without background.

This procedure allows to locate the bottom of the conduction band at Eg =
51.27 €V and the Fermi edge at Er = 54.63 eV. The resulting width of the con-
duction band Ep — Ep = 3.36 €V differs slightly from the value evaluated by
Ham [18]. It can be shown [19] that the band structure calculations approximating
many-body effects through a non-local screened exchange potential yield the same
value of the band width, when the screening parameter is appropriately chosen.
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Fig. 3. Comparison of the optimized theoretical emission spectrum with the recorder trace of
LiK measured by Crisp and Williams [2]

The broadening of the line width at the bottom of the conduction band turns
out to be y(Er — Eg) = 0.41 eV, a little smaller than McMullen’s value [20].
The spectrum corresponding to the best choice of the parameters is shown in Fig. 3
together with the experimental result. The good agreement of both curves up to
0.4 eV below the Fermi edge is remarkable although the fitting procedure was
only applied in the region 50.3 eV < E < 53.3 eV. The difference of both spectra
in the vicinity of the Fermi edge is obvious. At the moment it is not possible to
decide which one of the mechanisms proposed to explain the edge singularity [4, 5,
7, 21—24] describes this discrepancy in the case of Li. It is remarkable that
Haensel et al. [25] have found the same value of the K edge by photo-absorption
measurements.

Acknowledgement. The author is grateful to Dipl.-Phys. A. Faust for making available
the results of his work and for many illuminating discussions.
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Results obtained in a previous paper [1] are modified to consider materials which exhibit
a linear shock velocity — particle velocity Hugoniot, and for which the specific heat at
constant volume is a function of temperature. Also, a method for synthesizing functional
dependence of the Gruneisen parameter on strain is illustrated. A Mie-Gruneisen equation of
state for water is obtained using this method.

1. Introduction

In a recent paper [1], we presented expressions for entropy and temperature
in Mie-Gruneisen materials, for which both the Hugoniot pressure and the Grun-
eisen parameter were given by infinite power series in the volumetric strain. It
was also assumed in [1] that the specific heat at constant volume was a constant.
In this work we further discuss and amplify the results obtained in [1]. Our
purpose is threefold. First, we show how a material which exhibits a linear shock
velocity — particle velocity Hugoniot may be represented by the analysis pre-
viously presented. Second, we discuss a general approach toward representation
of materials for which the specific heat varies as a function of temperature.
Third, we describe a method for determination of the Gruneisen parameter from
isothermal compression data. In connection with this, we present data concerning
the Gruneisen parameter for water.

2. Linear Shoek Velocity-Particle
Velocity Hugoniots

We consider a plane shock wave propagating into a material initially at rest.
In a spatial co-ordinate system, conservation of mass and linear momentum are
expressed by the well known jump equations:

00U =o(U —u), 1
pe—Po=p0oUu 2)

where gg and ¢ denote mass densities leading and following the shock, U denotes
the shock velocity, » denotes the particle velocity of the material following the
shock, and po and pg are the pressures leading and following the shock. For a
large number of materials, it has been empirically found that shock response may
be adequately represented by a linear relationship between U and u.

U=c+ou. (3)
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McQueen et al. [2] give numerical values for the constants ¢ and ¢ for more than
40 materials. Combining Egs. (1), (2) and (3), we find that the Hugoniot pressure
pu is given by

00?7
T )

PH=1 Zopp

where the natural volumetric strain # is defined by
n=1— polo (5)

and the initial pressure po has been ignored. To insure that pp remain finite, we
restrict 9 so that oy < 1.
In [1], the Hugoniot pressure was represented in the following way

= anyn. 6)

n=0
A similar expression can be obtained from Eq. (4) by noting that
1 (o o]
=2 Doy, ™
(1 - 677)2 ngo
Convergence of this series is assured by our earlier restriction on #. Using Eq. (7)
in Eq. (4) gives the following expression for the Hugoniot pressure.
2
pr=2" Yulonn. (8)
0 p=1
Replacing Eq. (6) by Eq. (8), we can now follow the analysis given in [1].
We assume that the pressure p is given by the Mie-Gruneisen equation:

p=pu(l —ivng) +g(c— &) 9)
where vp = 1/pg denotes the unstrained specific volume, ¢ denotes specific in-
ternal energy, and g is the product.

g=e7; (10)
y being the Gruneisen parameter. As before, the function ¢ is assumed to be

given by a power expansion in 7.

g= > bpynr. (11)
n=0
If we then assume that the specific heat at constant volume, ¢, is a constant,
direct substitution into the analysis of [1] gives the following expressions for
entropy, s, and temperature, 8, at any point (7, ).

e— g0 — ) fan®
s e)=so+coln |14 ——— "L, (12)
6001)(1 +ZOCn 77")
n=1

(o] 1 (o]
0(17,6):00(1—}'20(7&77”)—}—6 (5"30—257”}").
n=1 v n=1



Thermodynamic Response of Mie-Gruneisen Materials 65

In these equations, sp = (0, o), 8o = 0(0, &), and

vg <
= k)b,
On+1 ”+1k=zo(p(n )on—k
_ " SembP 13
ﬁn+1~—n+1k=o¢ ) n—k>» (13)
@0,n)=1 for all n
k
¢(’C+1,n)=‘l0—— Z‘P(m;n)bk—m, k=0;1’2’--'
n'_km=0

and
9 X
Pn+1=9002 (n+1)6n_—2- Znak—lbn_k , 7[,:0,1,2,....
k=1

Expressions representing isothermal compression and isentropic release from a
Hugoniot state may be easily obtained from these results by the methods given
in [1].

3. Variable ¢, Materials

It was shown in [1] that the characteristic curves comprising the entropic
equation of state surface, s = s(z, ¢), are themselves isentropes. To determine
the value of s on any particular characteristic, we must prescribe initial data for s
along some curve which nowhere has a characteristic direction. The most likely
place to prescribe this initial data is in zero-strain, constant volume plane. In [1]
we assumed that the specific heat at constant volume was a constant. A straight
forward calculation then yielded the following initial entropy data.

E— &
8(0,&) =89 + ¢yln (1 + *A) . (14)

Although the constant ¢, description is adequate for many materials, a variable
¢, offers wider application. In this section we consider materials for which ¢, is a
function of temperature

ey = Cyp(0). (15)
The development in [1] employed % and ¢ as independent variables. In order

to exploit a relationship such as Eq. (15), it is convenient to interchange ¢ with 0
as the second independent variable. Thus we transform the functions

0=0(0,e) and s=s(0,¢) (16)
into new functions
e=2£(0,0) and s=4§(0,0). (17

In these equations, we have shown the functional dependence with » = 0 to
emphasize that our calculations are confined to the zero strain plane. Using
Eqgs. (17) we can now employ the thermodynamic relationships

0¢ d 5 ¢y 18
a0 = ™ % T (18)

5 Phys. cond. Matter, Vol. 17
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For any given function ¢, (8), we must solve both Eqs. (18) to obtain the func-
tional forms expressed by Egs. (17). Eq. (17); is then inverted to obtain Eq. (16);
and this result is finally employed in Eq. (17); to give the final initial data,
Eq. (16)2. In general, numerical techniques may be needed to perform these manipu-
lations. However, for certain functions c,(0), exact solutions may be obtained.
We illustrate the method with a simple linear model for c,.

Let ¢, be given by

co= A+ (0 — o) (19)

where A and p are constants. Substituting Eq. (19) into Egs. (18) and integrating
the resulting differential equations gives

£(0,0) = &(0, 0o) + A(0 — 00) + % (0 — 00)2, (20)
8(0,0) = §(0, 0p) + (9 — 00) + (A — o) In (6/0) . (21)
Inverting Eq. (20) we find (provided u + 0)

1 o
(0, ) = Oy — " (A—Y22 +2p( — «)). (22)

This result is then used in Eq. (21) to give the following initial entropy data

50, 8) =so— A+ /22 + 2 u(e — eo)
V122 e —
+ (A — ubo)In AV B 2u(e—e0) | (23)
0o

We emphasize that this equation applies only in the % = 0 plane. The general
expression for entropy as a function of both # and ¢ is obtained by combining
Eq. (23) with the equation of the characteristic ground curves given in [1].

Other expressions for ¢, will also lead to exact equations for s(0, ¢). For
example, if

o= [A+ p(0 — b))

we find that
0 ! { +In|1 * 1 — etle—20) |
s(,e).—so—l_eoﬂ n(e — o) +1n ~60[u( —e Y.
More complicated functions linking ¢, to 6 may be used, but numerical pro-
cedures will probably be involved. For many ¢, () models, Eqgs. (18) may be
readily integrated, leaving only the inversion of Eq. (17); to be done numerically.

4. Synthesis of the Gruneisen Parameter

An important problem in shock mechanics and related fields of high pressure
physics is determination, for a given material, of the functional dependence of »
on 7. Although direct measurements have been made [3, 4, 5], they are confined
to elastic stresses and evidently have little effect on high pressure research at
present. Other approaches centre on the equations of Slater [6] or Dugdale and
McDonald [7], or on shock wave experiments with porous samples (for example,
see the work of Ahrens ef al. [8]). Both of these approaches also contain draw-
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backs. The developments in [6] and [7] have been criticized by Knopoff and
Shapiro [9]. Porous sample experiments are restricted to materials which are
available, or may be synthesized, in distended form. In this section, we discuss
a new method, suggested in [1], for synthesizing the Gruneisen parameter from
isothermal compression data. Our aim is to determine the coefficients b, in the
expansion [11] for g. In what follows, we employ the development of [1], where
the Hugoniot pressure is given by Eq. (6). In general, we assume that both
Eqgs. (6) and (11) are truncated after an arbitrary, but finite number of terms.

If ¢, is assumed to be constant, the pressure pr on an isotherm at temperature
GR will be

pr=pur(l —ivn9) +9g { Zlﬂnﬂ" +C'U[0R—60<1 "}‘2“1”7")” (24)

n=1

where oy and 8, are given by Egs. (13), with the exception that

n
Pn+1=an+1—%v02akbn_k, n=0,1,2,.... (25)
£=0
We assume that the Hugoniot pressure py is centred at zero, so that ag = 0
in Eq. (6). Egs. (24) and (25) are derived in detail in [1].

We can employ Eq. (24) to synthesize the function g from measured isothermal
compression data in the following way. Initially, numerical values for the coef-
ficients a,, in Eq. (6) are determined by directly fitting measured Hugoniot data.
We assume that an appropriate value for ¢, is known. The coefficients b, in
Eq. (11) can then be varied to achieve a best fit between Eq. (24) and measured
isothermal data. Of course, the coefficients b, do not appear in Eq. (24) linearly.
Hence classical least square fitting techniques are not especially helpful. Numerical
techniques which obtain rapid approximate solutions to nonlinear fitting prob-
lems are in wide use, however. In actual application, we have utilized the steepest
descent method to minimize the squared error in pressure. Computational time
depends mainly on how many coefficients b, are employed in the expansion for g,
and on how good the initial guesses for the coefficients are.

4 a. Gruneisen Parameter for Water

We illustrate the ideas given above with a specific example. A fourth order
representation for the Gruneisen parameter for water is determined below. Water
was selected as an example material since it evidently possesses an unusually
complex y —# relationship, and because ample experimental data is readily
available.

Present knowledge of the dynamic behaviour of water at high pressures
stems from the work of Walsh and Rice [10]. They experimentally determined
sixteen points on the water Hugoniot. Subsequently, Rice and Walsh [11] proposed
a water equation of state for the pressure range 25 to 250 kbar. Papetti and
Fujisaki [12] extended the Rice and Walsh description to 450 kbar and extra-
polated these results to very high pressures. The Walsh and Rice data have also
been discussed by Cowperthwaite and Shaw [13], and by Gurtman, Kirsh, and
Hastings [14].

5*
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We have used the Hugoniot data of Walsh and Rice, together with the data
given by Lysne [15], to obtain a least square fit for the Hugoniot pressure pg.
Centering the Hugoniot at zero pressure, we set ag = 0. The next six coefficients
ay, in the expansion (6) for pg were determined, and these are given in Table 1.

Table 1. Coefficients in Water Equation of State

n an (Mbar) bn

0 0 0.346
1 0.0220 1.27
2 0.0768 27.54
3 0.450 — 52.90
4 — 0.941 — 25.84
5 7.930 —

A constant value of 0.82 cal/gm/°K was selected for ¢y, based on the data
of Vedam and Holton [16]. This value is slightly larger than the 0.78 cal/gm/°K
used by both Cowperthwaite and Shaw [13] and by Gurtman et al. [14], but trial
calculations employing both values for ¢, have shown that the high pressure
response is only marginally effected by the different values.

Eq. (24) can now be fitted to isothermal compression data to determine the
coefficients b,. The most useful data for this purpose are the 125°C and 175 °C
isotherms of Bridgman [17], primarily because the greatest range of specific
volumes is considered. Unfortunately, for these two isotherms, Bridgman re-
ports only the volume change as a function of pressure, starting from 5000 kg/cm2.
The initial volumes at 5000 kg/cm? are not given. Hence, in order to employ this
data, we must first estimate the specific volume of water at 5000 kg/cm?2 and
125° and 175 °C.

To estimate Bridgman’s missing initial volumes, we will establish a provisional
expression for the function g, then invert Eq. (24) to give # for pr = 5000 kg/cm?
and g = 125° and 175°C. This provisional version of g will be based on the
first two coefficients of Eq. (11). That is, we temporarily assume that

g =bo+biy. (26)
Referring to Eq. (24), the isothermal pressure at zero strain is given by
PR = bo ¢y (Or — o). (27)

We now interpolate the 80 °C isotherm reported by Vedam and Holton [16] to
obtain a value of 0.630 kbar for the zero-strain pressure. Using this value in
Eq. (27), and setting Or = 80°C, 6y = 20°C, and ¢, = 0.82 cal/gm/°C, we ob-
tain a provisional value for by of 0.305 gm/cm3.

Next, differentiating Eq. (24) with respect to 7, and then setting n = 0, we
find the following expression for the isothermal bulk modulus Ky at zero-strain.

Kg =a1 — vocyOpbo? + by Cv(HR s 00) . (28)

A value for Kg at § = 0 may be interpolated from Vedam and Holton’s data.
For 0 = 80°C, we find that Kg = 25.3 kbar. Using this value in Eq. (28), to-



Thermodynamic Response of Mie-Gruneisen Materials 69

2.0
o
Symbol Adiabat o9
o 100 kbar
a 150 8
° 200 ~
1.5
-
&
O
N
S 10
o
Oa
0.5
g=.346+1.27M+27.5472
-52.90m%-25.840*¢
0 [ [ | 1

1
0 o.1 0.2 0.3
Volumetric Strain,M

Fig. 1. Variation in g with strain, compared with data from Rice and Walsh [11]

gether with the above value for by, we may solve for the provisional value of b;.
This gives b; = 1.63 gm/cm3.

Finally, setting pr = 5000 kg/em?2, and Or = 125°C and 175 °C, Eq. (24) can
be inverted to give # at these two temperatures. The resulting estimated specific
volumes are 0.909 cm3/gm and 0.933 cm3/gm respectively for 6r = 125° and
175°C. These same specific volumes were estimated by Rice and Walsh [11].
Their estimates were 0.914 cm3/gm and 0.936 cm3/gm.

Bridgman’s data together with the initial volumes we have estimated, now
completely specify the 125° and 175 °C water isotherms. Therefore, we discard
the provisional representation for g used above, and simultaneously fit Eq. (24)
to both isotherms, varying the first five coefficients in Eq. (11). The numerical
values for b, ..., by determined in this way are given in Table 1. A graph of ¢
versus 7 is shown in Fig. 1. The range of validity for our representation is re-
stricted by the isothermal data from which it is obtained. The largest value of
7 reported by Bridgman was 0.29, obtained from the 175°C isotherm. Extra-
polation of our polynomial representation for g above this value is unwarrented
and could lead to gross errors.

A comparison between the polynomial form for g given above and the water
equation of state of Rice and Walsh [11] can be made. Gurtman et al. [14], have
shown that the isentropes synthesized by Rice and Walsh may be differenced to
obtain values of y (and hence g) at specific strains. This calculation was performed
and the resulting data plotted on Fig. 1. Data corresponding to release isentropes
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from 100, 150, and 200 kbar, calculated by Rice and Walsh, are shown. It must
be emphasized that this comparison is drawn between two models for water, not
between our model and actual measurements.

4b. Discussion

The above method for determining y appears to offer certain advantages over
other determinations. Primary among these is the relative ease with which iso-
thermal compression data may be obtained. Published isothermal data exist for
a wide range of materials; hence, in many instances, no experimentation need be
performed. With only a minor computational effort, one can obtain adequate
representations for g, and hence y. Moreover, we are in no way restricted to using
the constant ¢, model. The ideas described above can be applied equally well to
the ¢, (0) case.

Most nonlinear fitting methods require starting guesses for the unknown coef-
ficients b,. Relatively good guesses for by and by can be easily obtained in the
way our provisional values of by and b; were found above. Care must be exercised
when using these numerical procedures, however. It is always possible (yet dif-
ficult to detect) that one finds a local rather than absolute minimum in squared
error. This “lumpy mattress” effect can be a source of error.

The major drawback to our method lies in its range of applicability. As was
pointed out above, the resulting description for g is valid only over the range of
strains corresponding to the isothermal data from which it was obtained. Often,
values for g at strains in excess of those attainable in isothermal tests may be
required. In these cases, one or another of the other determinations for y must
be employed.
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We treat non-radiative electronic capture rates induced by the non-adiabatic perturbation
operator with corresponding transition probabilities. Therefore a dynamical electronic wave-
function is evaluated. By coupling the electron to ‘“‘dressed phonon” modes, which connect
the ‘““local” optical mode to the acoustic phonons, exact energy balance in the transition
probabilities is possible. The Franck-Condon-Integrals arising there are thermal averaged
analytically. The method is applicable to transitions between two discrete electronic levels as
well as band to discrete level transitions. Numerical results are given.

Introduction

An important physical problem is the treatment of electronic transitions be-
tween discrete electronic states in semiconducting substances. If energy is to be
strictly conserved, as is physically required, then the discrete electronic states
must be coupled to some form of continuous spectra. For radiative transitions the
radiation field itself provides such a spectrum but non-radiative transitions,
where the electronic energy is transformed only into phonon energy, are not so
easy to treat.

Large molecules and crystals contain a quasi-continuous spectrum, that of the
acoustic phonons, and if this is directly coupled to the electron then again the
problem can be solved. Unfortunately there are many instances where the electron
is coupled to phonon modes that do not lie within the acoustic branches. The
F-centre in alkali halides is a well documented example.

Study of the experimental data for F-luminescence enables one to calculate an
effective frequency for the coupled modes [1] which lies close to or inside the
optical phonon band. In this case, calculation of non-radiative transition rates
generally requires some manipulation of the Dirac delta function that expresses
absolute energy conservation.

Various methods have been employed, the simplest being an approximation
to a Kronecker delta on the coupled mode quantum numbers, implying an exact
energy fit with harmonic phonon states. The popular alternative is to replace the
delta function by a less stringent distribution function. Such a smearing of the
delta function can be obtained by direct replacement by a Lorentz [2] or Gauss [3]
distribution or by fourier transforming the delta function and restricting the
resultant summations [4] or integrations [5]. While these methods might be moti-
vated by physical argument, they are mathematical non-sequitors whereby the
essential quality of the delta function is arbitrarily altered.

6 Phys. cond. Matter, Vol. 17
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In 1957, to overcome this difficulty, Stumpf suggested [6, 7] taking into ac-
count the resonance character of the combined electron-phonon states leading thus
to well defined Lorentz factors instead of delta-distributions. He performed cal-
culations that agreed quite well with experiment. Later Stumpf showed [8, 9, 10]
that the resonance character of these states can be obtained by introducing
“dressed phonons” which lead to an indirect coupling of the electron to the
acoustic phonons of the crystal. The “dressed phonons” couple the local mode to
the acoustic phonons by the anharmonic phonon-phonon interaction. The use of
dressed phonons instead of pure harmonic phonon states enables us to satisfy
energy conservation exactly. It is interesting to note that the result is similar,
though not exactly the same, to using the Lorentz approximation.

Stumpf’s methods are essential for the sound mathematical treatment of
multiphonon non-radiative transitions between discrete electronic levels. They are
also applicable to transitions between a band and a discrete level since the coupling
of an additional continuous spectrum greatly increases the range of electronic
energies from which an energy conserving transition is possible.

In this paper we aim to show that numerical evaluations of Stumpf’s model are
tractable. As an example we use the F-centre in alkali halides and calculate non-
radiative transitions from the bottom of the conduction band to the F-centre
ground state. We do not explicitly use the continuous electronic spectrum so that
we can demonstrate the applicability of our calculations to discrete levels. We are
restricted to this transition at the moment solely by lack of suitable electronic
wavefunctions.

1. The Stochastic Reaction Equations

We consider the non-radiative trapping of an electron by a negative-ion
vacancy in ionic crystals to produce an F-centre in its ground state. After Stumpf
[1, 2] we describe the defect electron system by the hamiltonian

Ho=Hoy+ A (1.1a)
which we have separated into an adiabatic part £, and a non-adiabatic perturba-
tion tf". A satisfies the equation

Ho|n,my = Ep, |n,m) (1.1b)
where % is the electronic quantum number and [m] = my, ..., mq ,...,may is the

complete set of phonon quantum numbers.
Non-radiative electronic transitions induced by ¢#” have differential transition

probabilities given by
2 ’
tW”’m” nm = _;:E l<'n,, m,l tfl'n, m>|2 6(E:,/ —_ E;Ln') . (12)

We obtain the total electronic transition probability by summing over all final
phonon states and thermal weighting with respect to the initial states

W n(B)=N z 'Wnrm’, nm e~ fTmiton (1.3a)
m,m

N =Tt —e oy, B1lopT. (1.3b)
t



Non-Radiative Electronic Capture Rates by a Halide Vacancy 73

In [2] Stumpf derives the stochastic equations in the case of non-radiative transi-
tions. For only two electronic levels these simplify to

Py (t) = P (1) 'Wan (B) — P () 'Warn (), (14)
Pp(t) = — Pyt

where Pp,(f) is the temporal occupation probability of the electronic state n. Using
the initial conditions P, (0) = 1, P,-(0) = 0 we solve (1.4) to obtain:

Pu(t)= F“l(thn’(ﬂ) + tWan (/3) e_”) s
Pp(t)=T1tWpu(f) (1 —e™ ), (1.5)
I'= tW’rm’(ﬂ) + tWarn (ﬂ) .

We assume that only one local phonon mode is coupled to the electron and so
after a transition this mode is left highly excited. There is only a small probability,
however, for re-excitation of the electron if the phonon modes decay in a time
shorter than that characteristic of an electronic transition. This indeed seems to
be the case. For temperatures up 300 K we neglect the transition into the conduc-
tion band as being highly improbable and describe the system solely with the rate
tWre.cs(B)-

2. The Wave Functions

The F-centre ground state wave function has been calculated by Schmid [11]
and Renn [12] in the static case. From this wave function we derive a dynamic
one by the procedure of Stumpf [10] which is amplified by Schwarz [13] and
Heinzel [14]. We take the ‘“dressed phonons” wave functions from Stumpf [8]
which couple the “local mode” to the continuous spectrum of the acoustic modes
of the crystal via the phonon-phonon interaction.

2.1 The Dynamical Electronic Wave Functions

This section is taken directly from [10] using Stumpf’s simplified crystal model
where the polarizability of the crystal is considered small. The longitudinal optical
phonons are degenerated and the “local mode” is assumed to have the same
frequency. We expand the electronic wave function into a set of & ortho-normal
functions:

B \—1/2 &
mm@=@ﬂ) 2. P(r) 2.1)
1
where
ag = 01,x + Ax (2.2)
and [2] gives us:
7]
=—ZZM(hrm@m) (2.3)
and
A 0 i U (2.4)
9=\ g 2, 7). ~

‘K »

U, is the total energy of the crystal and the subscript ‘s’ means that the expres-
sion is to be evaluated in the static limit. The X}, are the displacements of the
ko-th ion from its static equilibrium position when the electron is in the n-th state.

6 *
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From [2] we have

9 0
(Thm Un)s =2 (1 + O(e)"l €Qko V]cg J":P;L(r) Y’; (r) (1 - (31,-) C’(r, R}cg) d'L'
(2.5)

in the notation of Renn. Substituting in (2.3) yields
= — ZZ“ (1 — 1r) eaig Vo [WL(r) Wi(r) C(r, Rio)dv XJ,. (2.6)

We have the following equality for the ion position vectors
Ry, = R}, + X}, = R}, + X7, 2.7)
from which follows ) )
Xt = Xi, + Ry, — R, . (2.8)
We define a transformation into normal coordinates
Xy, = ;M,;;lﬂ B}, q7. (2.9)
Under this transformation (2.8) becomes:
> Bieuqt = 2 Blosqt + My (R, — Ry). (2.10)

We assume now that the transformation (2.9) is unaltered when the defect
electronic configuration changes. This implies that the eigenfrequencies of the
crystal do not change. Hence we have:

B"=B" =B (2.11)
and (2.10) becomes
gt = qt +a} (2.12)
with
ZB,‘,C MiZ (R, — RL) . (2.13)
Renn [11] gives
od dd Gko.

Ry =R = — oo o Ve [IVA0) ]%(r)IZJO(r,RkQ()Zd;)

We substitute in (2.13) to obtain:

od d3 Qo

—1 1/2 =
_..thk MkQ 471:( +ae+a0) e

Vg [[| ¥ (r) |2 — | P4 (r) 2] C(r, Rgg)dr (2.15)

and using (2.9) in (2.6) we get

A= — %221\1; 511-)( Vlcg f‘Pl Yr(r)C(r, Ryo) d'ch_glmBkg,tq;‘
’ (2.16)

Because the L.O.P. branch is degenerate we can make a unitary transformation
of the normal coordinates to produce an equivalent set.

=>Urq} (2.17)
t
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and (2.12) becomes
Q' =0 + S Upal = + A
We define the matrix S by
o = 3 Ur, Bizh MY

and operating with U on (2.15) and (2.16) we arrive at
o d3 QAo

A = zstke 4l Foat+ad) e
V/CQ f[l Ti IZ_ IT}t(r)lz]O(r:Rke) dr’

€Qko

Al=—ZZ2Ai,—71 6]_1‘) e
ko 7t ( )
* Vi [Wa(r) Py (r) O(r, Rip) dv 85,1 Q7 -

75

(2.18)

(2.19)

(2.20)

(2.21)

Since the transformation U is arbitrary and independent of the electronic
quantum number and the phonon k vector we can construct S, which must also
be from the subspace of the L.0.P.’s, out of an arbitrary but orthonormal set of

mlk
base vectors § 19 ,m=1...N

k
Sf, kQ = g (r 9) M1/2

so that

m’ k 1/2 add3 Ako
A _%g(t e)M’” dn(l+ot+af) e
'Vkef[l!p;'(r)lz_|T}L(r)|2]0(r’RkQ)d1’
— =104 __ - —1/2 7%
e ek (N
vke J‘Tl Y]f(r) (r, ng) er? .

We now make the expansion
)
“’“’ 22 Vao [ W) W3(r) O(r, Rg) de = > "CLE (]| ko)

m=

and a particular choice of eigenvectors.

k
) G *Vkef[lpl — |72 (*1C (r, Bro) dv,

<(1,

where normalization gives

0f = % |Wie J[| P (r)|2 — [ Pa(r)[21C(r, Rio) dT |2,

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

2.27)

Using these representations in (2.33) and (2.24) along with the approximation

Mi=My=2M, we get:
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e asd)20, B (B wasyEH,
A7 = 47(1 + ot + af) ;@g(t 0)00&(1‘0)— dn(l + of + a9) Cob1s,
(2.28)
A 1 8 e B ¢ | & 2
S SoA (=6 E[t nor glm! ") or 2301
: lgrzt i { ir) (1 -+ a9 E( ’le) mztl mg(m[g)Q‘ (2 3o)
2 n
—_ —1/1 __ e n nr oor
- 221/21‘1,7 (1 517) VMO(I —J(-O(.e) W;;:Iom m (229)

Our special choice of lattice eigenvectors results in only one mode suffering a
coordinate shift. This we call the “local mode”. Of the # modes coupled to the
electron in (2.29) this is the most important since the operator ! can induce
large changes in its quantum number. Hence we neglect the coupling of the electron
to all modes but the local mode and finally obtain:

’ of ay2m 0
A;ln = ﬁ'?:*—ﬁ)“ C() (3” N (230&)

2 e2 h .
=— |/ ~1n0r OF . OMOP . ‘
Al = M() (1 i ae) r=2Al,r 01 Ql . Cl Ql (2 30b)

2.2. Choice of Wave Functions

We need only consider a dynamic wave function for one of our two electronic
states so we develope the F-centre ground state wave function. The symmetric
matrix A defined in (2.4) has A;; =0 as is shown in appendix A, so that for a
non-trivial dynamical expansion we are forced to use a minimum of three functions
in (2.1).

Both Schmid [11] and Renn [12] fitted the ground state with the static wave
function

83
Pi(r) :V-% (14 pryefr (2.31)

but since we need two move functions that are orthogonal to this we find it
simpler to use a hydrogenic wave function — also fitted in [11] — to describe the
static wave function. The other wave functions in the expansion must be s-type
since the operator *#" transforms as I under operations of the crystal point
group. Thus we choose

i) =“ /g e fr (2.32a)
‘F}%(r)=_ 5% (1 ——%ﬂr)e’”’, (2.32b)
Y3(r) =W ?53; (1 — —i—ﬂr + ;7 B2 rz)e‘%ﬂ'. (2.32¢)

Then using (2.30b) and (2.32) we expand (2.1) as a function of Q¥, taking terms
in the power series to first order to obtain

Yr(r, Q) = Vi(r) + (CL, PR (r) + CE Vi (r) QF . (2.33)
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For the conduction band wave function we take a plane wave normalized to the
volume of the micro-block. The micro-block contains one defect

Ply(r) = Q-12eir

We further assume that transitions occur only from points near the bottom of
the band, | k| ~ 0 and so have:

Pl (r) = Q-102. (2.34)

2.3. Phonon Wave Functions — the Dressed Phonons

The “dressed phonons” are obtained from the lattice wave functions in the
harmonic approximation by solving the anharmonic phonon-phonon interaction
problem. A derivation based on the resolvent techniques of Rampacher [15] is
given by Stumpf [8]. The problem has been considered fully in [14]. We restrict
ourselves to those terms diagonal in the resolvent and consider phonon-phonon
interaction arising solely from the third order term of the crystal energy expansion.
A further simplification is obtained by performing the calculation in the perfect
crystal. Schwarz [13] gives:

{m'| e | m) ,
wn Ry = | my 45— ‘i | m (2.35)
™ gn — B+ 5 T
where
I'm=2n Z|<m|“9f|m')]2 é(Ey, — Ey)). (2.36)
=
We use the notation
8N+1
[my =] T[ms (2.37a)
=1
and in particular
3N+1
|m) = ll>tlj2 ED (2.37b)

where |I) is the local mode wave function.

3. The Anharmonic Interaction

We express the crystal lattice energy by the phenomenological potential

U 1 Z " { —e? b } 3.1)
=2 2F\TR—R;| T TR—R;" .
and consider small displacements from the static equilibrium positions

Ry = R,‘C’g + Xz, . (3.2)

In a Taylor expansion of (3.1) about the static positions the first order term is
considered zero as a requisit for equilibrium. Then the zero order and second order
terms yield the crystal hamiltonian in the harmonic approximation. Phonon-
phonon coupling is provided by the higher order terms in the expansion. We
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restrict ourselves to the third order term

1 R l v I
a’f = —T z Gaa'oc" o X(X Xd' ’ Xa” ’” (33)
3 Ml u K #
.‘l#,:”
where
oo’ o ‘u‘u',u" - aXa, u aXar [u' 3Xa~ [u” 0 8 ) .

Heinzel [14] has considered a more general approach involving terms of higher
order.

l
We transform the displacements X, (y) into reduced coordinates

Ya<l ) = M* X, (l ) (3.5)
Iz Iz

and expand these new displacements into the normal modes of the lattice. The
transformation matrix is found from the eigenvectors of the harmonic problem
and these satisfy ortho-normality and completeness relations

Ik 1K
* frosnd ’ ’
%Ea (ﬂ U)Ea( ]0,) = 0w’ Ooo” (3.6)
1k Uk
kzg: (‘u 0') o (/‘, | o') = Ooo’ O Our” (3.7)

Stumpf [10] postulates in his simplified crystal model that the local mode can be
constructed by taking a linear combination of L.O.P. modes. We find it is more
convenient to assume that the local mode is an additional independent mode of
the crystal. As a direct consequence of Stumpf’s hypothesis this mode will be
orthogonal to all crystal modes except the 1.0O.P.’s where there will be a small
overlap. However we are interested solely in the coupling of the local mode to the
“continuous” spectrum of the acoustical phonons, where the orthogonality is still
good. Hence our expansion of (3.5) into normal modes is:

f)elior gl o oo

where the k summation is over the whole of the Brillouin zone and runs over all
branches. We substitute (3.8) in (3.3) and select only those terms that contain
the local mode and acoustic modes

l ll lll
1 Gaa’a” 7
o — - 17

2 {& (’\1)25 (l' k)& (l” k,)QQ Q
2 it (MuMy My)tf? *\u i A\ o) 3w | o) RO RO
i w
l 14 " |k
o 18| 11 a0 H S I 3.9
s (#’ )E (M )kzg (u ;cr)Q‘Q"} (3.9)
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Fig. 1

Mirtle [16] has solved the harmonic problem and gives for the acoustic eigen-
vectors:

12
ol o
where
Mo= M1 Ms(My + Ms)™1
and
sin O cos @y — sin @y cos Oy cos Dy,
es(k) = |sinOysin @y | ;e5(k)=| cosDr |;eq(k)=1|cosOpsinD;| (3.11)
cos O, 0 — sin O

are the polarization vectors for the longitudinal and two transverse modes re-
spectively.
From (2.26) our local mode eigenvector is

za(l *

9) = (—1)>7¢ Fyo €44 (k) (3.12)

and
Fro=|C5 Vie [[|PE(r)|2 — |Peh(r)|21C(r, Rio) d7| . (3.13)

From his calculations Mértle estimates an average L.O.P. frequency which is
associated with our “local mode”. We also assume that the dispersion relations
for the acoustic branches can be represented by straight lines. The Brillouin zone
is assumed iso-tropic (Fig. 1).

We now write the normal modes @ in terms of creation and annihilation
operators

BoO\L2
Q1= (——) b+ b, (3.14a)
wo

i O\1l/2
Qo= (EW) (@xo + al, _4) (3.14D)
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where we have the following commutation relationships

[0k, @5'w] = Boo’ Ouwe; [6,b7] =15 [bF,all)] = 0. (3.14¢)
On substituting (3.14) into (3.9) we get a large number of possible operator
combinations. However if we consider an energy conserving process, i.e. the
calculation of the phonon line width, then only two combinations remain, being
bal,al; btagrasy . Secondly with the proposed model of the Brillouin zone
this energy balance is possible only if both acoustic modes come from the longi-
tudinal branch. For the calculation of the transition rates all combinations are
possible but since the major contribution comes from the above terms we take
only these to have finally

o= > Ak, k) {ba' yal p + bt ajay} (3.15a)
kK’
and Ak, ¥) ( 73 )1/2 My Z G (Z U l”)
’ - 8()00’02]’91 lkll 2N1M1M2 wr xe lu,[u'lu”
puu'w”

ao’o”
X (— 1)3-#e*Rrw etk Rry o4y, (k) eqqrr (K') Foy My Peqa(lp) . (3.15D)
The properties of the coupling constant G related to the crystal symmetry and to

the potential (3.1) can be found in Leibfried and Ludwig [17] and also in [16].
Translational invariance of the lattice gives:

I 0r—11—1
G’ 7 Goorar” ’ " (3.16a)
MU noou M
and inversion symmetry
l ll lll . l — Zl . lll
G|, ,,]=— Goora , o |- (3.16Db)
iy [ R

The potential requires that Ry, = Ry, or Ry, = Ry+y» and if we use a nearest
neighbour interaction model then the G are defined by only two independent

parameters 6 o2 b
D=y =+ +2) s (3.17a)
3e2 b
D= — T +2) (3.17Db)
and we obtain the following table:
Table 1
00! 00! 001
-1 - e e
Rlud Glrxa (112) GZua (112) G3aa (1 1 2)
d, 0 O 0 by 0 0 O Dy
(1,0, 0] 0 @ 0 D 0 0 0 0 0
0 0 @ 0O 0 O D 0 O
0 P2 0 D 0 0 0O 0 O
[0, 1, 0] @ 0 0 0 & 0 0 0 &
0O 0 O 0 0 @ 0 &3 0
0 0 @ o 0 0 Dy 0 O
[0, 0, 1] 0 0 0 0 0 & 0 @ 0
D 0 0 0 Pz 0 0o 0 9D
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4. The Line Width
From (2.36) we have

Tim=27 > [<Im| 8" |I'm")|2 6 (B — Ef) (4.1)
U'm’
and (3.15) gives
oy = ZA (k, k') {bal rat 1 + blasay}. 4.2)
kE
Tt is convenient to define a delta function of the form
L+ kK

where the index ‘#’ runs over all acoustic modes with the exception of two. Then
for a single matrix element of 24" we have

Am| ot | Vm'y = > Ak, k) {[I' (mi + 1) (miy 4 1)]H/2 807,141 0m7y my-1
1314
Om gyt + [+ 1) miymiy 1112 00,11 Omlyy myb1 Omiy, i1} 4. (44)

The summations over the complex conjugate k vectors must be done separately
but this second sum is reduced to single terms for a fixed initial and final state
so that (4.1) becomes

Im=2n z ZlA k, k') 12 {V (mj + 1) (mle + 1) S0, 141 5m’k, m,‘_ldm'k,m,‘,~1

U'm’ kK
+ "+ 1) mymy Oy -1 5mk,mk+1 Csm;‘,,mk&l} Aa( ;;n - ?m’) . (4.5)
We have for the energy of these phonon states
T =0+ Dhoo+ D (my+ ) hv|k| (4.6)
E

using this in (4.5) and performing the sum over the intermediate states immediately
gives us

Iim=2a 3| Ak K)|2 {0+ 1) mpmp + U(myg + 1) + 1)}
Pl
X(S(hwo—hv([kl +|k’|)). 4.7)

We can proceed no further until we know the dependence of m,; on k. Hence
we now consider a thermal average over all acoustic modes and define.

Ty=W > Iy e~ P 7 mihor (4.8a)
m
where N =]T —eFhor, (4.8b)
=1
These summations have the effect of replacing m, in (4.7) by its thermal average,
7y, = (eP1*1 — 1)-1, which depends only on the modulus of k and (4.7) becomes
Ti=27 5| Ak, )2 {( -+ 1) g e + La + 1) (o + 1)}
s
X 0(hwo—Ev(|k|+ |K'])). 4.9)

The acoustic spectrum is a quasi continuum, so we replace the summations
over k by integrations
Z—>N(d/2n)3 [d3k (4.10)
P
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so that (4.9) becomes
I'=2nN2(d[2n)8 [d3k [d3k' | A (K, K')|2
X A+ 1) Mg g + Limg 4 1) (T + 1)} d (o — B (| k| 4 | K'])) (4.11)
while (3.15b) gives

73 M3 L
|4k K)]2 = T 32w002 | k||K'| N2 M? 2 ZG““’“"( )

5 v tt’t”" pwap
up'pw” 00’0
ac'a’ BB'B
ety | L,
Gﬂﬂlﬁ” ( , ”) e“‘ « (Ryryr — Ryrpr) et K < (Ryooyre — Ryorger) (412)
oo
X esqr (k) espr (k) esor (K') eag (K') (— 1)#+C eso (I p) eap(to)
F;u th
M M=

We notice that all the angular k dependence occurs in (4.12). We choose our
axes such that
k- (Rl/t"‘RtQ) = lk] IRl/t—‘RtQI GOSG}C

and the @i dependence then lies solely in the polarization vectors. The 0 inte-
grations in (4.11) are now of the form

. sin2 @

i|k|| R — R . .
fe’] 1 Ruu—Rigl €03 0 J 31 0, cos O | sin Oy dO
0 cos? Oy

which throw up Bessel functions of first type with argument proportional to
| k| |Riy — Ryp|. These terms make the subsequent lattice summations and | k|
integrations complicated as both have to be done by numerical means. Hence
we take an approximation.

gtk Bu—Reg) O, to (4.13)

and all the angular k integrations become:
n 27
_fsin OrdOx _fd @k €ao (k) esg(k) = 4 7 da,p. (4.14)

Using this result in (4.11), (4.12) we obtain
73 i3 M2 _ ) i
Fl 960()’02M2M2 ( )/k dk /kdk{ mkmkr—{—l(mk,—]~1) (mk,+1)}

l ll lll tll ZII
X 6(h wo — hv(k + kl)) z Gg‘“’“”( ’ //) Gﬂa’a’ ( ’ //) (_ 1)ﬂ+9 (4'15)
i mp eu p
a'o "

Flu Fte
X egq (ll-‘) eas(t0) =173 771 M1/2 M1/2 .

The remaining integrations are now separated from the lattice summations which
is a vast simplification. We now use the properties of the coupling parameters to
further simplify the summations.
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Using the facts that we have a two point potential and inversion symmetry

v L r
z Goux’oc” 7] Gﬁa’a” A7
i pu o p
111 L1l N L
:Gaa'a” " Gﬂd'o{” " +GW1’¢” "o Gﬂd'd” "o
b opp pu on’
Ly Ll ¢l
= Gooor o | 1 Gparar | — Gparar oo
By oup ou

The first term is non-zero only if to=1Iu, a=p or tp=1"u"; while the second
must have p = u

v ¢l 0 1
ZG‘X“'“” A Gﬁa'a“ TE Gaa’a" " 5aﬂ 6t91lﬂ
Uy

pu p ou p H

A A tel”
~ Goorarr ppu G’ par pp Oto, 1w — Gporar oou” 5u9} . (4.16)

Substitution of (4.16) into (4.15) gives:

73 13 M3
nzgww”WM2@n>/}dk/}%

X A+ 1) Mg g + L + 1) (Mg + 1)} 6 (Bowo — Bo(k + &)

l l lu F l l l”
Gzaa ( ”)i e%a(llu) + G ! ”( ) 417
|§ o'\ | o, %,““ pup i
i o
ao'a’ apo'a’
l l l” Y lﬂFl” l l l”
X Ga"ﬂa'(#‘u# )e4a(l,u) esp(l'" ') (MM )1/2+ z e’ (‘“ﬂ/‘”)
up'’
afa’a’’

ttl luFtu
+ G ( )e Lu)ess(t .
B’ ,uy,u 4 ( ,u) 45( /,l,) ”

From Table 1 we see that

111l
sz ( " ):z@ua@;)

and since zeia (lu)=1,
(4.17) can be finally written as
=04+ 1)y14 1y (4.18)

where

y1=LS. I (m); yz=LS. Ip(m+ 1) (4.19)
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R MK, [ d , P2
LS = Yo iz 12 (% %‘ @ +6q)) ﬂ’

1171 1 FluFlu
+ ¢ —— Gor o l "
l,,z" [ aox (‘u,u‘u") o’pa ( ”>e4a( weas"p )(M1M2 1/2

Hup
apala’

1vu ttl” FiuFou

+ Gaa’a” ( ”) G’ i ( ) €4 (l ) €4 (t ) T } (4'20)

> ppp) O g ) ST SO
where Ry, is a nearest neighbour to both R;, and Ry, .
ks ks
wo
= k§3/k’dk’/kdk g g O (U —k— k'), (4.21a)
0 0

Ip(m+ 1) = kgz® /k’dk'/kdk (g, + 1) (T + 1) 8 ( ~—k—k) (4.21D)

A full thermal average of (4.18) then becomes

(Tpy = (L —e=Phoo) 3 Tye~heo0 — (I 1) 1+ Lys, (4.22a)
7
I = (ePheo0 — 1)1, (4.221b)
Consequently
Tpey=0+c+)y1+I+e)ys, ¢=0 (4.23a)
=) = (e PP [ 1) py + e=Phoo [y (4.23b)

b. Non-Radiative Transition Matrix Elements

The form of the operator *¢" is well known [18]. When written in normal co-
ordinate representation we have for its non- diagonal matrix elements
2 3N+1

h ’
v'm’| 8 |nm)y = — tZ {(vaﬁ | <P |- an [Y]ﬂ>lyjﬁ>

PR Wl ¥ s D). 6

But our electronic wave function (2.33) is a function of only the local mode and
then only to first order. Hence (5.1) takes the much simpler form in our case

' m'| W |nmy = — B2 (W | aQ | Y /<Y"‘| ]‘P,Z, 5.2)

where we have used the hermitian properties of {®. We now identify the states
[n, m) = ¥re(r, Q1) PEC(Q1), (5.3a)
|n'm"y = Per(r) PSF (Q1) -, (5.3b)

We now transform to dimensionless normal coordinates
Qi = (Blwo) 2 gz, (5.4a)
APB FC — (27 /wo)1/2 o O1¢ (5.4Db)
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and
[ 4 CB 0 FC
{n'm l tf]nm} =—hwo <IFCBI—” l Yy V% | = l Yroy. (5.5)
o 0q1
In particular we have

0 Bo\U2
I = <TCB| Tq; I Yre) = (m) /dr[O’El l—pﬁ(") + C§1 11”]?‘(")] - (5.6)

The integration is over the microblock volume but this is sufficiently large
— ~ 105 d3 — that we replace it by an integration over all space. The wave
functions from (2.32) give:

/dr%‘é(r)=_32 /%‘;‘ /dr?fg(r)=72 %ff (5.7)
Hence
B 1/2 - -
In= (Wtﬂ?') 8(9)/3CE —4}/20F,). (5.8)

The coefficients CJ;, CF, being defined in (2.30b) while the phonon-part of (5.5)
has the form

) l o ik
] 5 | TR = |<im + 3 LDy

ok Elm—Ejk“Eij

s Rl

0
X Sor |ll m’y + .
n " Byme — By + 3 Ly

178> (59)

where we have used the dressed phonons of (2.35).
The partial transition rates (1.2) in this notation are

2n

0
Warm mm = — ﬁzw%-’iI(Y’ﬁBl@TIT£9>I25(E?£~ bw) . (5.10)

For an exact energy balance in (5.10) we must use the continuous spectrum of
the acoustic phonons since in general the electronic energy change will not be
an integer multiple of the local mode energy. Thus in (5.9) we are forced to drop
the term diagonal in the harmonic phonons and take those linear in %"

<‘I’7CnB|‘a'Z‘l~|Y’£'C>= 2. <lm|af‘7i-c> <ikl‘az—1|l'm'>
ik Bin— B — 5 I'e
. J .
GR oA |V <lm|—a§|7’k’>
+ 2> — : (5.11)

7k Eym — Bpgr + = Ty
2
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We have immediately
0 P '
{Im| a_q{” m’y = | % |z>1j Smymy = D} Ha’”" ! (5.12)
so that (5.11) now reads
Am| oA [jm")

@] | =T ;
7 ! Elm_Ejm’_Erjm’

+2

ol (3
! By — Ej’m + E Fj’m

l/
Dj

G'm|et | Um'y

Dy (5.13)

where the summation over the intermediate acoustic phonon states has been
performed.
We now substitute our simplified form of the anharmonic operator from (3.15)

af = > Ak K) (bal yal y + bl agay) (5.14)
kk'

along with the definition (4.3), (5.13) becomes

l./
s a—a" |PESy = > Ak K) | > S e
71 kk Y Elm _ Ejm’ . ,727 I}'m’
5[4 (mi + 1) (mle ++ 1} 05, 102 Sratpmy -1 Oty 1
+ {(G + 1) mpmp 112 65,01 5m’kmk+1 5m’k,mk,+1] (5.15)

Dj/
+ > : -

7 El’m'—Ej'm+ 9 Fj’m

X [{V (my + 1) (mer + D200 5041 Oml, , my—10m), mp—1

+ {4+ 1) miymp }12 6y 501 (sm'k my+1 5m',‘,,mk,+1]l a.

The summations over §, j’ are easily performed. The line width in the denominator
of the first term depends on the set [m’] which differs from the set [m] in only
two numbers of the set. We make the approximation, since the line widths consist
of many terms most of which are the same, that

I im’ = I im -
Then (5.15) becomes:

s 9 FC p Dﬁl
¥ l_aquTW = g;A (k,E)| ——————

Euw—Epi,m— o Li1,m

X [0+ 1) my mpe 2 i, m -1 Omly mp—1
__.D_ll’tl,_

+ o Lo 1) (i DJU2 Ol i1 iy myt1

B
Eum — Erq,m— 5 Iim



Non-Radiative Electronic Capture Rates by a Halide Vacancy 87

Di-1
+ i — [l/ my m,,']”z 6m'k, my—1 6m',‘/, my—1
Eym —Ey 1,m+ 5 I'vaym

U+1
Dl

+ :
Eym — Eyy,m+ 7 Iy, m

X [+ 1) (s + 1) (g + D120ty my1 Oy myi | 4. (5.16)

Thus (5.10) will have the form
YWonrrrme, nim = 27!77/603 % Z|A (k, K ]2
kK

| DI}
. { (Eun — Bra,m )+ 3 Ty im (o L) O O 1
| DIy [?
+ Eim— Err m)? + %le_l’m L(my + 1) (my + 1) 5m’,‘,mk+1 5m’k,,mk.+1
N 1Dy

Erw = Brm? + 15100
X (I + 1) (mg 4 1) (mye + 1) 6m;‘,mk+1 6m;‘:,mk,+1

N | Dir—y|?
(El’m’ - El’—-l, m)2 + %Flz'_Lm
X ll mk mk’ am;‘,mk—l 6m;‘,’m",—1 A(S(EIC;LB - EF;,,Cn/) (5.17)

because the independent k summations in the complex conjugate of the matrix
element are reduced to single terms by the Kronecker delta functions that appear
there.

To calculate the total non-radiative rates we have to perform a thermal
summation over phonon states in (5.17). This is done in the next section.

6. The Thermal Weighting
(1.3) gives us

tWarn (B) = R W nrrme, nim e~ Phoo= B o (6.1)
Jm,
and
N = (1 — e P (1 — e Pho). (6.2)
t=1

We first consider the summations over the acoustic phonon quantum numbers
in (5.17)

Zth’l’m',nlm: 2nkwdl z[A(k K2
m’ kK
| Dl |2

% { (hwo— ho(k + k)2 + 1% 1m

(U 1) mymye 8 (B)
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U2
+ (kwo_m(ﬂ“k{i) sy, et D e £ 1) 5 ()
+ D 1] e (U 1) (my + 1) (mae + 1) 8(B)
(hwo — hv(k + k)2 + § Fl+1m
+ | DI U mgmy 0 (E1) (6.3)
(hwo—ho(k+ k)2 + 3213, = *0 '
where
0(E1) = 6 (BB — Eﬁ?ml...mrl...mw) , (6.4a)
0(B2) = 6 (BB — EXC Omgeeomytlmgy) - (6.4b)
We now write the electronic energy change as:
Epp — BpY = TFwo(ro + 0) (6.5)

with 7 integer and 0 < § < 1.
The case § = 0 implies we have exact resonance conditions when an energy
fit could be obtained using harmonic phonons only. Substituting in (6.4) we have:

0(B)=0(hawo(l+ro+d—1)+holk+ k), (6.6a)
0B =0l wo(l+ro+0—1U)—hok+k)). (6.6b)
However there is a maximum energy that two acoustic modes involved can be
excited by emez = 2%vkp <2k wy, so for the delta functions in (6.6) to be

satisfied we must have 0 < |l +ro+ 0 — I'| < 2. Let I’ =1+ ro 4 s where
s=0,41,+2... then we must have for (6.6)

1
8(B1) = D 0v 1irerst10(Bewo (0 — s — 1) + Bo(k + k), (6.7a)
8=0
25, Jirors—10 (B (0 — s + 1) — ho(k + &')). (6.71)

Thus the final local mode state is closely defined to one of two levels. We substitute
(6.7) into (6.3) and use the Dirac delta functions to remove the k, &' dependence
from the denominators.

Z‘qum aim =2kl I? 114( Z|A (k, K')|2

m’ §=0 kK’
+ 1) | Dy 2 :
ﬁzw%(s — (S) + l].,l+1m(Sl"l+ro+s+1mk’m,k'(S(;i(,l)o(é' —I— 1— (S) — hi)(k —I— k ))
1D, |

Rof(s — 02 + 317 1 m
X O, tirgrs—1(my + 1) (myr + 1) d(hwo(s — 1 — 8) + hv(k + &)
I+ 1) | Di+12
o (8—5)2+irl+1m
X Ov, Lirgrs—1 (M + 1) (myr + 1) 6(Bwo(s — 1 — 6) + hv(k + &)
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v\ oyt
RRwg(s — 02+ 1 I 1 m

X 61’,l+ro+3+1mkmk'a(ﬁ (/)0(8 + 1— 6) -_ hv(k + k’)) . (68)

The summation in (6.1) over the initial acoustic modes is not possible because
of their occurrence in the line width. The same applies to the local mode summation.
Hence we approximate (6.8) by replacing I'; by <I7)>. The summations over m
then reduce to replacing my by its thermal average i, = (e** — 1)-1. (6.1) then
becomes:

i
W, n(B) =2ahof iy (1 —e )% 55 | A(kK)|2 e Fhoo

§=0 W' k¥
{ (14 1) [D]}4[?

B2 w3(s — 0)° + § <Ttrn)?
X 01, t4rgts+1 Mg Mg O (Fewo (s +1 — 0) — hv(k 4+ &'))

1| D}_, |2
B2wl(s — 0)2 + 1 ([-1)?
X 8, teyprsmt (s + 1) (e + 1) 0 (Brav (s — 1 — 0) + ho(k + &)
(' +1)| DI +1]2

TRl — 0+ § e
X O, 1ergrs—1 (Mg + 1) (Mg + 1) d (Ao (s — 1 — ) + Fv(k + &)

riDie
B2 wf(s — 6)2 + § {Jp-1)?
X 00, t+rgrs+1 Mu My O (Fwo (s +1 — 0) — hv(k + k'))} . (6.9)

The k summations here are very similar to those that appeared in the line width
and we treat them in a likewise manner.
Analogous to (4.2) we define the integrals:

ks kB
I5,(m) = kg ® [ dk’ [kdk mkmk,(s(ﬂ 1—0+ 8 —k— k) (6.10a)
0 0 v

ks ks
I(m 1) = kg® [ dk’ [kdk (7 + 1) (7 + 1)6(5;3 (1 +0—s)— k—k>
0 0

(6.10b)
and using the lattice constant of (4.20) we obtain for (6.9)

1
W e (B) = wo I Fwg LS > (1 — e~ ooy S o= flfiwo
IR

8=0
% {_ l|D§,~1|2 51’,l+rio+s~1
B2 g (s — 0)2 + 1 <L 1-1)2
" +1) | DY +1]2 Ov, L+rots—1

. [+ 1) | D |20 sergrss
Iw(m + 1) + ¥h2 wg(s _ 6)2 + %<Fl+1>2 Iw(m)

B2 wE(s — 0)2 + 2 L 1irgrsp? Lypfm+1)

Z'ID%’—llz Ov, 1+rgrs+1 }
AL IE (m)}. 6.11
R0k (s — 0 + 3 Tremraye 2™ (6.11)
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Only the local mode summations remain. These are of the form:
FOL(e) = (1 = =) 301 DYy [20r,tinvecs, (6.12a)

FO3(s) = (1 — e #te0) Ze Phoo (1 + 1) | DY\ |2 00, t4rysse1,  (6.12Db)
FC3(s) = (1 — e~ Fhow) Ze—ﬂ’ﬁwo @ + 1) | DY 2680 1ergrs-1,  (6.12¢)
u

FCu(s) = (1 — e=w0) 3o Ao | DI=12 800 1o (6.12d)
1144

They can be evaluated exactly using the techniques of Heinzel [14]. The method
is an extension of the theory of Koide [19]. With the following notation
9 2 PRI wo )

] (6.13a)

B, = e——a’(27+ 1) pvBhwo Iv(
I = (ePPoo — 1)1 (6.13D)
and with o defined in (5.4b) a long but simple calculation gives us:
FCy(s) = 3 U{atl(l + 1)2 By s—3+o2(l + 1) [4] + 1 — 2a2(3] + 2)] Br 452
42041 =227 + 71+ 1) +a2l(1512 + 201 + 6)] Bry+s—1 + «2[202 + 131

4+ 1 —4a2l(512 4514+ 1)] Brys + I[2 — 202(T] + 2) + 24 (1512 + 101 + 1)]
X Brotsi1 + 2022[2 — a2(3] + 1)] By 1512 + 0413 By 4513}, (6.14a)

FCy(s) =3 (I +1) {ot( + 1)3 Bryys—s + 202(I + 1)2[2 — «2(3] 4 2)] Br,+s-2,
+ I+ )[2_2“2(7l+5)‘{‘014(1522‘}“202‘{‘6)]31'0%—1

4+ a2[2002 + 270 4+ 8 — 42+ 1) (512 + 51 + 1)] By 45

+ 214+ 1—2a2(TR+ 714 1) + ot 4 1) (1612 + 101 + 1)] Bryrs+

+ “2[41 + 3 — 20(2(l +1) (3Z +1)] Bro+s+2 + 1422(2 +1) Bro+s+3} s (6.14b)

FC3(s) = 3 {a4(l + 1)4 By ys—3+ o2(l + 1)2[4] + 3 — 202(l + 1) (3] + 1)] Bryss-2
+[( +0@I+1) =220+ 1) (TR+714+ 1)+ at(4+1)2 (1612 + 101+ 1)]
X Byots-1+ a2l[2002 + 270 + 8 — 402(l + 1) (512 + 51 + 1)] Br+s
+ 2[2 — 2a2(71 + 5) + at (1512 + 201 + 6)] Bryss+1
+ 242 I3 [2 —a2(3 ! + 2)] Br0+s+2 + ot I Bra+s+3} s (6.14¢)
FCy(s) =3 {o(l + 1)* Byryus-3+ 202 (I + 1)3[2 — a2(3] + 1)] Byyis-2
+d+ 1)2 (2 —2a2(70+2) + at (1512 4 101 4 1)] Bry4s-1
+oa2(+1)[2002 + 131 + 1 — 4a2l(512 4 5] + 1)] By s
+0@l+1) =227+ 714+ 1) + a412(1512 + 201 + 6)] By 4s+1
+ a2 I2 [4l +1— 2a21(3l' 4+ 2)] Bro+s+2 + atls Bro+s+3} . (6.14d)
Substituting (6.14) in (6.11) we obtain the final result

tWrc,c(f) = wo I hwo LS Z {nz F(fl_(s; )Izwimg 1%)35

FCz( 8) I3, (m) FCs(s) I, (m + 1)

B2 (s — 0)2 + 1<{Tud? | RRwd(s — 0)2 + F T haryes)?
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+

FO, I, (m) }

h2 w% (s — 0)2 + 1 T4y 42 (6.15)

7. Numerieal Calculations

We take the lattice parameters from Renn [12] while the electronic variational
parameter in (2.32) is from Schmid [11]. There were, however, no accurate cal-
culations of the energy difference between the F-centre ground state and the bottom
of the conduction band available. Consequently we obtain an estimate of this
quantity from experimental data.

If E,; and E,; are the energies corresponding to the maxima of the absorption
and emission spectra for radiative transitions between the 1s and 2p states of
the F-centre we have:

Elzrﬁ _Ellfr’z: %(Ea +Ee) (7-1)

and if ¢; is the thermal ionisation energy of the excited state then we have our
required energy difference:

By — By =3 (Ea+ Be) + . (7.2)

The spectral data comes from Gebhardt and Kiihnert [20] while the ionisation
energies are from Swank and Brown [21]. We can also estimate the zero-point shift

of the coupled oscillator coordinate between the 1s- and 2p-electronic states.
This is

Agh=2 = ( (7.3)

From (2.23) we see that if the excited state is very diffuse compared with the
ground state then the zero point shift will have only a small dependence on the
exact form of the excited state wave function. Consequently one expects the
zero-point shifts to be similar for all the excited states of the F-centre and this
seems to be so [22, 23].

The lattice summations were performed using the procedure of Renn [12]
which gives rapid convergence of charge dependant summations. The phonon

Eo— E,\L2
ﬁwo )

Table 2
NaCl NaBr KCl KBr KI

BIA1] 0.40 0.40 0.40 0.40 0.35
d[A] 2.820 2.989 3.147 3.298 3.533
oe 0.902 1.044 0.820 0.922 1.087
.14 1.886 1.901 1.563 1.571 1.582
wo X 10713 [sec—1] 4.0 34 3.2 2.6 2.1
v X 10-5[cm - sec1] 5.5 4.3 5.1 4.1 3.1

v — Ein [eV] 1.95 1.8t 1.91 1.63 1.46
ro+ - 73.93 80.43 90.87 94.96 105.70
t Estimated from Loffler [24].
B electronic variational parameter, d lattice constant,
o®, a8 polarisation parameters, wg local mode frequency,

v velocity of sound
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integrations were evaluated using a standard Gauss integration method. In Table 3
we compare the zero point shifts calculated from the wave functions (2.32a) and
(2.31) with those estimated from (7.3).

Table 3
Aq NaCl NaBr KCi KBr KI
(2:32a) 4.32 4.75 4.86 5.42 5.19
(2:31) 5.48 5.91 5.89 6.46 6.42
(7:3) 8.02 7.2 7.22 8.19 8.71

We immediately see the strong dependence of the zero point shift on the
actual form of the ground state wave function. However the large discrepancy
between these values and those from (7.3) cannot be explained. While a more
exact derivation of equation (2.14) might bring some improvement the discrepancy
is more likely to stem from our assumption that the local mode frequency is
independent of the electronic state. From the spectral data, effective frequencies
of the local mode associated with emission and absorption are calculated in [20].
These frequencies are different from each other and also from our effective fre-
quency. Because of the extreme sensitivity of the rates to the absolute value of
the zero-point shift we use the values given by (7.3) in our calculations.

In Tables 4 and 5 we give the linewidth parameters y1, and ys from (4.18) as
a function of temperature. For our temperature range we have I'; <€ kg for all
in the range 0—1000 so that we can see from the size of § in Table 2 that we are
far from a resonance transition.

Table 4
T (°K) NaCl NaBr KCl KBr K1
0 0.0 0.0 0.0 0.0 0.0
50 1.50 - 1022 1.88-10-22 4.61-10-22 7.00-10-22 1.49-10-21
100 4.88-10-21 4.14-10-21 9.17-10-21 9.74 - 1021 1.56 - 10-20
150 2.05-10-20 1.55-10-20 3.34-10-20 3.20- 1020 4.74-10-20
200 4.89-10-20 3.53-10-20 7.49-10-20 6.83 - 1020 9.73 - 10-20
250 9.07 - 10~20 6.36 - 10-20 1.34-10-19 1.19-10-19 1.66 - 1019
300 1.46-10-19 1.01-10-19 2.10-10-19 1.84 - 10-19 2.52-10-19
v1(T) (erg).
Table 5
T (°K) NaCl NaBr KCl KBr KI
0 5.84 1020 2.85-10-20 4.71-10-20 2.59 - 10-20 2.29 - 1020
50 6.78 - 10~20 3.40-10-20 6.12-10-20 3.72-10-20 3.69-10-20
100 1.04 - 10719 5.56-10-20 1.06 - 10-19 7.09 - 10-20 7.77-10-20
150 1.57 - 1019 8.78 - 1020 1.71 -10-19 1.20 - 1019 1.38 - 1019
200 2.25-10-19 1.29- 1019 2.54-10-19 1.84 - 10-19 2.17-10-19
250 3.08-10-19 1.80-10-19 3.56 - 1019 2.63-10-19 3.14 - 10719
300 4.05-1019 2.39 1019 4.75-10-19 3.56 - 1019 4.30- 1019

ve(T) (erg).
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This will invariably be the case for transitions between discrete electronic
levels. Consequently our approximation in (6.8) where the linewidth is replaced
by its thermal average is good. Numerical values for the rates from the band bottom
to the F-centre ground state, calculated for a microblock volume 2 = 105d3, are
given in Table 6, columns (a). The relatively small values obtained can largely be
attributed to the nonresonance character of the transitions. We performed a
similar calculation where we increased fractionally the energy difference and there-
by moved towards the resonance condition. The resulting rates are given in Table 6,
columns (b). These are much greater than the non-resonance rates. However they
must be regarded as estimates only as the approximation of (6.8) is no longer good.

Table 6
T NaCl NaBr
(°K) (a) (b) (a) (b)
50 25  .11-108 88-10-10 2.1

100 1.1 97 - 109 .56 -10-8 57103

150 11 .62 - 1010 .59 106 .26 - 105

200 110 181011 .36+ 104 41108

250 520 41 - 1011 A1-10-2 .38 - 107

300 3700 J7- 101 017 22108
KCl KBr KI
(a) (v) (a) (b) (a) (b)
.23-10-13 20104 64-10-8 1.5 241010 43
19-10-11 .012 14105  92-103 .62-10-7 .58 108
62109 1.1 41-10-8  .51-105 50-104 .66 - 105
12-10-6 54 .037 .10- 107 61102 A7-107
.10-104 A3 104 1.2 .88+ 107 .20 .18-108
37103 A7-105 18 48 -108 3.0 15-109

tWFC-CB (ﬂ) . (sec—l).

For a near resonance transition the electron must have an energy of the order
3B wg ~ 10 meV above the band bottoms. This is the same as » 7' at 125°K. If
we consider the electronic excited state as a localized polaron, which is more
realistic, then we have a discrete set of states instead of a band. There will be a
thermal distribution of the electronic energy over these levels and thus near
resonance transitions become possible at finite temperatures. By summing over
all polaron states with a suitable thermal weighting factor one can obtain a total
non-radiative capture rate for the vacancy. In practice the summation can be
restricted to energy levels close to resonance as the rates fall drastically when one
moves away from this range.

We can now consider a simple model for the quenching of F-luminescence and
compare it with experiment. The F-centre excited state lies very close to the
bottom of the band and if this state is a mixture of s- and p-type wave functions
as is postulated in [23] then the electronic overlap integrals for the two transitions
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=3 Conduction Band
F*
Y 1
£ =z F
\ 4 y F
Fig. 2

will be similar. Hence we can say that non-radiative transitions from the excited
state to the ground state are of the same order as those from the band minima.
These rates are very small compared with the radiative transition rate which is
approximately 108 sec~1. Thus to quench the F-luminescence we must excite our
electron into the band and then have a fast resonance transition or trap the
electron in a meta-stable level — the F'-centre. Fig. 2 is suggested.

In [23] it is found that the quantum yield of F-luminescence is controlled by
the thermal excitation from the excited state into the band. Capture of the freed
electron by the F’-centre is important as is shown by Markham [25] in his analysis
of Pick’s data [26, 27]. However the F’-centre becomes thermally unstable as
room temperature is approached and in this region, 7' > 170°K, the “’resonance
transition” becomes increasingly important.

In conclusion we feel that a tractable method of treating non-radiative multi-
phonon transitions has been found and that it is particularily relevant to trans-
itions between discrete electronic levels. However the sensitivity of the resulting
rates on ro and Aq requires accurate knowledge of these quantities. In this respect
transitions to shallow defect levels should be less susceptible to inaccuracies in Ag
and so capture of a polaron to form an F’-centre or an excited F-centre would be
worth treating. Complete reaction kinetics for the problem could then be considered.
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Appendix A
(1) Calculation of the Matriz A (2.4)

Ay = 4 aU Al
4= Oui Ooj " (A1)
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The total electronic energy is given by Stumpf [10]

Un=—2—n7P —I—ZZkQ Pkg/f,, rRkQ)dt-l-H%x—{—%Hgg

1 — '
i /fn r1) €n(re) F(r1, re) dvidrs — D' Prob C(00, ko)n

ko
ZGm.Ice [2kez1u C(ko, L) +bC(ko, L )" (A.2)
*ke
where
Gr)=(1+ae) 28 (r) = (1 + ) 12[e|Pn(r)|2 — a0 d (r — Roo)],
2ro = (1 + a®) 12ap,,
Pro=1+ Mk Vo,

d3
F(ri,rs) = 5 kZVkePkeC(fl,Rke)' Vie Pro C(r2, Ryyp) -
Q

The notation has been taken en-bloc from [10]. The terms appearing are the
kinetic energy of the defect electron, electron interaction with the lattice ions,
exchange interaction with all other crystal electrons, self energy and the
interaction energy of the remaining closed ion shells. The only terms involving the
electronic wave function are the 1st, 2nd and 5th. Since the ionic displacements
Mo fall of very rapidly [11] we approximate by setting Py, = 1.

Only the first two terms are considered as the fifth contains a lattice summation
of the form ZR’c_e4 which falls off much more rapidly than the summation in the

second term.

1 '
= P2+ >'(1 —ae)l eakQ/ |¥n(r)|2C(r,Ree)dv + Uy (A3)
ke

where U? is all the terms independent of ¥y (r).
With the expansion (2.1) we have

W, (r) = ( S a,‘i)_l/z SarPE(r) (A4)
k=1 k=1
we immediately get:
b} )
(aT(i Tn("))ﬁ =Yi(r) — 8uWPL(r), (A.5a)
02 ) .
(W Tn("))s = (8814017 — i) P(r) — 015 (r) — 61 P (T), (A.5Db)
o A 2 2
(80@ 9 [ Pn(r)] )s= 2%¥,(r) (“—_aat 7o SUn("))s‘i‘ (5{1 Ya(r )) (aa, Spn("))s
(A.5¢)

It can be readily seen that all terms in (A.2) contribute nothing to the element Ay .
This is why we are forced to take a minimum of three wave functions in the
expansion (A.4) to avoid a non-trivial result in (2.30b).
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If we define the integrals
Fij= [Pi(r) Ve Pi(r)dr, (A.6a)
fiy= [Pi(r)C(r, Reo) Vi (r) dr. (A.6b)

Then the matrix A has elements
A;1=0

72
A12=*—-[F12+F21]—2 + af)- ezz kg flz,
A= ——[F13+F31]——2 (14 af)- ezsz'fm,
A22=*[F11— Fool +2(1 + o) 1e? Z' Oke (faz — f11),
m £
B2
A23=—’§-n;[F23+F32]+2( + ) 1e22 f23’

B2
Ap=- - [F11— F33] + 2(1 + )1 e? Z  (fs3— f11) - (A7)

The matrix is symmetric.
The integrals (A.6) are

Fu=—p2, F12—F21——8V§/27ﬂ2 F13=F31:_V§/8ﬁ2’
Fzz-—-—-—*ﬂz F23_F32_“_V235 ﬂZ F33:—%ﬂ2, (A‘s)

fu= Rikg [1 — e 2Fs (1 + B Rio)l, (A.9)
frz= E%/g e ¥F[f Reo + 31,

fra= g7 PP (=4 (b Bt 1 B Reg) -+ 1)

foz = L [1 — e PRl + § B Rio + 1 (B Bro)® + & (B Bio)®ll,

1 —5/6 BRxo [ 4 28 2 4 138
fos =33 P % [ (B Bio)® — 75 (B Bre)® + 435 B Bro + 51351,

1
faz = ARTC(; [l — & =43 8Ree (37 4+ 17 B Ro+ (B Rio)® + 3 (8 Rro)®

— 27 (B Bro)* + & (B Bro)?)]
(2) Vector Coefficients in (2.30)
(2.26) gives
Coé(l)kg) = — ng/[[SU1 — | Pis(r)|21C(r, Rip) dr .

The conduction band wave function is very diffuse and we set it equal to zero
in this equation.
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Then
Qo 1 2 Ako
Coé(l)kg) = - Vie | |PE(r)|20(r, Ryp) dt = — Vief1n1.  (A.10)

Normalization implies

C3=>|Vreful2. (A.11)
ke
(2.25) gives directly:
)
a
Tke Viofir = ZnC,'n &(m|ko) (A.12)
€ m=1
so the overlap of this vector with (A.10) is just
”OI = 01_1 Zngfu ngf]_r . (A.13)
ke
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A purely algebraic evaluation of Franck-Condon-Integrals, of transition rates for energy
conserving Franck-Condon-transitions and of the related thermal averaged quantities is per-
formed.

1. Introduction

In a recent paper W. Witschel [1] used a purely algebraic method to calculate
Franck-Condon-matrixelements. The algebraic method has the advantage that it
is independent of the related representations of the algebra in contrast to the
methods used by Wagner [2], Ansbacher [3] and others. Already Koide [4] has
made use of algebraic methods but only partially however and it was a theoretical
progress to treat Franck-Condon transition probabilities with the algebra of os-
cillator-operators alone [1]. A short historical review on the different treatments of
two-centre harmonic oscillator integrals (Franck-Condon-integrals) is given by
Witschel [1].

In the present paper we also want to use algebraic methods for Franck-Condon
transitions. But our method will be different from Witschel’s one. Moreover our
methods will enable us to perform thermal averaging of the respective transition
probabilities. Especially we will get an evaluation of the thermal averaged probabil-
ities for energy-conserving Franck-Condon-processes. We will discuss all that for
one-dimensional harmonic oscillators. It can easily be extended to multidimension-
al harmonic oscillators.

2. Fundamentals

One has two harmonic oscillators with different frequencies w and ' and with
oscillator coordinates ¢ and ¢’ being related by a shift:

9'=q+4q. (2.1)
The canonical conjugates are
. 0 . 0 ,
p=—igr=—ige=p  G=1). (2.2)
The hamiltonians are:
H=73@+ 0?¢?), (2.3a)
H =1(p®+ 0?q?). (2.3b)

The eigenstates of H are denoted by
|0, w;m) = |m) (2.4)
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and the eigenstates of H' by

|dq, ' ;m"> . (2.5)
Defining the oscillator creation and annihilation operators a* and a by
p=1i)w/2 @ —a), (2.6a)
<
¢= ]/55 (a* + a) (2.6b)

then Koide shows that the states (2.5) are obtained from the states (2.4) by the
following transformation:

|4q, w'sm'> =C AUV |m"y, (2.7a)
Aq, 0" ;m'| = Cppem'| V-1UL (2.7b)
with

U = ¢~ (27 g—a8" gaa — ¢ipA2 (2.8)
V = g—48% B, (2.9a)
V-1 = ¢~ B@)gda® (2.9b)
o= V‘; Aq, (2.10)

w— o

w2 — w'?
B = TSow (2.11Db)

U is a unitary transformation, whereas V is not unitary; therfore:

Coi=m/ | VYUrUV |m'y ={m'| V¥V |m'y 1. (2.12)

The problem is proposed to evaluate the overlaps (Franck-Condon-integrals).
0, w;m|Aq, 0", m'> = Cptim| UV |m'y, (2.13a)
Aq, ', m' |0, w;m)y = Cpp{m’ | VLU | m) (2.13b)

respectively their squares:
[<{dq, @', m' |0, w,my|2=<m| UV |m'><m'| V2U-1|m) . (2.14)

The occupation humber operator
m=ata (2.15)

has the eigenstates (2.4). We are interested in the evaluation of (2.13), (2.14) as
well as of the following quantities:

0, w;m| g p*| Aq, ' ;m"> (2.16)
or
Umm = Cm <0, w;m| et%eiv® | Ag, ' ;m") , (2.17a)

2 me = Ot dm’, ', Aq| e=1P0ea |0, w, m) . (2.17b)
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Additionally we are interested in
7m(2) =27 > |<0, 0, m| eteird | Ag, o', m"> |28 (w[m + 3] — o' [m’ + §] 4+ Q)
(2.18)

which represents a general transition probability for energy balanced Franck-
Condon-transitions from the state |m), and we want to calculate the thermal
averaged quantity:

7(B, Q) =1 D eBomy,, (Q) (2.19)
where :

nl=Sebom, B 1[kT. (2.20)

All interesting quantities are known if we have evaluated L pm’, 2lmm’, ym (£2),
v (B, £2) which will all be done by algebraic methods, introduced in the next

section!.

3. Algebra and “Hyper-Algebra”
To evaluate (2.17), we use (2.7):

Upm = {m| emmeipd UV |m"), (3.1a)
2l = (m' | V-1 U-1e-ip0ean |m) . (3.1b)
We have the oscillator algebra
[@,at]=1 (3.2)
and
a|0) =<0|at=0, (3.3a)
M| my =m|m) . (3.3b)

In (3.1) we need a reordering of the operators in order to make use of (3.3).
Especially we need a normal-ordering of e.g. V=¢~49* ¢ That normal order-
ing is generally not possible in a closed form but only within states. To avoid
rather complicated operator relations one can use the following representation :

V= e—A(B/aou)z e eB(B/Baz)’ eaza+|a1=az=0 (34)
with the condition that «y and a2 have to be equalized to zero after having applied
the differentiation operators 9/0u; and 0/das. The advantage of (3.4) is, that we
have no longer any square of the operators a* or @ in the exponents and get thus
a normal-ordering for the operators of the oscillator-algebra simply by the Haus-

dorff-formula (see Sect. 4). The parameters a;,02 and the differentiation operators
0/0a1, 0/0az build also algebras, which we will call "hyper-algebras’:

[0/0oi, 4] =1. (3.5)

1 In this paper instead of y (8, 2) we treat its Fouriertransformation:

y(B,7) = %fd.() e~ 124 (8, Q) (see Sect. 9).
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The problem of algebra-elements appearing squared as an exponent is shifted
from the oscillator-algebra to the hyper-algebras. But there, it will turn out to
be easier handled. The reason for that is the splitting of one algebra (a, a*) into
two (hyper-)algebras (0/d«;, «1) and (0/dxg, ag) or even more than two (see Sect. 7).

4. Hausdorft-Formula and Related Formulas

From (2.15) and (3.2) one gets

ma=a(m—1), )
mat =at (1 + 1) 4
From that we get
e g = gec(—1) = ge—cech (4.2a)
e gt = qt ec(+l) = g+ g gcf (4.2D)

and from that we can conclude

eclﬁ elet — ot2at expe eclfﬁ , (4.3a)

ecn;;ecza — ol28 exp(—e1) ecwﬁ . (43 b)

The Hausdorff-formula reads:
el ec:«z+ — ecm* €619 o102 (4.4 a)

or
gO1atcat _ peaat poraglercs (4.4b)

Also the following formulae will be needed:

e (g)m = (¢ 4 a*)m eca (4.5a)

e (@t)m = (a* + 2ca)™ et (4.5D)

am ettt — %" (¢ |- g)m (4.5¢)

am et @) — ¢¢(a) (g | Qcqt)m (4.5d)

(4.5a) and (4.5¢) follow directly from the formula (4.4a) and (4.5b, d) follow from
€C1802(@")?! _ gea(@+e))?gora (4.6a)

Q010 gCaa* _ 020 per(aton)? (4.6D)

We can prove (4.6) with hyper-algebra-technique:

2
018 gc2(a*)? __ pc2(2/001)? pe1a0 eoua'*im:()

— pC2(8[001)2 Le10u p1a8t L0100
_ezllellel el|a1=0

2
— C2(9/001)? o (e1+at) eclalml “o

— efertat)? poia q.ed.

In the next sections we will not always note explicitly that the parameters are
to be set equal zero after differentiation.
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5. Evaluation of 21,
From (2.17b) and (2.7b):
2 e = (m’ | V-1U-1 e~ ¢an | my | (5.1)

1
0= ]/%1) , (5.2a)
A= l/~ (5.2D)

we obtain by use of (2.6), (2.8) and (2.9b) from (5.1)
2L e = (m’ | e~ BE@? p40% (6 =0) (a4 4 o(@*+0) 6 | gy, (5.3)

With (4.4b) we get:
2] = <{m/ | e—Bl(a*) gda? pa(at+d) p—alat+ ) pa*6 a0 |m> ce—Hatda)ter (5.4)

Using the abbreviations:

A normai ordering of the operator within the brackets is achieved by use of
(4.6b) and (4.4a)

2L = (m' | e~ B@? gra0* 048 gaa | gy, s (5.5)

with the abbreviations:

aa=a4+44+6, (5.6a)
62=2A61—(Q+A)+@y (56b)
c3=—1@+42+102—(a+4)O+A4E. (5.60¢)

Using | m) = (a*)™/)/m! |0 and (4.5) we arrive at:

2l mm =<0| (@ — 2 Ba*t + )™ (a+ +24a+ o)™ [0> W_'—' (6.7

With hyperalgebras we may write

2] m’ = 7663 i " i m<0| ex1(a—2Ba*+e1) gaa(at+24a+ea) [0> . (5.8)
Ym!Ym' !\ 9oy Ooto

By use of (4.4) and (3.3) one gets

. ,=Teca_= i m’ i mem(cx—B)e“’(“'l'A) enas, (6.9)
mm ]/m![/m’l duy Ooia

Now one uses the algebraic relations (4.5¢, d) for the hyperalgebras (replace a by
0/00; and a* by «;). Thus we get:

eca m

0 m [ g
21mm':m(37t1+cl_lg) (@—i- oc1+62+A)

ecs min(m,m’) ( m

2

- me'! v=0

8 Phys. cond. Matter, Vol. 17

"\ (m
)( ) ) (cy — BYm'=?(cg 4 A)ym—7 p! (5.10)

v
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That is Witchel’s result for the quantity 21, . It’s identity with Koide’s result
can be shown rather simply.

6. Evaluation of 1,
From (2.17a) and (2.7a):
Upm =<{m| e TV [m") . (6.1)
Analogous to (5.3) we have
U = (m| e@ 00 ¢@*=a) (ma=4) g—A4a% o B@)? | g7, | (6.2)
The complication in contrast to 21,y is, that e~4%* and e?©@")* must still be normal
ordered, whereas in (5.3) those operators appear in a normal ordered form from

the beginning. For the normal ordering of the operator in (6.2) the hyper-algebra-
technique will show its power. First we write for (6.2):

W me = (m | eho” ehr®g=40*gBGD* |/ gt do (6.3)
with
dhh=—a—A4+6, (6.4a)
b=a+A+6, (6.4D)
1d3=102 -1 (A+a)2+0O(—A—a). (6.4¢)

Now use the hyper-algebra-representation (3.4)

IImm’ — ¢—A(3/001)* ,B(3]302)* <ml e @t odaa gora pazat |m'> etds (6.5)

Normal ordering of the operator in the brackets is easily done with the aid of
the Hausdorff-formula and we get by use of (4.5a, ¢) and (3.3a):

1
U = -y ¢~ A10)" ( B@f 0y

0] (d1 + az + @)™ (da + ay + at)m | Q) exx(@rtde) gids, (6.6)

Using again a hyper-algebra, (6.6) may be written:

1y U S 2\(2 m'e—m/am)ﬂeB(a/aaz)z
T Ym Ym' t\ 91 ) \ 9ja

. <0| ef(dritaz+a) gja(datartat) [0> eoa(oitds) o ds (67

With (4.4a) we get by regarding (3.3a):

m = —:—1—: i)m ,,f_- " eitia gindr pjade
Vm! Vm’! ajl ajz

. e—A(a/am)z eB(B/ﬁaz)“ e:lx]'n e2(j1+d2) ex1a2 ok ds (68)

ljii=je=a1=02=0*

Now we treat the algebra (a1, 9/0a;), i.e., we intend a normal ordering, which
means all operators containing «; being to the left of those operators containing
0/0a;. Having obtained that normal ordering with respect to «; and 9/da;, both
are set zero (that is the analogue to (3.3a) for the oscillator-algebra). Now we use
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(4.6Db) for our hyper-algebra i.e. replace in (4.6b) @ by 9/0x; and a* by «;, then
we get from (6.8):

1 oo\~ . L ,
llmm, = -— eiia 67141 ejadg e—A]a eB(aIaaa) e—Aan’
Ym! ]/m '\ 951 ja
. eaa(?'1—2A7'a+da) e% ds ) (69)
Now we treat the hyper-algebra («2, 0/0x2).

By use of the formula (see (A.11) in Appendix A)
eB(a/aag)z e—Aaa” eaz(f1—2Afa+da) —_ eB(i1—2A7'a+dz)2 (1+44B)-1 (1 + 4:AB)“%' (6.10)

we get from (6.9)

U pm = _:l: j_ " i " eliaDo gi1 D1 gjaDs gjs®F1p ja®Fs oFs . 77 . (6.11)
Y YmI\2j1) \ 952 =0

with the constants:
1

Do= o5 5 (6.12a)
gy 2B (6.12b)
1+44B°
Dy— 2 (6.12¢)
11448 "
- 5 (6.12d)
11448
A
Fo=— 1T4a5 (6.12¢)
Fy— _ B& L (6.12f)
11448 " 2
PR — (6.12¢)
Ji+44B

Using (4.5¢) for the hyper-algebra (j;, 9/0j;), we can put e/*722 to the left of the
operators 9/0j; and get:
1 d \"( d m Lo -
R I . . 1D1 ,jaDa ,j12F1 L7522 Fa ,Fs, .
= YT Yt ( ' ) (67'2 + ”D") ST e e Do

0j1
(6.13)
Now bring (9/0j2 + j1Do)™' to the left of (8/9j1)™ by use of

2\ Tn(mm) o 0 —u
(o) 7= ()( i Oy B

then we get from (6.13):

G I WEC IO B

. eftD1 g *F1 gjaDa 672"1’"2 efs.7 (615)

8 *
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If we now make use of (4.5¢, d) for the hyper-algebras (j;, 0/97;) we get directly
Witchel’s [1] result for the quantity 11,y . If we make use of the following for-
mula for Hermite-polynomials

onr
AR

e~ @mir 6.16
o] (610

we get directly Koide’s result [4].
Using (4.5¢, d) we get from (6.15) (if we replace §;, 9/9j; by a*, a)

1 min(m, m’) . m\ /m' |
w2 2l

+€0] (@ -+ Dyy4 (a + 2 Fyat)ymu|0)

0| (@ + Da)™'~# (@ + 2 Fyat)ym'~# |0y e - Z . (6.17)
That result is rather simple to deal with. Using binomial expansion and using
0] a¥ (at)*" | 0> = k! 6y (6.18)

one can perform normal-ordering in the matrix-elements of (6.17), which brings
a lengthy but finite multinomial series of the c-numbers Dy, Dy, Do, F1, Fy

factored by 1/)/m! |/m e Z .

7. Evaluation of the Transition-Probability y,, (see (2.18))
From (2.18) and (2.17) we get
ym =27 2 Umm 2lpm 6(w[m + 1] — o' (m' + 1) + Q). (7.1)
-

Because we want quite a general treatment we won’t make any specification of
the energy £. E.g. it may be the energy of any other oscillator. For a general
treatment we use the Fourier-representation of the d-function

oo

0(x) = 2‘17-5 /dr eiTe (7.2)

— 0o

and instead of (7.1) we will treat the Fourier-transform :

oo

~ 1 ;. , 1 ’ ’ 1
Ym ()= »2—71: /d_Q Ptz Vm(.Q) — lemm’ 2T eit(olm+i] —o'[m'+1]) (7.3)

m'
— 00

The final results for 11+, 21 mm, obtained in Sects. 5 and 6 (see (5.10)), are too

long-winded for the evaluation of (7.3). Therefore we will use the original forms
(6.3) and (5.4) for 11 pp and 21 ,n, respectively:
;m (1) = Z<ml eha* gdza o—Aa? , B(a*)? lm'>

. <m;| e—B(a*’)2 eAa’ edaa+ edla l1n> eit(w[m+%] —o'[m +1]) eda X (74)

Using 7% |m) = m' |m') and regarding that the oscillator states form a complete
orthonormal set, we may write
;m(T) — <ml eha* gdaa p,—~Aa? ,B(a*)? ,—~iv w’n,ie~B(a+)2 ed @ pdaat pdia l7n>
. eirwm eir(w—w')/Z eda . (75)
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Now we want to commute the operator e—i7@'# to the states. That can be
achieved by use of (4.3):
'}jm (’E) — <ml ea*d;expir(w'/Z) eadzexp —tr(w'[2) e—Aa2 exp —it’ eB(a‘f)z expir o’
. e—B(a,’f)“z exp —iro’ eAaﬂ expit o’ ea‘fdzexp —ir(w’[2) ead1 expit(w’[2) l m>
. eiz(w—a)’)m eit(w~w')/2 eds . (76)
The next step is a complete normal-ordering of the operator between the
states, for which we use the hyper-algebra technique, by substituting:

e—Aa’ exp —ite’ __ e—A(a/aou)2 %18 XD — 17(w’[2) , (7.731)
eB(a*)“(expitw'— exp —itw’) _ eB(a/Baa)Z eaga" , (7-7 b)
eAaﬂexpiuo' — eA(a/am)z easaexpiz(w'lz) (7_70)
with
B = B(expitw —exp—itw’) (7.8)

we get from (7.6) after normal-ordering

}m (T) — e—A(a/aal)ﬂ el_?(alaag)2 eA(a/aaa)z <ml e%'TL 0T |m> e ei‘tm(a)—w’) ei‘t(w—w')/2 (79)
with the abbreviations:
r1=diexpit(w[2) + deexp —iT(0'[2) + a2, (7.102)
ro= (dz + o1) exp — i 7 (0'[2) + (d1 + ota) expi T ('[2), (7.10b)
rg = (daaa + o o2) eXp — ¢ 7 (@’[2) + (d2 + a1 d2) exp — i T’ + agde + d3. (7.10¢)
(7.9) may be written
. - 1
Y () = e~ 412 o B(3[3ua)? g4 (?/0a)* P 0] (ry + a)m (ry 4 at)™ | 0>
.l eirm(w—a)’) eir(w*w’)lz . (7.11)

The evaluation of (7.11) is straight forward. First the hyper-algebra (xg3, d/0x3)
is treated and then one gets a form for 7, () which is quite similar to I pp-, as
given in (6.6). Therefore we do not discuss it in detail. Instead of that we give
a detailed evaluation of the related thermal averaged quantity

:J./(T) =1 Ze—ﬁwm ;1", (T) .
m=0

8. Auxiliary Algebraic Formulae

For the thermal averaging we are interested in the following quantity:
1
M () = Znm— 0] (ry + @)™ (ra + a*)m | 0 (8.1)
m=0 ’
with |%| < 1. (8.1) may be written

M 2 (0NN o1 girtrata gintratay
= - | _ ji(ri+a) pje(rz+a* Lo 82
(”) m§=:0 ml (a?l) (692) <0| e € [O>|71—-72—-0 ( )
After normal-ordering in the matrix-element one gets by use of (3.3a)

xm [ 9N/ 9 \N*
M(%):z (a_?l‘) (@) 671“67“26717””1:72:0 (83)

m=0 m!
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which is identical with
M%) = (01271 (3/3j2) giars pfare e?'lfal].1=7_2=0 . (8.4)
Using now the Hausdorff-formula (4.4a) for the hyper-algebras we get the
following equalities:
Mx) = g7 g#(3]971) (3]3j2) ox71(2/3j3) giare pi1da

= *(21971) (3]3a) piara gxT1(3]3]2) pi1ja pxTaT2

— en(?/?;h) (3/9532) eiara e}'liz exn(ajajg) em‘u'l g*Mirs (85)

= ¢*(?/2j1) (3]9]3) girx11 plara pirja gxr1T2

— ¢#(9/971) (3]3]2) pirnrs gfaxra pirfa gxT1T2 X111

That result can be interpreted as follows:

In (8.4) ¢/*" may be replaced by e/*™ ¢*™'™, then e/** may be replaced by
e"?*1i %111 gnd g0 on. One gets for instance

n+m
M(x) — ¢*(9/3)1) (3]3ja) pirin™ pfaran™ pjrje o villn"nrz (8.6)
for arbitrary n and m. Provided |x| <1 we thus get:
M () = e#(31271) (3]9j2) giija grarax/(1—=) (8.7)
Additionally we get:
, e (9 0\ 1 1
QIR Qo) ginda 5 ¥ (9 9 (i)t =S =
=m0 =2 i\ iy ) 2wt I 20 =
(8.8)
Using (8.8) we obtain from (8.7):
1
— prirax/(1—2%)
M (%) ¢ . (8.9)
9. Thermal Averaged Transition Probabilities
We treat the quantity
PBv)=nZebomyn(r) (nl= 3 e bom) (9-1)
m=0 m=0

where ym () may be given in the form (7.11). To make use of Sect. 8 we must set:
% = ¢~Pw git(0-0") (|=] <1). 9.2)

Using (8.9) and regarding (7.11), (8.1) und (9.2), we get

(1) =n : ! ¢iT(0—0N[2 o= A(3[0m)? o B(3|3as)? g4 (3]30)* g(rirsd| (A=) +73) (9 3)

—¥X

With the abbreviations (7.10) we may write

rira +r3=Lioyog + Lgosors + M1ou + Moos + Moz + N (9.4)

—¥x
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with

L= ——emirem), (9.5a)
% t7(w’[2)

L3 = T—-x e , (95b)
i ']

Ml:l_xdl_*— l—xdze—-i‘uu , (9.50)
i 1t(w’'[2) 1 —t7(@’[2)

M2=1_Md1e + l_xdze N (95d)
”® , 1

M3=1_xd16”“’ +1—ud2’ (9.56e)

iy Berer p Bty g (9.5%)
1—2% 1—x ! 1—x 2 3 )

Using formula (A.1) after insertion of (9.4) into (9.3) we get

;(ﬁ’ T) =1 . ” eit(w—m’)/2eNe-—AM1’ eAMa’ eﬁ(a/aa.)'

. e(—AL12+ALsa)ag2 e(-2AM1L1+2AMsLa+Ma)a,|an=0 . (9.6)

The treatment of the algebra (xa, 9/0cs) is done by use of formula (A.9)

1 (2n)!
Y - iT(0= 02 N g—AM:? g4Ms* (BDIZ(4BCY
Y8, 7) no e eNe e 20 Tl (BOy»  (9.7)
where CoZ and Da3 are just the exponents of the last two exponentials in (9.6):
C=—ALZ+ AL, (9.8a)
D=—2AML1+2AM3L3+ M,. (9.8Db)
n (9.7) all algebraic operations have come to an end. One may replace
1 2n) 1
4B0Y by —— .
ZEBOr By gy end 3T (BO" by TG
for |4 BC| <1 but that is not very handsome, because the quantity
AB 1422
BO=_"""_(,2.2it0" —-2{T0") LA X
=2 (2e +e ) AB(I——x)2 (9.9)

is intended to appear not in any denominator for a Fourier-transformation of
Y(B, 7) to y(B, Q) = [dre*?y (B, v) which will be treated in a next paper, where
the result (9.7) is applied to electronic Franck-Condon-transitions of Colour-
centre-electrons in ionic crystals. In general the Fourier transformation of y (8, 7)
to (B, £2) is not possible exactly except for the special case of no frequency-shift
(w =o', A =0, B=0). We will give some approximate solutions for the general
case in the next paper.
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Finally we write down an explicit form of — 4 M3 + A M3, BC,D, N:

—AM2 4+ AM:= A= (170" — =iT0") (dy 2T @D 4 dye— IFWIDY2,

(9.10a)
AB
BO = ———— (etT0’ — ¢—i70") (52 iT® _ @i’} 9.10Db)
(1 —2x)?
24 1—x
S VP & 1 § £ N i7(w’/2) —iz(w’/2) 1

D T =2 (e e + 24 (dixe + dse ), (9.10¢)

L % 2 itw’ 1 2 ,—iTw’
N=1—__;2d1d2+md167w —}-’mdge— T d3. (9.10d)

Regard: 5 = e~ B0 lT(0-0') |

The approximations for the Fourier transform of (9.7) will essentially be based
on the smallness of 4, B (i.e. smallness of w-w’ compared to w), for a termination
of the respective series’.

Appendix A

We prove the following identity
e&1(3]901)* o Ka(2]3x2)* Ka(9/003)* pLroraz elasxaos pMiar o Maaz o Maxs

Jas=0
— eKlM;’ eKaMa* el(e(a/aau;)z eCaz"" eD"" (A.l)
with
C=KI?+ K3I%, (A.2a)
D=2M K L, +2M3K3L3-+ M>. (A.2D)

The proof makes use of the commutation (4.6b) for the hyper-algebras («;, 9/dxs).
First we treat the algebra (a1, 0/001):
— er(B/ﬂcu)’ e(Llaa-f-Mx)dl

er(alaou)’ eanxau ean: — eKlledzz 62K1L1M1ageK1M12.

(A.3)

ler=0 Jer=0

Analogous we get:

eKa(alaua)’ eLaaaaa eMxona —_ e.K:;.l)a""ota2 e?.KstMaona eKaMz"" R (A'4)

las=0

Insert (A.3) and (A.4) in the left-hand side of (A.1) and one gets the right-hand side.
Now we prove

o0
¢ B(8l3)* ,Cas® yDos — oBD/(1—-4BC) (2n)!
neo nlnl

(BO)». (A.5)

Making repeately use of the commutations (4.4a) and (4.6) for the hyper-algebra
(a2, 0/0a2), We get:
¢B(3l3aa)® (Cas? yDas _ oBD? ,B(2]3as)? g2 BD(3/0s) gCas® . oBD? o B(2/2)? yC(oa+2 BD)?
— ¢BD? (BD*4 BC ¢B(3]0a)? zCas? (D4 BCas
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Repeating that procedure n-times, we get:
o B(3/002)2, Con?oDa __ eBD:§0(4BC)v o B(3]2a2)? yCas? (D4 BOY0z _
If |4 BC| <1 we get in the limit n — oo
o B(3/9a2)? pCas? pDaz eBD:Z:Oéx;BC)- o B(0]002)? oCota? (A.6)

For |4 BC| <1 we may write

*® 1
4BOY = ———
2UBOP =1 s (A7)
Additionally we get
B™ 0 2n1 o (2 n) !
¢ B(3[0a)? pCa2® _ o 212 D == T (BOY (A
mz=0 ny! (aaz) nzo nal 2 0T S ) (BOr (a8)
with (A.8) we get from (A.6):
¢B(2[a)? jCar? yDas _ eBD::zoé4BC)v S 2n)! (BOys (A.9)
neo n!n!
One can show that:
S 89 popm ot (A.10)
Zo nin! - J1—4BcC '
provided [4BC| < 1.
Using (A.7) and (A.10) one gets from (A.9):
1
¢ B(@l0a)? yCo® yDoz eBD21/(1—4BO)m . (A.11)
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Spectroscopic Investigations on DyAsOy

DyAsO4 undergoes a crystallographic phase transition at 7'p = 11.2 K which is induced
by a cooperative Jahn-Teller-effect. As deduced from the optical absorption spectra the distance
between the two lowest lying Kramers doublets of the Dy3+ ion is increased from (6.1 + 0.5)
cm~1 above T'p to (25.0 &+ 0.5) cm~! at 4.2 K. Below T'p the splitting factor of the lowest
doublet becomes nearly uniaxial with a maximum value of g» = 17.5 4- 1.0 along the crystallo-
graphic b-axis. At T'xy = 2.44 K the crystals order antiferromagnetically. The absorption lines
of Er3+ jons in DyAsO4 show already a splitting immediately below Tp which is explained by
magnetic short range ordering of the Dy3+ ions in the temperature range T'x < 7' < T'p.

DyAsOy4 erfahrt bei Tp = 11,2 K einen durch einen kooperativen Jahn-Teller-Effekt
induzierten kristallographischen Phaseniibergang. Dabei vergro8ert sich, wie aus den optischen
Absorptionsspektren folgt, der Abstand der beiden tiefsten Kramers-Dubletts des Dy3+ von
(6,1 4 0,5) cm~—! oberhalb 7'p mit sinkender Temperatur auf (25,0 4+ 0,5) cm~1 bei 4,2 K.
Unterhalb T'p ist der g-Faktor des tiefsten Dubletts stark anisotrop und besitzt seinen maxi-
malen Wert von 17,5 + 1,0 in Richtung der b-Achse des Kristalls. Bei 7'x = 2,44 K ordnet
die Substanz antiferromagnetisch, die Dubletts des Dy3+ spalten im inneren Magnetfeld auf.
In mit Er3+ dotierten DyAsQOg-Kristallen zeigen die Er-Linien bereits unterhalb 7'p eine Auf-
spaltung, die auf eine Nahordnung der Dy-Momente im Temperaturbereich Ty < T < Tp
zuriickzufithren ist.

1. Einleitung

Die Verbindungen der Seltenen Erden mit Zirkon-Struktur sind wegen ihrer
besonderen magnetischen und kristallographischen Eigenschaften bei tiefen
Temperaturen Gegenstand zahlreicher Untersuchungen geworden.

Ein besonders ausgeprigtes magnetisches Verhalten zeigen das Phosphat,
Vanadat und Arsenat des Dyprosiums, die im Temperaturbereich zwischen 2 K
und 4 K antiferromagnetisch ordnen [1—9]. Wihrend DyPOy in der tetragonalen
Symmetrie der Zirkon-Struktur in einer einfachen antiferromagnetischen Zwei-
Untergitter-Struktur mit den magnetischen Momenten parallel zur tetragonalen
¢c-Achse ordnet, erfahren DyVO4 und DyAsO4 zunéchst einen kristallographischen
Phaseniibergang von tetragonaler zu orthorhombischer Symmetrie mit Ver-
zerrungen in Richtung der a- und b-Achsen und ordnen dann in einer antiferro-
magnetischen Vier-Untergitter-Struktur mit den Momenten senkrecht zur
c-Achse. Aus Neutronenbeugungsuntersuchungen folgt, daf im DyVOy4 die Dy3+-
Momente parallel zur b-Achse des Kristalls liegen, wiahrend sie im DyAsO4 einen
Winkel von 22° zur b-Achse bilden [8, 9]. Der kristallographische Phaseniibergang
kann als ein kooperativer Jahn-Teller-Effekt interpretiert werden. Bei DyAsO4
betragt die Temperatur des kristallographischen Phaseniibergangs 7'p = (11,17
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+ 0,05) K und die antiferromagnetische Ordnungstemperatur 7'y = (2,437
+ 0,005) K [7].

In den bereits vorliegenden Untersuchungen an DyAsQO4 [7—15], die sich vor
allem mit den kristallographischen und magnetischen Eigenschaften dieser Ver-
bindung beschéftigen, konnten mit Ausnahme der Neutronenbeugungsmessungen
weder Hinweise noch eine Erklarung fir die spezielle Ordnungsrichtung der
Dy3+-Momente gefunden werden.

In der vorliegenden Arbeit wird iiber weitere optisch-spektroskopische Messun-
gen an DyAsOy berichtet, die der Aufklarung der magnetischen Eigenschaften der
Substanz dienen sollen.

Dabei wurden insbesondere untersucht: Die Lage der Kristallfeldkomponenten
des Grundterms 8H 5,2 des Dy3+ fiir Temperaturen 7' > T'n (Abschnitt 4.1), der
Temperaturverlauf der energetisch tiefsten Kristallfeldkomponenten des Dy3+
unterhalb der Temperatur 7p (Abschnitt 4.2) und der Zeeman-Effekt dieser
Kristallfeldkomponenten (Abschnitt 4.3), ferner das Spektrum von Er-Tonen,
die in kleiner Konzentration in DyAsOs eingebaut waren (Abschnitt 5). Aus
diesem Spektrum kann auf eine ausgeprigte antiferromagnetische Nahordnung
der Dy-Momente im Temperaturbereich zwischen 7'p und 7'y geschlossen werden.

Ein EinfluB des magnetischen Ordnungswinkels von 22° auf die optischen
Spektren konnte nicht festgestellt werden.

2. Experimentelles

Die fiir die Untersuchungen verwendeten Einkristalle von DyAsO; und
(Dy, Er)AsO4 (100:1) wurden nach einem FluBmittelverfahren [16] gezogen. Fiir
die Messungen wurden Kristalle mit den typischen Abmessungen von2 X 2 x 8 mms3
verwendet.

Die optischen Absorptionsspektren wurden mit der in [17] beschriebenen
Apparatur aufgenommen. Die Aufnahmen im fernen Infrarot wurden mit einem
Fourier-Spektrometer am Physikalischen Institut der Universitit Freiburg von
Herrn Prettl durchgefiihrt.

3. Theoretische Vorbemerkungen

Die Kristalle des DyAsO4 und des (Dy, Er)AsQ, kristallisieren in der tetra-
gonalen Zirkon-Struktur mit der Raumsymmetrie I4;/amd. Die Punktsymmetrie
am Ort eines Seltenen-Erd-Tons ist oberhalb der Temperatur 7'p der kristallo-
graphischen Phasenumwandlung 4m2, unterhalb 7'p hochstens mm2 mit der
zweizdhligen Achse parallel ¢ [11, 18].

Die Zustiande eines freien Seltenen-Erd-Ions werden durch die Quantenzahlen
J und M des Gesamtdrehimpulses und seiner z-Komponente gekennzeichnet. In
der Naherung des statischen Einzelionenmodells spalten die Zustinde sowohl des
Dy3+ als auch des Er3+ unter der Wirkung eines elektrischen Kristallfeldes der
Symmetrie 4m2 oder mm2in (2J + 1)/2 Kramers-Dubletts auf [19]. Den Dubletts
werden bei der Punktsymmetrie 4m2 die Kristallquantenzahlen g = -+ 3 oder
% = =+ } (Quantelungsachse parallel ¢) zugeordnet, bei der Punktsymmetrie mm2
die Kristallquantenzahlen u = 4- 1 (Quantelungsachse parallel b). Die Auswahl-
regeln fiir elektrische Dipolstrahlung bei der Punktsymmetrie 4m2 sind in [20],
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bei mm2 in [19] angegeben. Wird bei der Punktsymmetrie mm2 ein duBeres
Magnetfeld parallel zur a- oder b-Achse angelegt, so reduziert sich die Punkt-
symmetrie auf m, und die Uberginge in elektrischer Dipolstrahlung sind dann
entweder parallel oder senkrecht zur Magnetfeldrichtung polarisiert.

4. Spektren des Dy3* in DyAsOq4

Das optische Absorptionsspektrum von DyAsO4 wurde im Temperaturbereich
von 1,8 K bis 15,0 K in Magnetfeldern bis zu 20 kOe untersucht. Im einzelnen
wurden die Uberginge vom Grundterm 6H15s des Dy3+ zu den angeregten
Termen 6F32, 4Fys2, 41152 und 4G1/2 vermessen. In Emission wurden Uber-
ginge vom Term 4Fy;; zum Grundterm €H1s5,2 beobachtet.

4.1 Spektren in der tetragonalen Phase

Fir Temperaturen oberhalb der kristallographischen Phasenumwandlung
(T > Tp) folgt aus den Spektren der erwihnten Uberginge, daB im Grundterm
6H 15,2 zwei Kramers-Dubletts als tiefste Kristallfeldkomponenten relativ dicht
beieinander liegen. Das unterste Dublett bei 0,0 cm~1 hat die Kristallquanten-
zahlen u = 4 §, das erste angeregte Dublett bei A (T > T'p) = (6,1 4 0,5) cm1
% = = %. Das néchsthohere Dublett liegt bereits bei (97 4 5) em~1. Die Energien
der beobachteten Grundtermkomponenten, ihre Kristallquantenzahlen, sowie be-
rechnete Energien sind in Tabelle 1 angegeben.

Tabelle 1. Beobachtete und berechnete Energien der Grundtermkomponenten des Dy3t in

DyAsOq4
Energie Energie Kristall-
experimentell (cm~1) berechnet (em=1)  quantenzahl 2 u
0,0 0,0 +3
6,1 + 0,5 6,0 +1
97,0 + 5,0 113,2 + 3
140,0 + 10,0 131,6 +3
181,3 F1
243,0 + 10,0 250,4 1
308,0 I3
311,0 T

Fiir die Rechnungen wurde der Kristallfeldparameter BY direkt aus der Auf-
spaltung des Terms 6F3;2 des Dy3* im DyAsO4 experimentell ermittelt. Die
ibrigen Parameter, die fiir die Rechnungen verwandt wurden, waren die des
Er3+ in YAsOy4 [21], die mit Hilfe der Mittelwerte {r¥> (k = 2, 4, 6) von Freeman
und Watson [22] fir das Dy3+ korrigiert wurden. Die a-, 8- und y-Werte wurden
der Arbeit von Washimiya [23] entnommen. Da die Korrekturen grole Unsicher-
heiten enthalten, kénnen die berechneten Energien nur als relativ grobe Naherung
gelten. Trotzdem ist die Ubereinstimmung zwischen berechneten und experi-
mentellen Energien erfreulich gut.
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Fig. 1. Temperaturabhingigkeit des Abstandes A der beiden tiefsten Kramers-Dubletts des

Dy3+ in DyAsO4. Die Kreise stellen die spektroskopisch gemessenen Werte dar, das Dreieck

bezeichnet die Messung mit Hilfe der Fourier-Spektroskopie. Die ausgezogene Kurve ist nach

der Molekularfeldtheorie von Elliott et al. [15] berechnet; die gestrichelte Kurve ist gegeniiber
der ausgezogenen um den Faktor 0,63 in Abszissenrichtung gestaucht (sieche Text)

Aus diesen Rechnungen folgen als Eigenfunktionen fiir das tiefste Dublett (I)
bei 0,0 cm—1:

=+ $ = 0406 |F > + 0,595 | F > + 0,687 | + 1> +0,09| £+ 15
und fiir das erste angeregte Dublett (II) bei (6,1 + 0,5) cm—1:
=41 =0219|F 1> + 0,652 |F § + 0,717 | + 5> + 0,113 B

4.2 Kristallographischer Phaseniibergang

Unterhalb T'p nimmt der Abstand A der beiden tiefsten Dubletts mit sinkender
Temperatur zu, er betrigt 4(4,2 K) = (25,0 4+ 0,5) cm~1 bei 7 = 4,2 K. Die
aus den Spektren ermittelte Temperaturabhéngigkeit des Abstands A ist in Fig. 1
wiedergegeben. Bei 4,2 K konnte der Abstand A zuséitzlich mit Hilfe der Fourier-
Spektroskopie direkt zu (25,5 4+ 2,0) cm~! bestimmt werden. Dieser MeBpunkt
ist in Fig. 1 durch ein Dreieck gekennzeichnet. Die Ubereinstimmung der Ergeb-
nisse dieser beiden MeSmethoden und der Raman-Streuung [15] ist gut. In allen
Fiéllen wurden keine Korrekturen der MeBwerte wegen moglicher Einfliisse einer
magnetischen Nahordnung vorgenommen.

Die Temperaturabhingigkeit des Abstands A4 hat im DyAsO, ziemlich genau
denselben Verlauf wie im DyVO,. Auch die kristallographische Verzerrung unter-
halb T'p ist in beiden Féllen von demselben Symmetrietyp Iy . Daher sollte die
von Elliott u. Mitarb. [15] fir das DyVO4 entwickelte Molekularfeldtheorie des
kooperativen Jahn-Teller-Effekts das Verhalten des DyAsO, wenigstens so gut
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wie das des DyVOyq beschreiben. Unter Beriicksichtigung der Werte A4 (T' — 0) =
25 cm~1 und A(7 > Tp) = 6,1 cm~1 (dieser Wert war Elliott u. Mitarb. [15]
nicht bekannt) ergibt sich nach dieser Theorie der in Fig. 1 mit der ausgezogenen
Kurve eingezeichnete Verlauf des Abstands A4 der Dubletts. Die berechnete
Temperatur des Phaseniibergangs betrigt T'pper = 17,64 K im Gegensatz zum
gemessenen Wert T'pgem = 11,17 K. Beriicksichtigt man bei der Molekularfeld-
theorie lediglich die Kopplung mit den vier nichsten Nachbarn (nn), so ergibt
sich fur das Diamantgitter nach einer Reihenentwicklung ein 7'p, das um den
Faktor 0,68 kleiner ist, vgl. z.B. Domb [24], in unserem Fall also T'pyer (an) =
12,00 K. Verkleinert man den Korrekturfaktor auf 0,63, so erhilt man zwar eine
gute Ubereinstimmung der theoretischen und der gemessenen Ubergangstempera-
tur T'p, der Temperaturverlauf des Abstands A der beiden Dubletts, der in Fig. 1
gestrichelt eingezeichnet ist, liegt aber deutlich unterhalb der MeBpunkte. Auch
die modifizierte Molekularfeldtheorie kann also den experimentell bestimmten
Verlauf von A nicht vollstdndig wiedergeben. Offenbar wird die Verzerrung des
Gitters unterhalb 7T'p mit steigender Temperatur schneller abgebaut, als dies von
einer Molekularfeldtheorie beschrieben wird.

4.3 Messung des Zeeman-Effekts

Die Untersuchung des Zeeman-Effekts galt vor allem der Bestimmung der
Anisotropie des g-Faktors des tiefsten Grundterm-Dubletts (I%H15:2) in der
(@, b)-Ebene unterhalb T'p. Der g-Faktor, der mit dem magnetischen Moment
einer Termkomponente durch die Beziehung y = 4 }gus verkniipft ist (up =
Bohrsches Magneton), wurde aus der Steigung der tiefsten Zeeman-Komponente
des Dubletts (I) fiir Magnetfelder iiber 10 kOe ermittelt. Die bei einer Temperatur
von 1,8 K gemessenen Werte sind in Fig. 2 in Abhédngigkeit vom Azimutwinkel ¢
zwischen b-Achse und Magnetfeld angegeben. Bei dieser Temperatur ist zwar die
antiferromagnetische Ordnungstemperatur 7'y bereits unterschritten, bei einem
inneren Magnetfeld von etwa 2 kOe wird die Ordnung aber aufgebrochen, und
bei duBeren Feldern iiber 10 kQOe ist fir Kristalle der benutzten Form sicher die
magnetische Sittigung erreicht, so da die Verschiebung der Zeeman-Komponen-
ten linear mit der Stirke des duBeren Feldes erfolgt.

Der Verlauf des g-Faktors mit dem Winkel ¢ zeigt eine 7/2-Periode. Der Grund
hierfir ist, wie beim DyVOy4 [4], der, daB ein geniigend starkes duBBeres Magnetfeld
die kristallographische Verzerrung des Kristalls beeinfluft und die @- und b-
Achsen vertauscht (magnetic switching) [7]. Im Bereich —z/4 < ¢ < n/4 folgen
die MeBpunkte gut einer Kosinus-Funktion, die in Fig. 2 als ausgezogene Kurve
eingezeichnet ist. Aus diesem Kurvenverlauf folgt g (¢ = 7/2) = g@)e = 0; bei
Beriicksichtigung der Fehlergrenzen der MeBpunkte ergibt sich gg)e = 0 + 3.
Fiir g¢yp erhalt man als Mittelwert vieler (z.T. bei unterschiedlichen Tempera-
turen durchgefiihrter) Messungen: gy = 17,5 4 1,0. Messungen bei ¢ = 22°
ergaben in jedem Fall einen Wert fiir g1y (p = 22°), der kleiner war als g(1yp.

Bildet man aus den Eigenfunktionen |z = + $) und |z = 4 }) der beiden
tiefsten Dubletts (vgl. Abschnitt 4.1) unter Beriicksichtigung des Abstands
A(T > Tp) Linearkombinationen, die der orthorhombischen Symmetrie unter-
halb Tp mit A (T — 0) angepaBt sind, so ergeben sich folgende theoretische
g-Faktoren:
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Fig. 2. g-Faktor des tief-

18—g sten Dubletts des Dy3* in
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fiir das tiefste Dublett gy = 18,8, ge = 0,1
fur das erste angeregte Dublett ggnp = 0,1, gune = 19,1.

Die Abweichungen vom experimentellen Wert gy = 17,5 + 1,0 sind recht groB,
was angesichts der verwendeten Naherungen aber verstindlich ist.

4.4 Beobachtungen im magnetisch geordneten Zustand von DyAsO,

Beim Einsetzen der antiferromagnetischen Ordnung bei 7'y spalten die Ab-
sorptionslinien des Dy3+ aufgrund von Austausch- und Dipolwechselwirkung im
allgemeinen in mehrere Linienkomponenten auf, wobei die Linienkomponenten
an der Seite niederer Energie mit sinkender Temperatur schnell an Intensitit
verlieren. Auflerdem treten in der direkten Umgebung der intensiven Linien
mehrere Satelliten-Linien auf.

Legt man unterhalb 7'y an einen Kristall das erstemal ein duBeres Magnetfeld
parallel zur a- oder b-Achse an, so sind die Spektren bis etwa 2 kOe duBerst linien-
reich und kompliziert. Der Grund hierfiir ist der, daB der Kristall zunichst aus
verschiedenen kristallographischen Doménen besteht, deren b-Achsen um 90°
gegeneinander gedreht sind. Fir die beiden verschiedenen Doméanensorten liegt
das duBere Magnetfeld entweder parallel zur a- oder parallel zur b-Achse der
einzelnen Domine. Die beobachteten Spektren sind eine Uberlagerung der im
Zeeman-Effekt verschiedenen Spektren der beiden Doménensorten. In Feldern
zwischen 2 und 3 kOe wandelt sich der Kristall in einen Eindoménenkristall mit
der b-Achse parallel zum Magnetfeld um. Ein Kristall, der paraliel b vormagneti-
siert war, bleibt auch nach Abschalten des Magnetfeldes bei 1,8 K weitgehend ein
Eindoméanenkristall. Die Spektren im Zeeman-Effekt eines solchen Kristalls sind
bereits bei kleinen Magnetfeldern einfach und ibersichtlich.

Die Existenz der kristallographischen Doménen bei DyAsO4 ist inzwischen
durch kristalloptische Beobachtungen von Kasten und Becker [25] gesichert.

Der Zeeman-Effekt einer typischen Linie bei 20945 cm~!, wie er bei 7' = 1,8 K
gemessen wurde, ist in Fig. 3 wiedergegeben. Die Linie entspricht dem Ubergang
vom tiefsten Dublett (I) des Grundterms 8Hi52 zum tiefsten Dublett (a) des
Terms 4Fy;. Die unterschiedliche Polarisation der Linienkomponenten parallel
bzw. senkrecht zur Magnetfeldrichtung ist durch offene bzw. geschlossene Kreise
angegeben. Die MeBpunkte fiir die intensiven (Haupt-)Linien sind mit ausge-
zogenen Kurven verbunden.
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Fig. 3. Zeeman-Effekt der Linie 1 8H;5/2 — a 4Fy/2 des Dy3+ mit dem Magnetfeld parallel zur

b-Achse, T = 1,8 K. Die offenen Kreise entsprechen dem parallel zur b-Achse, die geschlosse-

nen dem senkrecht zur b-Achse polarisierten Spektrum. Die ausgezogenen Kurven bezeichnen
die Hauptlinien des Spektrums

Der Abstand der Hauptlinien bei H = 0 entspricht der Aufspaltung des an-
geregten Dubletts im effektiven Magnetfeld, das gleich der Summe von Austausch-
und Dipolfeld ist. Aus dem Zeeman-Effekt dieses Ubergangs ergibt sich der
g-Faktor des Dubletts (a4Fy;2) zu g(a)a = Ja)p = 3,58 & 0,10, er ist also isotrop
in der (a, b)-Ebene. Mit diesem Wert erhilt man als effektives Feld fiir dieses
Dublett Heff (a 4F9/2) = (7,6 j: 0,3) kOe.

Bei T = 2,1 K konnte auch die Aufspaltung des tiefsten Grundtermdubletts
beobachtet werden. Daraus wurde die Komponente des effektiven Feldes in
Richtung der b-Achse fiir dieses Dublett zu Hesrp (I $H15/2) = (7,7 + 0,4) kOe
bestimmt.

Aus dem Zeeman-Effekt der Fig. 3 folgt, daB der Ubergang von der antiferro-
magnetischen in die quasiferromagnetische Struktur im duBeren Magnetfeld, der
zwischen etwa 1kOe und 7 kOe ablauft, so erfolgt, daBl das auf das einzelne
Dy3+.Ton wirkende gesamte Magnetfeld annédhernd konstant bleibt. Eine detail-
lierte Untersuchung der Linienlagen im Bereich zwischen 0 und 7 kOe, wie sie
Wright und Moos durchgefithrt haben [12], war wegen der grofien Linienbreiten
und der Satellitenlinien nicht moglich.

Die Satellitenlinien verschieben sich fiir Magnetfelder iiber 7 kOe parallel zu
den Hauptlinien mit gleicher Polarisation. Moglichkeiten zur Deutung der Satelli-
tenlinien werden im Zusammenhang mit den Spektren des Er3+ in DyAsO4 in
Abschnitt 5 diskutiert.

9 Phys. cond. Matter, Vol. 17
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5. Spektren des Er®* in DyAsO,

Zu weiteren Untersuchungen der Eigenschaften von DyAsO4 wurden Kristalle
der Zusammensetzung (Dy, Er)AsO4 (100:1) hergestellt. Es wurden Uberginge
vom Grundterm 475,52 des Er3+ zu den angeregten Termen 4S3/2, 2H 11,2 und
4F5,2 untersucht.

Die Absorptionslinien des Er3+ spalten mit sinkender Temperatur bereits dicht
unterhalb T'p auf. Die Aufspaltung bleibt mit sinkender Temperatur konstant
und dndert sich auch bei Ty nicht wesentlich.

Als Beispiel ist in Fig. 4 das Verhalten des Ubergangs vom tiefsten Grand-
termdublett (I4[;5,2) zum Dublett (b) des Terms 4F5/5 angegeben. Die Linien-
aufspaltung muB als Zeeman-Aufspaltung im effektiven Magnetfeld des DyAsOy4
gedeutet werden. Offenbar bildet sich bereits direkt unterhalb der kristallo-
graphischen Phasenumwandlung eine antiferromagnetische Nahordnung der
Dy-Momente. Dabei kann man nicht entscheiden, ob die Er3+-lonen die Nah-
ordnung begiinstigen oder ob sie sie aufgrund unterschiedlicher Zeitkonstanten
eher zu messen vermégen als die Dy3+-Ionen selbst.

Die Unsymmetrie der Aufspaltung in Fig. 4 konnte noch nicht eindeutig er-
klart werden.

Aus dem Zeeman-Effekt des Ubergangs 141152 — b4S3/3 im starken duBeren
Magnetfeld parallel b wurden die g-Faktoren des tiefsten Grundtermdubletts (/)
zu gyp = 5,8 4 0,2 und des Dubletts (b) des Terms 4S3;2 zu gy = 0 + 0,2
bestimmt. Mit diesen Werten ergibt sich aus der Nullfeldaufspaltung dieses Uber-
gangs die Komponente des effektiven Feldes in Richtung der b-Achse fiir das
Grundtermdublett zu Hegsp (1 4115/2) = (7,5 -+ 0,5) kOe.

Im Gegensatz zu den meisten Dy3+-Linien zeigen die Er3+-Linien im Magnet-
feld parallel zur c-Achse einen grofen Zeeman-Effekt, der bei kleinen Feldern
nichtlinear ist und bei groBen Feldern asymptotisch in einen linearen Effekt
iibergeht. In Fig. 5 ist dieses fiir eine Linie des Ubergangs 41152 — 2H 112 bei
T = 1,8 K dargestellt. Der nichtlineare Verlauf rithrt daher, daB sich das auf das
Er3+ wirkende gesamte Magnetfeld aus dem &dufleren Feld parallel zur c-Achse
und dem effektiven Feld, das senkrecht zur ¢-Achse liegt, zusammensetzt.
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Fig. 4. Linienlage des Ubergangs 741152 — b4F5/2 des Er3t in DyAsO, in Abhingigkeit von
der Temperatur
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Fig. 5. Zeeman-Effekt des Er3+ in DyAsO4 mit dem Magnetfeld parallel zur ¢c-Achse, 7' = 1,8 K,
Ubergang 41352 — 2H11j2. Die Hauptlinien sind durch die durchgezogenen Kurven gekenn-
zeichnet

Auch im Er3+-Spektrum treten zahlreiche Satellitenlinien auf, die sich im
Zeeman-Effekt H | ¢ fiir Feldstirken iiber 6 kOe parallel zu den Hauptlinien ver-
schieben, vgl. Fig. 5. Aus dieser Tatsache folgt, daf3 die Satelliten nicht durch
magnetisch nichtdquivalente Plitze der Er-Ionen im DyAsO4 (mit verschieden
groBen effektiven Feldern Hegr in der Ebene senkrecht zu ¢, d.h. unterschiedlicher
Nahordnung) zustande kommen. Denn sonst miiBten die Satellitenlinien im
groen Feld H|c¢ (mit H > Heyr) asymptotisch in die Hauptlinien einmiinden,
statt parallel zu ihnen zu verlaufen.

Eine mogliche Erklarung fiir die Satelliten, sowohl im Er3+- als auch im Dy3+-
Spektrum, ist die folgende: Es sind im DyAsO4 Fremdatome oder Fehlstellen in
kleiner Konzentration auf definierten Plitzen eingebaut, die zur Folge haben,
daB das auf die benachbarten Gitterplitze der Seltenen Erden wirkende Kristall-
feld um einen bestimmten Betrag abweicht von dem Kristallfeld an einem Gitter-
platz mit regulirer Umgebung. Das verdnderte Kristallfeld fiihrt, wie Hellwege
gezeigt hat [26], zu definiert gednderten Termaufspaltungen und Absorptions-
spektren, aber wenig oder gar nicht veridnderten magnetischen Momenten.
Gobel hat beobachtet, daB sich bei DyAsO4 das stochiometrische Verhaltnis von
Dy zu As durch Tempern verschieben kann [27]. Daher sind Storungen der
AsO2~-Komplexe denkbar, die zu den beobachteten Satelliten fithren kénnten.

9 *
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6. Diskussion

DyAsQy4 zeigt bei tiefen Temperaturen Eigenschaften, die denen des DyVO4
sehr dhnlich sind. Beide Substanzen erfahren einen kristallographischen Phasen-
iibergang mit Verzerrung in Richtung der a- und der b-Achse, der durch einen
kooperativen Jahn-Teller-Effekt induziert ist. Die von Elliott u. Mitarb. [15]
entwickelte Molekularfeldtheorie dieses Effektes gibt, im Gegensatz zum ThVO,
und TbAsOQj, keine sehr gute Ubereinstimmung mit den experimentellen Er-
gebnissen. Wie weit dieses mit einer Kopplung an optische bzw. akustische
Eigenschwingungen zu tun hat, soll hier nicht diskutiert werden, siehe hierzu
z.B. [15].

Die Spektren des in DyAsO4 eingebauten Er3+ zeigen bereits dicht unterhalb
Tp die magnetische Nahordnung der Dy-Momente. Daraus folgt, dafl der kristallo-
graphische Phaseniibergang entscheidende Voraussetzung fir die magnetische
Ordnung des DyAsOy ist.

Die antiferromagnetische Struktur des DyAsO4 ist nach den Neutronen-
beugungsuntersuchungen von Will [9] verschieden von der des DyVO4. Aus
den vorliegenden optischen Untersuchungen konnte allerdings kein Hinweis auf
den Ordnungswinkel der magnetischen Momente von 22° gegen die b-Achse ge-
funden werden. Wenn tatsichlich g, = 0 ist, miissen bei den normalen Aus-
tausch- und Dipol-Wechselwirkungen die Dy-Momente parallel zur b-Achse liegen.
Bei g(nja =0 wire eine Drehung der Momente moglich.

Es ist allerdings bisher nicht ausgeschlossen, daf3 der Ordnungswinkel, der
sich bei den Neutronenbeugungsmessungen ergeben hat, auf eine schlechte
Qualitét der untersuchten DyAsO4-Proben zuriickzufithren ist. An den von Will
benutzten Kristallpulvern konnte der kristallographische Phaseniibergang durch
Rontgenbeugung teilweise nicht nachgewiesen werden [27]. Bei den Kristallen
derselben Zucht, wie die von Will benutzten Proben, konnte auch im Raman-
Effekt kein kristallographischer Phaseniibergang beobachtet werden [14].

Mein besonderer Dank gilt Herrn Prof. Dr. H. G. Kahle fiir die Anregung zu dieser Arbeit,
seine stete Forderung und firr wertvolle Diskussionen. Herrn Dr. G. Miiller-Vogt und Herrn
Dr. L. Klein danke ich fiir die Ziichtung der Einkristalle, Herrn Dipl.-Phys. R. Herb fiir die
Ausfithrung der numerischen Rechnungen und Herrn Dr. W. Prettl, jetzt beim Max-Planck-
Institut fiir Festkorperforschung, Stuttgart, fir die Messungen am Fourier-Spektrometer.
Die Arbeit wurde teilweise von der Deutschen Forschungsgemeinschaft unterstiitzt.
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The spectral emissivity of platinum for 4 = 0.645 pm and 4 = 0.546 pm has been measured
by using a De Vos blackbody in ultrahigh vacuum and in helium. Changes in emissivity
brought about by heat treatment and changing ambiences, are illustrated and discussed and
the results are compared with previously published data. The emissivities determined turned
out to be appreciably lower than the measurements of previous investigators. The determined
values for 1100 < T'(K) < 1800 are for 0.645 um between 0.237 and 0.249 in vacuum, and
between 0.185 and 0.290 in helium; and for 0.546 pm between 0.250 and 0.312 for vacuum
and between 0.219 and 0.321 in helium.

1. Introduection

Considerable discord still exists about the true value of the spectral emissivity
of platinum at incandescent temperatures [1—13]. The most recent summaries
within this context have been published by Stephen [11] and Worthing [12] and,
although these investigators brought a considerable measure of coherency into
the field by their own measurements [10, 11], the spread in the results of the last
five most recent such determinations [8—11, 13] still is sufficiently large to
warrant a reconsideration of this problem within the improved experimental
framework which modern techniques, that are available today, afford.

The use of platinum in the laboratory and in technology is widespread because
of the chemical inertness and the high melting point of the element. In many
such applications sample temperatures have to be known within close limits
because the experimental parameters that are to be studied are rather sensitive
to relatively small temperature differences. This is true for experiments in which
platinum is the primary object under investigation, but it is also true for cases
in which this metal plays a secondary role, such as for example, when it is chosen
as a substrate to investigate the high temperature properties of other refractory
substances. In such experiments, temperatures in the incandescent range are
most conveniently determined by using optical pyrometers, but such determina-
tions are contingent on an accurate knowledge of the emissivity of the sample
involved and this makes the continuing effort toward more accurate determina-
tions of the emissivity parameters an experimentally meaningful undertaking.

The reason for major discrepancies in different results may be mainly appor-
tioned to differing manufacturing procedures, experimental ambiences, and heat

* Present Address: University of Madrid.
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treating schedules. Changes in manufacturing processes often change the bulk
impurity content of the metal and as manufacturing improves and becomes more
standardized, emissivity results by different investigators tend to settle into
closer agreement. Impurities and defects which alter the free electron concen-
tration in the metal, or which act as scattering centers, particularly if they tend
to aggregate within a few escape depths of the emitted radiation from the surface,
will be active in changing the emissivity. Heterovalent impurities that become
bound to defects in the surface region will be particularly serious offenders in this
respect, but easily diffusing contaminants that are readily dissolved by the metal,
such as hydrogen, have the effect of dilating the lattice and should also be guarded
against. In short, all processes which alter the resistivity in the pertinent region
within a few escape depths of radiation from the surface of the metal will tend to
alter the spectral emissivity value. (The escape depth is here defined as the
reciprocal of the absorption coefficient.)

The experimental ambience may be aggressive. The resulting etching structure
will increase the true surface area over the geometric surface area and this will
thus tend to increase the value of the emissivity. It is likely that air or oxygen
affect platinum at incandescent temperatures in this way through the formation
of a volatile and unstable oxide [14, 15]. The second effect may arise from the
absorption of ambient species on the surface. Species that are physically absorbed
at the surface are rarely a problem at incandescent temperatures because they are
relatively weakly bound and desorb readily even below incandescence. Chemi-
sorption, as a rule, causes pronounced rearrangement in atomic surface structure.
Most species nevertheless desorb below 900 K, but hydrogen and carbon must
specially be guarded against because they tend to persist on the platinum surface
to 1500 K for hydrogen and to at least 1700 K, and very probably even to the
melting point, for carbon. Morgan and Somorjai [16], who determined the
numerical values listed above, using low energy electron diffraction techniques,
report a Pt(100)—(5 x 1) surface structure for the normal, clean platinum
(100) face; a Pt(100)—(2 x 2)—Hy structure, stable below 1500 K, for hydrogen;
and a ring-like diffraction pattern, stable at all temperatures studied by these
authors (this is, up to 1700 K) for carbon. The affinity of carbon for platinum
surfaces is well known to workers in this field. It is, for example, fairly simple to
carry out an evaporation using a platinum wire, or ribbon, heated to near its
melting point in a conventional mercury vacuum system; but it is difficult or
even impossible to repeat this procedure in organic oil pumped systems. The
probable explanation is that appreciable amounts of surface carbon attenuate
the evaporation rate so that attempts to compensate by rising the temperature
result in the melting of the uncontaminated bulk platinum core and the conse quent
rupture of the ribbon or wire. Carbon is an impurity that is difficult to avoid in
vacuum technology. A low, mass spectrometrically determined background when
the ultimate vacuum is attained is not a guard against carbon contamination.
The background of CO, COg, and residual hydrocarbons may reach appreciable
levels during bake-out or outgassing cycles. Some of the easier decomposable
compounds may, then, deposite on the cold platinum surfaces and cause carbon
contamination by decomposition when these surfaces are in turn outgassed by
raising their temperature near the melting point. Fore pumps are particularly
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serious offenders in this respect. It is impossible to maintain a surface hydro-
carbon clean in a system which is fore pumped in a continuous duty cycle, even
if multiple liquid Ny trapping is resorted to. Fore line trapping, short cycle
pumping, and using a high quality hydrocarbon diffusion pump oil in the fore
pump alleviates this problem. (In order not to damage the pump, close attention
must be given to the viscosity and the lubricating properties of the oil in question.
Silicon oils are usually ruled out because of their poor lubricating properties
which lead to pump damage in a short period of time.) Carbon contamination can
usually be removed from platinum surfaces by a high temperature treatment in a
low pressure oxygen ambience. Absorption and ion pumped systems are satis-
factory, but excessive hydrogen background levels must here be guarded against.

The third and last surface perturbation affecting the emissivity are recrystalli-
zation effects due to thermal treatment. Single crystal grains often grow to
appreciable size in preferred directions. The preferred grain faces for platinum
are the (111) planes [17)]. Impurities tend to be swept by the growing grains into
the grain boundaries which, as a rule, are prone to grooving. The effect of this
grooving on the emissivity is, thus, similar to that of surface damage which tends
to raise emissivity values. A discussion of this effect is given by Quinn [18] for
tungsten and by Alvares for platinum [19].

I1. Experimental

The blackbody tubes were similar in design to those used by De Vos [20, 21]
for tungsten and by Martinez and Madjid [22] for tantalum. The tubes were made
from 2 mil platinum stock of 99.95%, purity supplied by the Engelhard Industries.
The dimensions were:

Length of blackbody: 20.3 cm ; triangular cross section: 0.64 X 0.64 X 0.64 cm;
wall thickness: 0.005 cm; blackbody hole diameter: 0.3 mm.

The tubes were shaped in a triangular die, capped, and spot welded at the
ends to corrugated tantalum spring tabs. The tabs were, in turn, spot welded to
a truss made from 0.25 cm round tungsten stock which fitted into set-screw
sockets drilled into the copper conductors of a commercial stainless steel ultrahigh
vacuum feedthrough. The corrugated tabs were carefully dimensioned to balance
Joule heat developed within them by the heating current against suspension heat
losses with the results that temperature inhomogeneities along the middle 8 cm
of the blackbody remained at a virtually undetectable level at all temperatures
considered.

The blackbody was mounted in an adsorption and sputter ion pumped stainless
steel vacuum chamber and standard bakeout and outgassing techniques were
used to attain the ultimate vacuum and to remove surface contaminants from the
pertinent surfaces to the extent possible. The vacuum was maintained in the
10-9 and 108 Torr range for low and high temperatures respectively. Measure-
ments in the helium ambient were made using bottle helium (of 99.9959%, purity
and dew point below — 60 C) at near atmospheric pressure.

The optical pyrometer that was used in the experiment was a precision red-
green disappearing filament micropyrometer and the readings were made through
a sapphire port. The results were based on nine readings at each temperature
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setting and all data was corrected for window and pyrometer optics absorption
before and after the entire measurement series. The pyrometer was compared
against a calibrated secondary standard pyrometer lamp prior to the measurement,
and the calibration of the latter was checked by a one-point comparison against
an institutional standard [23].

Recrystallization effects in reasonably thin and pure platinum sheet stock
start to develop while the samples are heated during vacuum processing. Thus,
by the time the outgassing and annealing schedules, the surface contamination
removal procedures, the temperature uniformity studies, and all the other
quality assessments of the blackbody are completed, grain growth in the 2-mil
thick platinum is already partially developed. Because of this and because grain
growth in platinum has already been adequately studied by McLean and Mykura
[17], and Alvares [19], no attempt to determine the “as received” emissivity
values was made. We concentrated instead on measuring the emissivity of re-
crystallized platinum, and on heat treating the metal to a stable surface structure,
that is, to a reproducible emissivity characteristic. Towards this purpose, a large
grain with a uniform surface was chosen which was located in the immediate
vicinity of the blackbody hole, but which was, nevertheless, far enough removed
from the emissivity perturbation which the slight indentation around the black-
body hole represents. The pyrometer was carefully focused on an identical spot
in the middle of this grain throughout the measurements. A reference tempera-
ture of about 1400 K was chosen to monitor the effects of the heat treatment on
the emissivity values. This temperature is sufficiently high to allow accurate
pyrometer work, yet it is low enough for the platinum not to undergo appreciable
structural surface changes even when the blackbody is kept at this temperature
for extended periods of time. The stabilizing heat treatment consisted in increasing
the temperature by roughly 100 K steps, starting from 1000 K up to 1800 K.
The dwell at each intermediate step was one hour. The blackbody, however, was
kept at 1800 K for several hours. The temperature was periodically reduced from
this temperature to the reference temperature of 1400 K to keep track of any
possible changes in the emissivity. It was assumed that the platinum had reached
surface structure stability when the difference between two successive emissivity
determinations at 1400 K made half an hour apart, remained within the bounds
given by the limits of error. This occurred when the platinum had remained
between four and five hours at 1800 K. Starting from this temperature, the
reported emissivity data was taken in decreasing temperature sequence and all
measured temperatures were held for one hour before the respective pyrometer
readings were made.

111. Results

Once fully developed, the geometry of the grain structure remaind remarkably
stable throughout the entire duration of the experiment. This was confirmed
visually and photographically. In Fig. 1 the “as received” surface structure of
the rolled sheet stock, Fig. 1(a), is compared with the grain structure of the fully
heat treated platinum, Fig. 1(b). (The area surrounding the blackbody hole was
chosen for display. The slight indentation around the hole, caused by drilling,
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(c)
Fig. 1. (a) Micrograph of the region of the platinum blackbody around the blackbody hole
after heat treatment. Several large (111) grains are apparent within which a moderate number
of ordered triangular etch pits may clearly be discerned. (b) Laue X-ray diffraction pattern
establishing that the grains shown above are (111) planes. (¢) Micrograph of the “as received”
platinum foil. Comparison with (a) shows that heat treatment results in considerable improve-
ment as far as surface smoothness is concerned

appears distinctly blacker than the flat portions of the surface.) The heat treated
surface is seen to be considerably smoother than the original “as received”
surface. The grain faces are (111) planes. This can be inferred from the Laue
reflection pattern shown in Fig. 1(c). The slight asterism in the pattern indicates
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ultra high vacuum
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Fig. 3. Comparison of present measurements of ¢, with previously published results. (a) Hen-

ning and Heuse [9], 4 = 0.647 um; (b) Worthing [10], 1 = 0.535 um; (¢) Worthing [10],

A = 0.665 um; (d) Stephens [11], 2 = 0.660 wm; (e) Krishnan and Jain {13], 2 = 0.655 pm;
(f) present results for A = 0.546 pm; and (g) for A = 0.645 yum
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strain, but the identity of the plane is unmistakable. The triangular thermal
etch pits, distinetly visible in Fig. 1 (b), corroborate this conclusion.

The spectral emissivity was calculated from the measured true or blackbody
temperature 7', and the brightness temperature S; by using the expression,

(1/T) — (1/83) = (A|C2) In (£2) , (1)

with A the wavelength, and Cg = 1.43879 4- 0.00019 (cm K). The spectral
emissivity in the red, 0.645 pum, and in the green, 0.546 pum, for a vacuum, and a
helium ambience thus determined are shown in Fig. 2. The lines shown in these
graphs are least square fits which were calculated by assuming that within the
precision of the measurements, the emissivity varies linearly with temperature
over the measured temperature interval of about 1100 << T'(K) << 1800. The
corresponding analytical expressions with 7' in K, are

egamum — 176(1) x 10-8 7' 4 0.217(7), 2)
eyomm — 879 (4) x 10-8 T 4 0.153(5), (3)
NS 5um = 150(2) X 10-7 T + 0.0197(8) , )
ENS gum = 145(3) X 10-7 T + 0.0594(7), (5)

These findings are summarized in the Table for the measurements in the
vacuum and the helium ambience respectively and the present measurements are
compared with previous results in Fig. 3.

Table. Spectral emissivity of commercial platinum stock in a ultra high vacuum ambience and
in a helium ambience, the data pertains to platinum which was heat treated for several hours
at 1800 K. T is the true temperature, S, is the brightness temperature, and ¢; is the spectral
emissivity. The error in the emissivity was calculated on the basis of an estimated error in the
determination of 7' and S; of 4+ 1 K, and the use of Eq. (5) for the calculation of &,

T °K S, °K €2 -+ Error S, °K &2 -+ Error
A =0.645 um A= 0.546 ym
1100 1027 0.237 0.006 1040 0.250 0.008
1200 1114 0.239 0.005 1130 0.259 0.007
1300 1200 0.241 0.005 1221 0.268 0.006
1400 1286 0.242 0.004 1311 0.277 0.005
1500 1370 0.244 0.003 1400 0.285 0.004
1600 1454 0.246 0.003 1489 0.294 0.004
1700 1537 0.248 0.003 1578 0.303 0.004
1800 1618 0.249 0.002 1667 0.312 0.004

Helium Ambience

1200 1104 0.200 0.004 1125 0.234 0.006
1300 1193 0.215 0.004 1216 0.248 0.005
1400 1282 0.230 0.004 1307 0.263 0.005
1500 1370 0.245 0.003 1398 0.277 0.005
1600 1459 0.260 0.003 1489 0.292 0.004

1700 1548 0.275 0.003 1579 0.306 0.004
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IV. Discussion

Comparing the four most recent published determinations [9—11, 13] and the
present measurements of the spectral emissivity of platinum in Fig. 3 reveals
that, almost in every case, each successive measurement of ¢; as a function of
temperature in the red is lower than each previous measurement. An interesting
feature, furthermore, is that Worthing (1926) [10], Stephen (1939) [11], and the
present authors determined almost identical positive temperature coefficients for
the emissivity in the red of about 1.8 x 10-5 (K-1) in a temperature range of
roughly 1000 < T' < 2000 (K). Krishnan and Jain’s (1954) [13] measurements
indicate a constant g; over the interval, but these authors’ primary purpose was
to measure thermal conductivity at high temperatures, and their use of a com-
posite blackbody is open to some criticism when compared to the more rigorous
procedures used by Stephen [13] for example. The comparatively much lower
emissivity values determined in this study are probably the result of using an
oil free ultrahigh vacuum ambience, superior blackness conditions, and the use
of a flat surfaced blackbody big enough to permit large, flat, smooth-faced, single
crystal grains to develop and it is, therefore, suggested that the emissivity thus
determined is more representative of platinum than previous results.

A comparison of the results displayed in Fig. 2 illustrates that even an inert
ambience may have a fundamental effect in the emissivity of a surface. On
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Fig. 4. The effect of heat treatment on the emissivity of platinum. The ambience in both
cases is ultra high vacuum. (a) Refers to measurements in the green, A = 0.546 um; and (b)
to measurements in the red, 4 = 0.645 um. The curves marked PHT refer to the emissivity
characteristic of an only partially heat treated surface and the curves marked FHT refer to
€, of fully heat treated platinum
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platinum, the helium, over the ultrahigh vacuum ambience, has, in both cases,
the effect of lowering the low temperature end of the emissivity, and of raising
the temperature coefficient of ¢;. The effect of heat treatment is shown in Fig. 4.
As has previously been mentioned, partial grain growth in the platinum occurred
already during the normal course of vacuum processing and surface cleaning.
Shown is, therefore, the characteristic of a surface that is already partially heat
treated against that of a fully heat treated surface. The appreciably lower values
of ¢, for the latter surface are probably due to the smoothing of the single crystal
grain surface which occurs during this process. Noteworthy, finally, remains the fact
that the temperature coefficient of the emissivity with about 8.8 x 10-8 (K1) is
appreciably higher than that in the red which is about 1.8 x 10-8 (K-1). As has
been mentioned, the latter value has been verified by at least three independent
investigators and considerable confidence may, therefore, be placed in this
numerical value. But in the present determination the pyrometer remained
focused on the same spot on the platinum grain in question, and the red and the
green measurements were made almost concurrently for each separate deter-
mination of the respective brightness temperatures. Some confidence may,
therefore, be placed in the measured values that show that a marked disparity
exists between the temperature coefficients of the emissivity in the green and in
the red.
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Standards — Gaithersburg, Maryland — for the calibration of our optical pyrometer, and
Miss Sandra Wallace for help with the preparation of the manuscript.
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Experimental data for the electrical resistivity of K, Na, Cu, Ag and Au at high tempera-
tures and constant volume have been analysed. In particular, corrections to the most simple
theoretical model (often referred to as Ziman’s model) arising from lattice anharmonicity,
Debye-Waller factors, multi-phonon scattering and terms beyond the Born approximation
are discussed. The net effect of all these corrections amounts at most to some 109, decrease
in the resistivity close to the melting point.

1. Introduction

The electrical resistivity of metals is well understood in its gross features,
but going beyond the most simple approximation in the theory, there are still a
number of points to be discussed, such as the influence of lattice anharmonicity,
Debye-Waller factors, multi-phonon scattering, thermally created lattice defects
and the validity of the Born approximation. It is the purpose of this paper to
analyse existing experimental data with respect to the effects mentioned. The
elements considered are potassium, sodium, copper, silver and gold for which
there are accurate measurements by Dugdale and Gugan [1] and Laubitz [2, 3].
We first briefly discuss the effects involved. In the most simple model, the ideal
electrical resistivity (i.e. without impurity scattering) varies linearly with tem-
perature in the high temperature limit. Experiments in general give a more rapid
increase. This is mainly due to the fact that the thermal expansion will lower the
phonon frequencies. In this paper we are interested in the explicit temperature
dependence and therefore consider the resistivity reduced to constant volume.
Even so will there be a shift in the phonon frequencies with temperature that
affects the resistivity. At high temperatures the phonons will be damped which
may be of importance. We should also include a temperature factor of the Debye-
Waller type. In addition there will be multi-phonon scattering processes and they
will give a contribution to the resistivity opposite in sign to that of the Debye-
Waller factor. It is not yet known how effective this cancellation is, and it has
even been suggested that the two terms might be paired off exactly [4]. The Born
approximation has been the starting point of all published calculations and we
discuss its validity. Apart from these major sources of corrections to the high
temperature resistivity proper attention must also be given to points like thermally
created lattice defects and the dielectric screening and also the validity of the
simple transport equation. For some of these effects, e.g. lattice anharmonicity
and lattice defects, we can give reasonable numerical estimates. From these values

10 Phys. cond. Matter, Vol. 17
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and a comparison with experimental data for the resistivity, we can make state-
ments about the combined effect of essentially Debye-Waller factors, multi-phonon
scattering and deviation from the Born approximation. It should be stressed that
we are not interested in absolute values of the resistivity but only in its tem-
perature dependence in the high temperature limit. Therefore our analysis makes
no assumption about how to calculate numerically the electron-phonon matrix
elements.

2. The Resistivity of Metals
a) Some Basic Relations

We follow Green and Kohn [5] and write for the phonon limited electrical
resistivity g (also see Baym [6] and Ziman [7])

d
Q= const. IJ' (dZS"/’Uk) dZS,, /U"){@k — qjk }2 lf k k’)l o eﬁ—(;)w @ . (1)

This is the expression one arrives at in a variational solution of the transport
equation using the Born approximation. The only important point for our
discussion is how the temperature T enters (§ = hjksT). S(q, w) is the spectral
function for the lattice displacements, the general definition being

N

8(q, w) = (1/2n N) [dt e~ <Ze"i‘1'R‘(°) eiq"‘f<t>> i (2)
The quantity 8’ in Eq. (1) is equal to S minus the Bragg peak that does not
contribute to the resistivity. R;(f) is the position of the ¢-th atom at time ¢ and
{ > denotes a thermal average. 8'(q, w) can in principle be obtained from neutron
scattering experiments [6] and will then include all effects of one- and multi-
phonon scattering, Debye-Waller factors etc. but the experimental accuracy is
much too low to be of any help in resistivity calculations for solid metals. In
practice one has to resort to approximate forms for 8'(q, w) and it is the validity
of these approximations that we are to study in this paper. In the so-called one-
phonon approximation and with the neglect of Debye-Waller factors and an-
harmonicity we have

=3 R L 3)
with
Agp(0) = (112 M 04p) [0 (0 — wgp) — O (0 + wgp)], 4)

where &, (p = 1, 2, 3) are the polarization vectors (longitudinal or transverse
vibrations; we have for simplicity assumed one atom per unit cell). The frequency
of the mode (q, p) is denoted by w(q, p). With Eq. (3) for the spectral function
and with f(k, k') calculated in the Born approximation we arrive at a form of
Eq. (1) that has been the starting point of almost all numerical calculations for
solids and is usually referred to as Ziman’s formula [7]. Going to the limit of high
temperatures in the expression for g [Egs. (1) and (3)] we can make an expansion
in T-2,

o/T =go—aT-2+bT-4. (5)
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It is seen that the constant gg involves an average over w~2 and we therefore write
o= R|O%, (6)

where O is a “Debye” temperature relevant for the electrical resistivity and R
is a constant. Our interest will be focused on the temperature dependence of the
parameter gg.

b) Validity of the Transport Equation and the Born Approximation

Several comments must be made concerning the validity of Eq. (1). It has been
assumed that the ordinary weak-coupling Boltzmann equation is accurate enough.
It is well known [8] that this is the case if (5/t Ev) < 1 (or alternatively 1/lky < 1).
Here Ey and ky are the Fermi energy and wave vector respectively and 7 and [ are
the life time and mean free path of the conduction electrons. For the metals under
consideration and close to the melting point we have 1/l kg ~ 0.01 and corrections
to the transport equation can not be ruled out. Rubio [9] tried to give a non-
perturbative solution in closed form for the strong scattering case which could be
used for numerical estimates of the validity of Eq. (1). Unfortunately, Rubio’s
result has been shown to be correct only to lowest order [10] and the problem
treated by him seems to be still unsolved. The accuracy of the transport equation
is a more serious problem in liquid metals and has received attention in this
context. Faber [11, 12] has discussed in some detail corrections due to the short
electron mean free path. In particular one finds that the elementary Ziman formula
for the resistivity of liquid metals gives quite reasonable agreement with experi-
ment even for metals where the mean free path is only a few atomic diameters.
For liquids the Debye-Waller factor, multi-phonon scattering and anharmonicity
are in principle all included in the spectral function and thus require no further
correction. It is therefore most unlikely that the simple form of the transport
equation should not be accurate enough for the metals we consider.

Another important point is whether the scattering probability is correctly
given by the Born approximation. This problem is not quite independent of the
previous one as a strong potential may cause a short mean free path and failure
of the Born approximation as well. There seems to be no quantitative estimate of
the validity of the Born approximation for solids but again the problem has been
extensively dealt with for liquids (see e.g. Refs. [11—19]). The least one can say
is that the results are as yet inconclusive. In our analysis we make no assumption
about how to calculate the transition probability. There may be an average
correction to the Born approximation that is temperature independent and in
addition there must be terms in a power series of 7'. It is only the latter terms
that affect the temperature dependence of the resistivity and hence show up in
our analysis of experimental data. One could refer to the relative success of the
Ziman formula even for those liquid metals that have a strong electron-ion inter-
action and argue that there is no particular reason for a temperature dependent
failure of the Born approximation in the metals under consideration. We still
include this possibility via a fudge factor 1 + B(T') that corrects the resistivity
given by Eq. (1).

It has been assumed that the matrix element f(k, k') calculated in the Born
approximation is temperature independent. Implicit in this assumption is the

10 *
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concept of rigid ions, i.e. the interaction between an electron and an individual
ion is not distorted by the thermal vibrations. If it were not so, one would expect
a qualitative difference between the alkali metals and the noble metals, the latter
having larger electron cores. No such difference is observed. In appendix 2 it is
further argued that neither thermal Fermi level smearing nor finite electron life
time effects will affect the dielectric screening constant in the electron-ion potential.

Some more comments can be made. The adiabatic approximation is known to
hold to order (me1/ Mion)t/2 [4] and corrections to this approximation are neglected.
It is also known that the scattering is correctly described to the same order by
the weak coupling approximation i.e. without any many body electron-phonon
renormalisation effects (cf. Prange and Kadanoff [20] and Baym [6]). At the high
temperatures of interest to us, “phonon drag” effects are completely negligible
and the phonon system can be described by the usual Bose-Einstein statistical
factors [21].

¢) The Debye-Waller Factor and Multi- Phonon Scattering

It is evident that for plane electron waves the one-phonon scattering processes
in the resistivity should be reduced by a Debye-Waller factor exp (— 2 W (K)) for
scattering with wave vector transfer K. W (K) has the form

|8qr K[>

(")qp

W (K) = (B[4 MN) > - (2nBh 4 1). (7)
ap

Note that W (K) depends quadratically on | K|. The scattering is between two
states on the Fermi surface. If we assume that the conduction electrons can be
described by single plane waves, we have |K| = |k — k'| =< 2ky. In this case,
and for a metal close to the melting point, we can expect a reduction in the
resistivity by some 159, [3]. Bailyn [22] has pointed out that the inclusion of
terms beyond the single plane wave approximation for the electrons can drastically
increase the net effect of the Debye-Waller factor. Let us expand the Bloch
electron wave function in a set of plane waves,

Pi(r) =2, Ceexpli(k+ G) - r], (8)
G

where the sum goes over reciprocal lattice vectors G. The matrix elements for
thermal scattering of electrons, <k |Hei—pn| k'Y, will be built up of a sum of
matrix elements for plane waves but with a wave vector transfer that may
exceed 2ky. Bailyn makes explicit calculations for a particular pair of states
(k, k') for caesium and finds that the effect of Debye-Waller factors may very well
be doubled using the expansion (8) instead of the single plane wave approximation.
The estimate is uncertain, and Bailyn had difficulties to get convergence for the
expansion coefficients C¢, but nevertheless we learn that the Bloch wave character,
which permits large momentum transfers in the scattering, may lead to a much
larger temperature factor than is obtained e.g. in X.ray scattering. At high
temperatures W (K) is linear in 7', and therefore the shift in the resistivity due to
the Debye-Waller factors goes as 7'2. Up to now we have only considered one-
phonon scattering processes. There must also be multi-phonon scattering, e.g.
three phonon processes where two phonons are created in the modes q and q’ and



Electrical Resistivity of Metals at High Temperatures 139

one is annihilated in the mode g"’. At high temperatures, the two-phonon processes
give an increase in the resistivity proportional to 7'2, the three-phonon processes
proportional to T3 etc. It is very difficult to calculate even the effect of two-
phonon scattering. Franzak and Bailyn [23] have made an estimate of this term
for the alkali metals at room temperature and they find an enhancement in the
resistivity over the one-phonon result by 4%,. However, this estimate must be
considered to be very uncertain. The terms just referred to correspond to so-called
“intrinsic” multi-phonon processes. There are also other multi-phonon processes
corresponding to higher order terms in the perturbation expansion. They have
been included in the factor 1 + B(T) as discussed in the previous section. Sham
and Ziman [4] noticed that a series expansion of the Debye-Waller factor and the
intrinsic multi-phonon scattering in terms of creation and annihilation operators
leads to two expressions that have many terms in common but with opposite
signs. Thus the effects of the Debye-Waller factor and the intrinsic multi-phonon
scattering tend to cancel, and Sham and Ziman remarked that there might even
be exact cancellation. An analytical analysis of the problem seems to be a formi-
dable task and we will use semi-empirical methods.

d) Anharmonicity

The temperature dependence of the electrical resistivity given in the expansion
of Eq. (5) comes entirely from the Fermi-Dirac and Bose-Einstein statistical
factors that enter the expression for the ideal scattering process. In the last
section we saw that an additional temperature dependence arises from Debye-
Waller factors and multi-phonon scattering and these two effects can be dealt
with assuming perfectly harmonic lattice vibrations. For an anharmonic system
an additional temperature dependence may arise from the fact that the peaks
in the spectral function are no longer delta functions at temperature independent
positions but are broadened, shifted and may even show considerable skewness
and structure. In its general form we can write for 4,4, (w) [24, 25] (with Debye-
Waller factors and multi-phonon scattering suppressed)

_ 1 2(,0.”, qu (0))
Agp(0) = aM [w? — Q5 + 40y, 'y () ®
with
Q% = Wi+ 2wgp Agp(w) - 10)

Here w,, are the eigen-frequencies of the strictly harmonic Hamiltonian that
results from retaining only the first (quadratic) term in an expansion of the
crystal energy in the displacements of the lattice sites. The inclusion of anharmonic
terms leads to a complex self energy A, (w) 4 i1y, (w). Note that both the real
and imaginary parts of the self energy are frequency dependent and may thus
lead to a very complicated spectral function. As a first approximation we could
neglect this frequency dependence, i.e. take 4,4, and I'4, to be constants for a given
mode (g p). The resulting 4,4, (w) will have almost Lorentz shaped peaks,
1 2wgp I'sgn (w)

Agy (@) = aM (02— wh —20g A2 + 405 I2. -
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If the self energy is small compared to wg, and only slowly varying with the
frequency w, it can be a good approximation to set

Agp(w) = A gp(wgp); Igp(w) =1TI'g,(wgy) . (12)

This gives exactly the form (11), where we note the fact that I'(w) is odd in @
while 4 (w) is an even function. Calculations have shown (12) to be a reasonable
approximation in many cases, even fairly close to the melting temperature, but
we will elaborate more on this point in a later section. Of more importance to us
is the temperature dependence of the self energy. In passing, we remind of the
fact that we are considering the resistivity at constant volume, and therefore all
effects of thermal expansion will be excluded. Theoretical calculations of an-
harmonicity usually include the cubic and quartic terms of the crystal energy
expanded in lattice point displacements. For the quartic contribution to the real
part of the self energy we can write in compact notation [26]

1
AL, = 2 (2neh 1) V4 (13)

N all modes

where V4 contains the fourth derivatives of the crystal energy. The temperature
dependence enters via the Bose-Einstein statistical factor nPt and thus 44 is
linear in temperature for 7' > @p. The expression for the cubic term A3 and the
imaginary part of the self energy are somewhat more complicated than Eq. (13)
but they both give a contribution that is linear in 7' for 7' > @p. Let us now
consider how anharmonicity modifies the temperature dependence of the electrical
resistivity. It is evident that the dominating effect for 7' > @p is a temperature
dependence of the asymptotic limit go in the expansion of Eq. (5). When 4, (w)
is approximated by the almost Lorentz shaped peaks of Eq. (11), the calculation
is straight forward (Appendix 1). For each individual phonon mode, the contribu-
tion to the resistivity is changed by a factor

(1 — 24, f00,) (1 — 412 job,) . (14)

Calculations have shown [26, 27, 28] that 0.03 is a reasonable order of magnitude
estimate for A,,/w,, as well as I'y,/w,, in metals at some 0.8 of the melting
temperature. Thus the shift A, in the positions of the one-phonon peaks can be
expected to be one or two orders of magnitude more important than their broaden-
ing as long as the Lorentz form is maintained. The two factors in the expression
also differ in their temperature dependence. The shift gives a correction to the
resistivity that is linear in 7' while the broadening leads to a 7"2-term. The fact
that the shift A, in principle may have either sign will in general not change our
qualitative statements. The true peaks in the spectral function may deviate from
the Lorentz form, but one easily finds [Appendix Eq. (A.7)] that for peaks that
are shifted and then broadened symmetrically around the new positions we have
much the same result as for true Lorentz peaks. For skew peaks or for peaks with
considerable structure, i.e. more strongly energy dependent self energies, the
situation is so complicated that general statements are difficult to make.

The conclusion to be drawn is that the most important effect of anharmonicity
on the electrical resistivity is a shift in the position of the one-phonon peaks in the
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spectral function. Following the notation of Eq. (6) we can write the correspond-
ing correction factor to the resistivity at high temperatures as

1 —246x/Ox, (15)

where AOg can have either sign.

Summing up the contributions from lattice anharmonicity, Debye-Waller
factors, multi-phonon scattering and deviations from the Born approximation
we find that the resistivity should change by a factor

14 Agle = (1 — 246R/Ox) exp(— 2W) {(T) k(T) (1 + B(T)) . (16)

The first two factors on the right hand side refer to the anharmonic shift in the
phonon frequencies and the Debye-Waller factor. The fact that anharmonicity
also gives a broadening and structure in the one-phonon peaks of the spectral
function S’(q, w) is taken into account via the factor f(7'). This term will also
include anharmonic effects that go beyond the third and fourth order terms. The
effect of multi-phonon scattering is entirely in A (7). It should be mentioned that
for an anharmonic crystal there are interference effects between the one-phonon
and multi-phonon scattering [25, 29]. We let the possible influence of this inter-
ference be included under our heading multi-phonon scattering. 1 + B(T)
represents corrections to the Born approximation.

From experiments we will extract the quantity 1 + Ag/e. At low temperatures,
T < @p, it is close to unity. If follows from our previous discussion that at higher
temperatures, Ag/p will first be linear in 7' and then get a more complicated from
as higher order corrections to the various terms in (16) become important.
Resistivity measurements alone only give the combined effect (16) and to say
anything about the individual factors, e.g. about the cancellation between
Debye-Waller factors and multi-phonon scattering, we need further experimental
information.

e) Thermal Lattice Defects

Close to the melting point there might be enough thermally created defects to
noticeably affect the resistivity. We assume that there is only one type of defects,
monovacancies. The extra resistivity A’p is linear in the defect concentration c,

A’ = cgvac- (17)
In equilibrium at temperature 7' and at zero pressure we have
¢ = n|N = exp(48/k) exp(— Q/kT), (18)

where n is the number of defects, N the number of lattice sites, 48 the entropy
change associated with the lattice relaxation around the defect and @ is the
formation energy per vacancy. Our experimental data refer to the situation when
an external pressure is applied so that the volume of the crystal is kept constant
with increased temperature. Thermodynamics easily gives [30]

¢(P, T)=c(P =0, T)exp(— PVyac/kT), (19)

where Vyae is the formation volume per vacancy and P the applied pressure.
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Apart from point defects one could in principle have fluctuating local trans-
formations to other crystal structures. Also, it has been suggested by Kuhlmann-
Wilsdorf [31] that melting may be caused by the thermal generation of dis-
locations when the free energy of dislocations cores becomes zero. However, it was
also shown [31] that the thermally generated dislocation density is completely
negligible below the melting point. Any excess of dislocations introduced e.g.by
cold working of the specimens will be rapidly annealed out at the high tempera-
tures of interest to us. It should also be mentioned that measurements of the
electrical resistivity in sodium by Bradshaw and Pearson [32] just around the
melting point showed no remarkable temperature behaviour apart from the
discontinuity at the phase transformation. We therefore completely neglect the
influence of other lattice defects than vacancies for the rest of this paper.

3. Analysis of Experimental Data
a) Potassium

We first discuss the measurements by Dugdale and Gugan [1] for potassium.
They measured the electrical resistivity and its pressure dependence from 8 to
295K. From values in the literature on the compressibility and the temperature
variation of the lattice parameter they also determined the equation of state
i.e. a relation between P, ¥V and T'. Thus they could deduce the electrical resistivity
at constant volume. The only analysis made in their original paper was the calcula-
tion of an effective @g (7') that fitted the data to the well known Block-Griineisen
formula for the electrical resistivity. When combined with recent measurements
of other quantities, the accurate data of Dugdale and Gugan can be used for a
detailed analysis of the high temperature resistivity. Following the lines of the
preceding discussion (cf. Eq. (5)), we plot ¢/7" as a function of 1/72. If it were not
for the corrections Ap/p and A’g (Eqs. (16) and (17)), the points would asymptoti-
cally approach a straight line for high temperatures. Our analysis requires that
asymptote to be drawn. This is not trivial, for as we approach the asymptotic
limit in the ideal resistivity, the corrections Ag/g start to become important. Our
golution is based on a fitting procedure as follows: For temperatures 7' < Og,
the factor 1 + Ag/p should be fairly close to unity. On the other hand the a/72
and higher terms in the expansion of /7, Eq. (5), are important. Thus the leading
term in the difference between the asymptote and the experimental data for
T < Og should be a/T2. Further, we can get a reasonable order of magnitude
estimate of b from the Bloch-Griineisen formula. These two conditions allow us
to draw the asymptote with good accuracy. The slight uncertainty is of no
importance for the qualitative results of this paper. Note that although the experi-
mental points for K below 100 K (Fig. 1) seem to lie approximately on a straight
line, this is not the asymptote as the two conditions mentioned are strongly
violated.

For potassium we find a small increase in /7" at high temperatures (7 > T'm/2,
Figs. 1 and 2) which might be thought to come from vacancies. Unfortunately,
there seems to be no published experiments giving gyac for alkali metals and there
is also very little information on @. For sodium, Feder and Charbnau [33] have
measured the formation energy 0.42eV and a defect concentration 0.75-:10-3
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Fig. 1. The electrical resistivity o (given as g/7') as a function of 7'-2 for potassium and sodium

at constant volume. Experimental values are due to Dugdale and Gugan [1]. The straight
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Fig. 2. The resistivity at constant volume for potassium at high temperatures. The dashed
curve is a smooth extrapolation from the experimental points at lower temperatures. There

is a marked increase in g/7 starting around 7' = 225°K. The arrow points at the melting
point T'm

at the melting point. This formation energy and defect concentration is in good
agreement with values obtained by Martin [34] in his analysis of the high tem-
perature thermal expansion of sodium. (It should here be remarked that Martin
gives a lattice expansion which is somewhat different from that used by Dugdale
and Gugan. The difference is almost constant in the high temperature region and
is therefore of no importance for our analysis.) Martin also finds that potassium
has almost the same vacancy formation energy and concentration of defects at
the melting point as sodium. Assuming the reasonable value gyae = 1 @ Qcm/at. %
and Vygae equal to half the atomic volume (cf. data for Au in Ref. [30]) one finds
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that the resistivity from vacancies should be two orders of magnitude smaller
than what is necessary to account for the extra increase in p/7' (cf. Fig. 2). It also
turns out to be impossible to fit this increase to anything like an exponential
temperature behaviour if one does not take the formation energy ¢ aslow as 0.1 eV,
which is an unrealistic value. We therefore conclude that the scattering from
vacancies can be neglected altogether in our subsequent discussion. For com-
pleteness we remark that measurements (at constant pressure) of the high tem-
perature resistivity of sodium by Bradshaw and Pearson [32] showed an upward
curvature when /T was plotted against 7. The volume expansion makes the
situation different from that we are discussing. Bradshaw and Pearson suggested
that vacancy scattering was effective but no definite conclusion could be drawn.

From Fig. 1 we easily find the quantity Ag/e for potassium. The result is
plotted in Fig. 3. As we only know the asymptotic behaviour of the “ideal” (i.e.
Eq. (5)) temperature dependence, it is not possible to get dp/p with any accuracy
for temperatures 7' << @g. We find that for Oy < T' < 26g, dgfp is linear in
T as expected. For still higher temperatures we see deviations from this linear
behaviour. For our analysis of Ag/p it is essential to have independent information
on the average shift in the phonon frequencies, i.e. A4@g/@g . Buyers and Cowley
[26] have calculated the third and fourth order shifts in the phonon frequencies
of potassium at 9, 92, 215 and 299 K using a pseudopotential approach and found
reasonable agreement with their own neutron scattering measurements. The data
are of course restricted to a limited number of modes, most of them being for
the longitudinal branch in the principal directions. The shifts differ considerably
between different modes and are uncertain to at least 209, like in all calculations
of this type. Most of the shifts (third plus fourth order) are negative but a few
are positive. We can only expect to get a rough idea of A@g /@ from Buyers’ and
Cowley’s data, because we do not know in detail the weight by which the different
modes enter the total resistivity. Making the crude assumption that all modes
have the same weight, we find that the total shift from @y to 295 K is A@g/Or =
— (5 4 3)9%. Martin [34] has analysed the high temperature heat capacity of the
alkali metals and from his entropy data we could estimate the average shift
As + 44. Tt is known that for each individual mode it is exactly the frequency

Table 1. The difference 4g/p between the theoretical prediction of the Ziman formula for the

resistivity and the experimental data at constant volume at some 159, from the melting

temperature. In the right column is shown the same difference after a correction of the
theoretical result for the anharmonic frequency shift at constant volume

Aole Agfo
uncorrected after correction for
lattice anharmonicity

(%) (%)

K — 4 — 12

Na -1 — 6

Cu - 3 — 2

Ag — 10 — 6

Au — 6 + 9
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Fig. 3. The quantity dg/e (Eq. (16)) as a function of temperature for potassium

shifts we discuss that go into the mode contribution to the entropy [35]. Neglecting
the different weighting of the phonon modes in the resistivity and the entropy,
Martins’ values would give 4@gr/@r = — (1.5 4- 0.5)%, for potassium in the
interval @g to 295 K. Wallace [36] has also analysed high temperature entropy
data and finds A@g/@r = — 49%,. Finally Kaveh and Wiser [37] in a calculation
of the difference between the resistivity at constant pressure and constant volume
for potassium and sodium obtained as an estimate for potassium A@g/@gr = —39%,.
This value is based on the temperature and pressure dependence of the elastic
constants. Thus there is some uncertainty about the average shift to be used
but there is no doubt that it is negative, resulting in a positive Ap/p. Note that
the experimental data show unambigously that dg/p is negative at high tempera-
tures. In Table 1 we give the total experimental value for dg/o and also the
remaining Apfo when the correction due to A@gr/@g has been included. The
frequency shifts are all from the entropy analysis by Wallace.

We next consider f(7') which has been taken to incorporate the effects of
phonon damping, structure in the phonon spectral function and also frequency
shifts higher than fourth order. In our discussion of the spectral function it was
found that as long as the peaks were Lorentz shaped, their broadening at higher
temperatures was expected to be one order of magnitude less important than the
effect of the frequency shifts even at high temperatures. A considerable structure
or skewness in the spectral function could invalidate this result. However, the
calculations of Buyers and Cowley showed that the phonon peaks were very close
to Lorentz shaped even at 299 K. Qualitatively the same result has been obtained
for aluminium in calculations by Koehler, Gillis and Wallace [27, 28] and also by
Sandstrom (private communication). Further, any symmetric broadening of the
peaks in the spectral function would give a T'2-contribution to Ag/¢ whereas the
experimental data (Fig. 3) start out linear in 7T'. Thus it seems unlikely that a
finite width or structure in the spectral function will be of any real importance
for the resistivity. It is more difficult to make any statements about higher order
shifts in the phonon frequencies. Theoretical calculations never go beyond the
fourth order, but this is due to numerical difficulties. One might expect higher
order terms to be important for temperatures 7' > 2@g. This is equivalent to
saying that for these temperatures we expect a non-linear behaviour in Ap/p.
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It now remains to discuss the Debye-Waller factor, multi-phonon scattering
and the Born approximation. From Fig. 3 we see that dp/p is negative, — 0.04
at 295 K, whereas the effect of phonon frequency shifts is expected to be a positive
contribution of some 0.08 at the same temperature. Thus the experiments require
some other effects that are linear in 7' in their leading term. If we dare to trust the
Born approximation, the natural explanation is that the Debye-Waller factor
does not cancel against the multi-phonon scattering. In view of Bailyn’s paper on
exp(— 2W) [22] and Franzak’s and Bailyn’s [23] on two-phonon scattering
(cf. our previous discussion) this is not unreasonable. Thus we have a simple
explanation for the linear behaviour of Ag/p up to 200 K. Above this temperature
there is a much different 7' dependence in Ap/g (Fig. 3). The origin of this behaviour
is very complicated to analyse. A probable cause is still higher order terms in the
phonon frequency shifts. Other possibilities are higher order terms in the Debye-
Waller factor, the multi-phonon scattering and failure of the Born approximation.
It is interesting to note that the non-linear 7T-dependence in Apfp can not be
fitted to a T'2-term (cf. Fig. 3). Therefore it would not suffice in an explanation to
include only the next term (in orders of 7') in the shifts etc. For the same reason
it could not be the effect of anharmonicity in the Debye-Waller factors and
multi-phonon scattering. This last conclusion is further supported by the fact that
the average frequency shift for potassium was negative. Therefore when this shift
i8 inserted into the Debye-Waller and multi-phonon terms (cf. Eq. (7)) it gives a
change in the resistivity which is not only too small compared to the interesting
feature in Fig. 3 but also has the wrong sign.

b) Sodium

The resistivity data for sodium [1] confirm the qualitative results obtained
for potassium, but the data end at 295 K, i.e. at too low temperatures (compared
to the Debye temperature or the melting point) to show the features at high
temperatures found for potassium. Glyde and Taylor [38] have recently calculated
the anharmonic properties of sodium. Their approach is somewhat different in
principle from that used by Cowley et al. [29] for potassium but the outcome is
much the same. Most of the phonon peaks seem to be reasonably well described
with Lorentz peaks at temperature dependent positions. The frequency shifts
differ considerably from mode to mode and are not all of the same sign. From
Martin’s heat capacity data we estimate the average shift from @g to 295 K to
be — (2 4 0.5)% and Glyde’s and Taylor’s calculation is not inconsistent with
this value. The shift in @g obtained by Kaveh and Wiser [37] from elastic constants
is — 4.29,. The high temperature entropy analysis by Wallace [36] gives — 3.5%,.
Again it is no doubt that the average shift in the phonon frequencies is negative
when the temperature rises, thus increasing the difference between the experimental
resistivity data and the Ziman formula (see Table 1).

¢) Copper, Silver and Gold

Bailyn [22] argued that it was when one abandoned the single plane wave
approximation that the Debye-Waller factor became really important. It would
therefore be interesting to consider the noble metals where the plane wave
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Fig. 4. The electrical resistivity ¢ (given as o/T') as a function of 7-2 for copper, silver and

gold. The experimental results at constant pressure (P = 0, only shown for Cu) are due to

Laubitz [2, 3]. They have been reduced to constant volume (V = Vgqo). The straight lines
represent the asymptote in the most simple theory (cf. Fig. 1)

approximation is poor but the conduction bands still are fairly simple so that our
basic assumptions are valid. Laubitz [2, 3] has measured the resistivity of the noble
metals from 300 to 1200 K (Ag 1100 K) at ordinary pressure. We take his data
and reduce them to constant volume using X-ray data for the lattice parameter
[39] and the volume dependence of the resistivity given by Dugdale [40]. The
result is shown in Fig. 4. Tentative asymptotes are drawn as in Fig. 1. Although
the resulting data are not as accurate as for the alkali metals, we immediately
see that the general behaviour is the same. The discrepancy between experiment
and the standard Ziman formula is very similar for Na, K, Cu, Ag and Au. The
interesting point is that although the single plane wave approximation for the
conduction electrons in the noble metals is supposed to be less good, this has not
resulted in a large Ap/p. This fact gives partial support to the validity of the
“rigid ion” approximation. One may have some doubts about its validity at high
temperatures when the amplitude of the lattice vibrations is large. However one
also expects a difference in this respect between the alkali metals with small and
the noble metals with large ion cores. Data on lattice anharmonicity from Wallace
[36] can be used to correct for the shifts in the phonon frequencies just as was made
for potassium and sodium. The result is summarized in Table 1.

4. Conclusions

We have analysed high temperature data (reduced to constant volume) for the
electrical resistivity of the five metals K, Na, Cu, Ag and Au in order to test the
validity of the formula used in conventional resistivity calculations. The interest
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has been focused on the temperature dependence and not on the absolute values
of the resistivity. The analysis essentially goes in four steps. First we plot experi-
mental data for g/T as a function of 1/7? and compare with the asymptotic
behaviour that results from the standard resistivity formula in which the only
temperature dependence enters from one-phonon scattering in a strictly harmonic
lattice. The discrepancy between these two curves is what we want to study. We
next argue that negligible temperature dependence arises from thermal lattice
defects (vacancies, local structure instabilities or premelting generation of dis-
locations). Also the dielectric screening is shown to be unaffected by thermal
Fermi level smearing or finite electron life time effects. The electron mean free
path is long enough for the standard Boltzmann equation to be valid. Further
we neglect all corrections that are of order (mei/Mion)!/2. The major sources of
additional temperature dependence in the resistivity are lattice anharmonicity,
Debye-Waller factors, multi-phonon scattering and corrections to the Born
approximation. As a third step we treat lattice anharmonicity. We take a semi-
empirical approach and make use of information on anharmonicity obtained from
theoretical calculations as well as from specific heat measurements and inelastic
neutron scattering. It is found to be a good approximation to neglect finite phonon
life time effects and represent the phonons with sharp frequencies that are tem-
perature dependent even at constant volume. After correcting the resistivity for
lattice anharmonicity (cf. Table 1), we are left with the fourth and last step, the
discussion of Debye-Waller factors, multi-phonon scattering and the Born
approximation. The net effect of these terms at some 15%, below the melting
temperature is summarized in the right column of Table 1. One might have some
confidence in the Born approximation at least for the alkali metals Na and K.
Assuming its validity, it follows that the cancellation between the Debye-Waller
factor and multi-phonon scattering is only approximate. This is in disagreement
with a conjecture by Sham and Ziman [4] that the cancellation might be complete.
A closer numerical analysis of Debye-Waller factors, multi-phonon scattering and
the Born approximation is a formidable task and beyond the scope of this paper.
Summing up, the main conclusions are the following:

1) The standard resistivity formula in the one-phonon approximation (often
referred to as the Ziman formula) overestimates the temperature dependence of
the high temperature electrical resistivity at constant volume for alkali (Na, K)
and noble (Cu, Ag, Au) metals by up to some 109, (Table 1).

2) The major reasons for the discrepancy between the elementary theory and
experiments are the neglect of Debye-Waller factors, multi-phonon scattering,
anharmonic effects and the possible failure of the Born approximation. These
effects can all be of the same order of magnitude and partially cancelling.

3) The lattice anharmonicity at constant volume is properly taken into account
by a shift in the harmonic phonon frequencies but this correction alone does not
in general give better agreement between theory and experiment (Table 1). This
fact should be contrasted to case of the high temperature resistivity at constant
pressure where phonon frequency shifts due to the thermal expansion account for
most of the difference between experiment and the elementary theory [37].
There is clear evidence in potassium for corrections higher than linear in the
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temperature (presumably due to anharmonicity) but these corrections are very
small even as close as 209, from the melting temperature.

4) It has not been possible to separate the effects of the Debye-Waller factor,
multi-phonon scattering and possible failure of the Born approximation. Each
of these terms requires very lengthy calculations for numerical estimates. How-
ever, if the Born approximation is valid, there can be no complete cancellation
between Debye-Waller and multi-phonon scattering corrections as has been
suggested by Sham and Ziman [4].
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Appendix A
According to Eq. (9) the function 4,4,(w) has the form

. 1 2wgp I'yp(w)
T oM [02— Q222+ 40, 2, (0)

Agp(w)

An approximation to (A.1) is the Lorentz form
r r
(0—Q2+T2 (0+Q22+17

where 2 and I are constants. Any form of 4 (w) must fulfill the sum rule [41]
(Debye-Waller factors and multi-phonon scattering suppressed)

Ag(w)=2MQ2n)1

(A.2)

[od(w)do=M"1. (A.3)
We are here interested in the average (cf. Egs. (1) and (3))
fol4(w)dw. (A4)

Integrals of the type (A.3) and (A.4) can be handled by the method of residues.
Let us assume in (A.1) that 4,,(w) and I'y, (w) are slowly varying as a function
of w and that the poles given by this approximation are the only ones present.
It is then trivial to check that the sum rule is fulfilled. For the integral (A.4)
we get from (A.1)

M-1Q-2[1 + 402, I'?(wg,)/241
AN Mo [l — 24(0g)]wg] [1 — 4% (wg,) w5, (A.5)
If we start from the Lorentz function (A.2) instead we find
M-10Q-2[1 + I'?Q2 1~ M1 w2 [1 — 24 wg,] [1 — I'?wh,] . (A.6)

Thus there is a slight difference in the effect of broadening between the two
approximations for 4,4, (w) but this effect is negligible anyhow compared to that
involving A. If we now take any form of A(w) that consists of two non-over-
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lapping peaks that are symmetric in w around + 2 we find

Tw”lA(w) dw =2 j'ow(.Q +w— 2 A(w)do
-— 00 0
—20°2 [[1 +3(0— Q2+ Jod@do  (AT)
0

and with the use of the sum rule (A.3) we are again back to quantities like those
in (A.5) and (A.6).

Appendix B

We first estimate the correction in the dielectric screening constant £0(q, w)
due to thermal smearing in the Fermi-Dirac distribution function n (&, u, T).
Here p is the chemical potential and E, the electron energy corresponding to
wave vector g. We can write for £0(q, w) (see e.g. [42])

(

nEls s W T)'—'n(Ek:,u: T)
e0(q, w) = 1 — (47 e2/q?) +9q : B.1
(q la % Byry— B+ hiw+i0) (B.1)
We now observe that
on
n(Equu” T)::—‘/EE'(E’,“’ T)n(Eq,E’O)d‘E (B‘2)

The function dn/dE is strongly peaked around E = g and it is readily seen that
once we have the dielectric function at 7 = 0 K and the temperature dependence
of the chemical potential we find the finite temperature dielectric function as a
weighted sum over zero temperature functions with varying Fermi levels. Integrals
involving the function on/0E appear e.g. in the elementary calculation of the heat
capacity of an almost degenerate Fermi gas. Exactly the same approach can be
used here. Let us insert (B.2) into (B.1) and use the Lindhard or random phase
approximation [42] for the zero temperature dielectric function. It is easily found
that the finite temperature corrections are of order (kg7T'/u)2. Special attention
must be given to the region around E, = u where 0¢/0gq has a logarithmic
singularity. However it is easily checked that our qualitative result for the
temperature effect still holds.

We now turn to the effect of a finite electron life time 7. Mermin [43] has shown
that the dielectric function (at zero temperature) takes the form

e(quw)=1-+ — 1+ io7)[0(q, © + ift) — 1]

1+ (Z/w 7) [50(11, o+ ’L/T) — 1]/[80(11, 0) — 1] : (B.3)

In the screened electron-phonon interaction the frequency o that enters ¢(q, w)
is a phonon frequency. We can also estimate the life time 7 from the elementary
resistivity formula [44]

o=m|(ne2t). (B4)

It is found that 1/wt is of the order of unity or larger for metals at high tem-
peratures and consequently can not be neglected. On the other hand £%(q, w)
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is correctly given by the static function £0(q, 0) to order (mei/Mion)l/2 [42].
Therefore to the same accuracy

&(q, ) = &%(q, 0)

and finite life time effects can be neglected.
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A new theory for the growth of lamellar eutectics is presented. The present analysis is
different from previous theories in that the growth problem is formulated in terms of an
interface equation. This equation is analysed for steady state solutions and their stability
against different perturbations.

The main conclusion from this theoretical analysis is that lamellar eutectics should grow
close to the minimum undercooling condition.

The present investigation not only clarifies earlier discussions but it also puts forward
a new approach to the complex problem of growth.

1. Introduction

Directionally solidified eutectic alloys may have a structure consisting of
parallel plates or rods. This growth has been the subject of many experimental
and theoretical studies. The first theoretical work that took into account both the
effect of diffusion and the surface energy was done by Zener [1]. He found that
the lamellar structure (see Fig. 2) could grow in a range of growth rates at a given
undercooling. To remove this ambiguity Zener postulated that the growth rate
was the maximum possible at the given undercooling. He predicted from this
that the product of the growth velocity vo and the square of the lamellar spacing A
should be constant. Tiller [2] proposed a minimum undercooling condition to
replace the maximum velocity condition used by Zener. These conditions are
formally identical. Hillert [3, 4] extended the work of Zener. He found a solution
to the diffusion equation assuming the interface to be plane. Jackson and Hunt [5]
generalised Hillers work to a general case, with no restriction on the relative
volumes of the two phases, and with the melt on or off eutectic composition.
The basic hypothesis in Jackson and Hunt’s work is that they base their theory
to start with on quantities that are averaged over the lamellas. In particular they
equate the average temperature before the two phases « and f, respectively.
Lesoult and Turpin [6] in their work on eutectic growth point out that no justifica-
tion of this equation has been given. Furthermore Hunt and Jackson [5] discuss
the stability of the lamellar growth only intuitively, e.g. they do not base it on
mathematical equations. Their conclusion is that the growth occurs at or near
the minimum undercooling condition. Following the demonstration by Mollard
and Fleming [7], that eutectic microstructures could be obtained in Pb-Sn alloys
of noneutectic compositions provided that the quotient of temperature gradient
to growth velocity was sufficiently large, two stability calculations were proposed
to account for this phenomenon [8, 9]. The two perturbation approaches try to
generalise the work of Mullins and Sekerka [10] for singlephase alloys. Both

11 Phys. cond. Matter, Vol. 17
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theories take as their starting point the Jackson and Hunt [5] analysis of steady
state lamellar eutectic growth. The two approaches lead to significantly different
predictions of the spatial wavelength of the instability which first occurs. In a
critical discussion of the two approaches Hunt [11] et al. conclude that a proper
stability calculation must await a better solution of the steady state problem.

In this work we present a new mathematical method which makes it possible
to obtain a better description of the complex problem of eutectic growth.

We begin in Sect. 2 with a formulation of the problem. A simplified model is
introduced on which the following analysis will be based. In Sect. 3 we introduce
a new mathematical technique which allows us to transform the basic set of
equations (diffusion equations and boundary conditions) into a one-dimensional
integral equation for the interface.

Before applying our interface equation to eutectic growth we shall study the
stability of the uniform advance of a planar interface of a dilute solid alloy into
the molten metal in Sect. 4. In Sects. 5—8 we shall study the steady state and
small perturbations of eutectic growth. We conclude (Sect. 9) with a discussion
of our results.

2. The Model

We consider a system consisting of two phases L and S (liquid and solid)
which are separated by an interface F (Fig. 1). For the sake of simplicity we
assume spatial homogeneity in one direction, reducing the problem from a three
— to a two dimensional one.

Let (&, ) denote coordinates with respect to a laboratory frame. The inter-
face F; at time ¢ is the set

Fr = {50 = vot + f:(£)} (2.1)

where the function f;: R — R is bounded and has a continous derivative except
at isolated points. Furthermore, we assume that for a steady state

a

1
lim o= [ fi6)dE=¢o. 22)

Consequently, the mean position of F; is given by = wot + Lo, i.e. the solid
phase is growing with the steady state velocity vg in the {-direction.
We introduce internal coordinates (z, z) by setting

x=&, z=(—t. (2.3)
The interface is now given by
Fi = {(2,2)|2 = fe(x)} - (2.4)

Occasionally we shall drop the index ¢.
The domains Gy, Gg of the liquid and solid phase respectively, are given by

Oy = {(@.2)|2 2y fe(2)} . (2.5)
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4

Fig. 1. Schematic representation of the directional liquid (L) solid (S) phasetransformation.
F represents the interface

The state of the system is given by a quadruplet (c1, ¢s, T1, T's) of functions
cn, T1: G xRy —>R,
cs Ts: Gs xRy >R (2.6)
where ¢y (x, ) is the concentration of the solute at time ¢ €R, at the point

x €(yrs), Tis(x,t) is the temperature. These functions have to satisfy certain
boundary conditions on the interface F. Material and heat conservation lead to

ps(2&) _p, (%) : 2.7

$\%n o~ P\ %0 ), =" n(cLr — CsF), (2.7)
0T 0T,

Ks< on )F—KL( on )F=v'n-J. (2.8)

Here a subscript F denotes boundary values on the interface F (taken as limit
of values in Gf,, Gs respectively), Dy diffusion coefficient, Ky, heat conduc-
tivity coefficients, J heat of fusion per unit volume, v local velocity of the inter-
face, n unit vector normal to F, given by

(—f’ 1)
TENDTE

,__8 _8
Tz’ o)

The temperature has to be continuous across F, hence
Tir=Tsr =TF. (2.10)

Finally, assuming the principle of local equilibrium to hold, the existence of
chemical potentials uy,, us for the phases L and S is garanteed. If, by a further
assumption, the interface kinetics can be neglected, then the continuity condition

n = (ng, ns) = (2.9)

ULF = [SF (2.11)

must hold. For a dilute alloy this leads within a certain approximation (Ap-
pendix A) to
Trg —Tg=—mcrr+ ap K (2.12)

11 *
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where T'g is the melting temperature of the pure component, m is the liquidus
slope, ap the Thompson constant and
PO
(1 4 2R
is the local curvature.
Further boundary conditions at { = {s and { = {1, have to be imposed,
where {1, {5 are constants. We postpone the formulation of these conditions.
The full dynamics of our system would be

Vo acL(S) 1 acL(S)
deves) + Dus 0~ Dig ot (2.13)
and
Vo aTL 1 aTL
ATL(S) + = e 0 TIre (2.14)

Dys)y 0=  Dig o
where Dy, DL(S) are material and heat diffusion coefficients, respectively.
We replace (2.13), (2.14) by the following equations

Aer, + ;“0; e =0, (2.15)

ATy =0. (2.16)

This approximation is valid for perturbations whose shape changes sufficiently
slowly. The equation for cg is dropped altogether assuming that the diffusivity
in the solid is small. In order to satisfy (2.7) we assume

aCs
<%>F =0 (2.17)
and
CSF — kCLF (2.18)

for a dilute alloy where k is some constant. In case of an eutectic see Appendix A.
We now formulate the boundary conditions at { = {1 for the case

fn=rtoo, ls=—o

or equivalently for 21, = + o0, 25 = — oo:
lim ¢y, (z, 2) = ¢™, (2.19)
Z—>00
o1
lim — Ty(, 2) = g1, (2.20)
Z—>00
. 1
lim ~ Ts(x,2) =y¢s. (2.21)
z—>—o00

3. Mathematical Methods

In this section we solve formally the boundary value problems posed in
Sect. 2. This procedure leads to an integro-differential equation for the function f
which describes the interface.
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The first boundary value problem is to solve
Acy, + CL =0 in Gy, (3.1)

with the boundary conditions

oc L 1
(E)F =— 3 qm: on F (3.2)
and
lim ¢y, {x, 2) = ¢ (3.3)
Z2—>00
where
2 .
7= g (vo+ f) (cLr — csF) (3.4)
L

according to (2.7), (2.9).
The following Ansatz

1 ,
cL(x) = ¢ 4+ ae2vz é;/dx'p(z')e"'(’_f(’ YKo(y|x— xr|), (3.5)

2y =—— (3.6)

satisfies (3.1) and (3.3) for arbitrary bounded functions p. Here K, is the modified
Bessel function of order » and the notation xz = (2, f(2)) is used in (3.5).
Evaluation of the normal derivative gives

aCL 9 1
— —2yf(z) _
(an )F— 2yae g P(@)nz(2)

1 4 p—
- %/dx’ e~ W@ —f(z")) yoKi(yo) _n_(_u_ xF) (@)

02
1 ,

— 5 (@) / d! e~ 1I@~1EN y Ko (3 0) p (') (3.7)

(singular integrals are to be understood as principal value integrals) with
0 =|xr — xp]|. 3.8)

Hence (3.2) leads to the following integral equation for p
p() =q(x) — daye 2@
_/dxle—r(f(x)—f(z Dy Ki(yo f (@) (@ — ') ;;(f — =) ()

- / da’ e IO=IENy Ko (y 0) p (%) (3.9)

The second boundary value problem is to solve
AT =0 in Grg (3.10)
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with the boundary conditions

Trr = Tsr, (3.11)
Ks 228 o) _ 3.12
S an . - on . - in ’ ( . )
1
lim — TL (x, Z) =dgL, (313)
1
im — Ts(il?, 2) =4ds, (314)
where @ is assumed to be given. It will be identified with
Q=—J(wo+]) (3.15)
according to (2.8), (2.9).
The following Ansatz
T (x) = To + } (g1 + gs) 2z + (1. — gs) ¥ () + P (x) (3.16)
with (z—a')?+ (= —[{@))?
Y(x) = ——/d In (@ — o) (3.17)
and R ,
@(x):——% dz’ by (2') P In|x — xp| (3.18)

satisfies (3.11), (3.13), (3.14) (for details see Appendix B) if we set
Ty(x)=T(x), =x€(ry,
Ts(x)=T(x), =xecGs. (3.19)
The boundary condition (3.12) leads to the following integral equation

2 1
h(z) = m{@(z) -y (9L + 9s) K1 — K5)

Ku—Ks [ f@@—a)— (@) —/@)
Ly f ) e ¢ (@) — @) } (3.20)

for the function

dhy
h@) =+ Gu—g5)- 3.21)

4. Stability of a Planar Interface

In this section we shall show that the equations derived in Sect. 3 applied to
the freezing of a dilute binary alloy admit a planar interface as solution. The
stability of this solution against small perturbations of a certain form is in-
vestigated.

The interface equation is

Tw — T = —mecrr+ ag K (4.1)
according to (2.12). The boundary values T'r, cLr are given by

Tr(x) = To+ % (9r + 9s) f (=) + (9. — gs) ¥ (xF) 4 D (xF), 4.2)
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1 , ,
crr (@) =™ + ae~ 2@ o / da' e~ I@—TE) Ko (y | xp — x5 |)p(')  (4.3)

where ¥ and @ are given by (3.17), (3.18), respectively. Obviously, 7= depends
on the unknown functions f, h, similarly crr on f, p, where h and p have to satisfy
the integral equations (3.20), (3.9), respectively.

Setting f = 0, p = 0, k1 = 0 we obtain from (3.9), (3.4) and (2.18)

a=(1—Fk)err (4.4)
and from (3.21), (3.15)
2 1
9L—gs=m{—Jvo—g(gL-l-gs)(KL—Ks)}- (4.5)
From (4.2) we get
Tp— Ty (4.6)
and from (4.3)
cLr = +a. 4.7
Combining (4.4) and (4.7) yields
1
a=c" (-— — 1) (4.8)
and ¢
CLF = —k— . (4.9)

Finally, we obtain from (4.1) by inserting (4.9)

o0

¢
The complete solution of the boundary value problems for ¢r, and 7' in the case
of a planar interface is now given by

¢ 1 1
T(x)=TE—m']c—+’2_(9L+gs)z+E(QL“gS)lzl’ (4.11)
1
or(%) = ¢ + ¢ (—k— — 1) 27z, (4.12)

We now investigate the stability of this solution against small perturbations of
a form described below. Setting 4 = 4® 4 A for any quantity 4, where
A® is the unperturbed value of 4 and A® the deviation caused by the per-
turbation, we have f(® = 0, p©@ = 0, A{® = 0 and

TO — Ty = Ty — m-ck— (4.13)
OOO
$h=c"+a= - (4.14)

We consider now a perturbation of the interface of the form
O (z,8) = f) e—#tsin A2 (4.15)
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In accordance with the assumption of the perturbation being small, we linearise
the equations which determine A{", p(), c{}), T%. These equations are reduced
to algebraic equations by the Ansatz

AW — 4 gt [SAT (4.16)
— A"lcos Az
for any of the above quantities:
21 2 1 P
hy? = Ky 1+ Ks Ju — 5 (Ku— Ks) (9. — 95) | f©V, (4.17)
PO =4yl — k) &Y 2 1 — k) fD 4 8ay2f@® — AT
- y - )CLF _D ( - C f + aV - (12“}_'}}2)1/21) »
(4.18)
&) = — 2ayfo + PRI )1/2p (4.19)
Jx
o — (g’ ~ 7 Kt Ks) fo (4.20)
with
K K
= LIL + Asgs (21)
Ki+Ks
Solving (4.18), (4.19) for $M, &L we obtain
-
BO =dayr e 4 ek — 1)yf(1)’ (4.22)
y— oo (24 yRpe
b =207y y2)1’2 TeE—ny (4.23)
The interface equation yields
PP = — mell) — 22apf®. (4.24)

Inserting (4.23) into (4.24) and comparing with (4.20) leads to the following
equation for

m
J- 1 2 a.y ;0’
PKitKs T L @E—1Dy
y— A2+ )12

=g+ a2+ 2aym (A2 9212 4 2k — 1)y (4.25)

This equation is equivalent to Eq. (4.20) in Ref. [10].
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Az

Fig. 2. Schematic representation of lamellar growth

The general stability condition Rex > 0 for perturbations with time de-
pendence exp(—x¢) reduces here to x» > 0 as (4.25) has only real solutions.
This condition leads to

1+ BjA2
{— AJ{L + (AR + (1 — 12) 4}

1 m vg ap vo \2
C=c"\——1]——, B=—k—].
(’0 )!I-DL 9( DL)

The stability equations (4.25) and (4.26) have been obtained previously in Ref. [10]
using a different method. A detailed discussion can be found in Ref. [12].

o< (4.26)

where

5. Lamellar Growth of Eutectics

In this section we apply the model and the methods introduced in Sect. 2
and 3 to the lamellar growth of a solid consisting of two phases « and 8 (Fig. 2).
Let {xs} be a set of R, indexed by Z, such that

< T — 70| <do, el (5.1)
for some positive constants d;, da. The interface F splits into pieces F,, defined by
Fo={®2)|2n <& < tni1, 2= @)} (5.2)

We assume F, to be the boundary of the phase n of the solid with

&, 7 even

"=18,n odd.

(6.3)

In general the points , will depend on the time ¢. At the points z, the left and

right derivatives of f with respect to = are different and satisfy (see Fig. 3)
f'(xn + 0,t) = tan (0, — @a), (6.4)
f'(xn — 0,8) = tan(6p-1 + @n) (5.5)

where

6, — {0« 7 even (5.6)

0 n odd
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a,l
T
! I !
I | |
o |
! |
| - ! i |
X, X E E
A C, c. Cy B
Fig. 3 Fig. 4
Fig. 3. Definition of the angles 0, 0,1 and @, which occur in Egs. (5.4) and (5.5)
Fig. 4. Phase diagram showing definition of ¢%, ¢3, cg, Tx
and are determined by the surface tensions ¢4g, 014, o1g according to
0L 8in Oy + orgsin Op = gqg, 5.7)
0Ly €08 Oy = orgcos 0. (5.8)
The function cgr(x) entering the boundary condition (2.7) is given by
csr(x) = ¢p, Tp ST = Tp (6.9)
where
cE, =n even (5.10)
Cp = .
" ¢g, modd

where cZ, cg‘ are given constants (see Fig. 4). In case of an eutectic the interface
equation (2.11) becomes (see Appendix A)

Tr(x) — Tg=mulcrr(x) —cg) + an K(z), 2z =zx=<2zpn (5.11)
where
— My, N even 5.12
mn = mg, m odd (6.12)
and
ax, N even 5.13
= las, n odd (5.13)

The constants T'g, cg are given (their physical meaning is eutectic temperature
and concentration, respectively, Fig. 4).
In the following we shall linearise the equations for Tr, cLr, p and h with
respect to f. The angles ¢, n € Z, are then given by
Xy

tan Qn = ‘E . (514)
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Furthermore we assume the diffusion length Ip = Dy fve to be large compared
to a characteristic length of the interface, e.g. d2. Hence we retain only terms
up to first power in y.

In this way we obtain from (3.9)

@) (@ — ') — (f(=) — {(="))
p(x) = (m)—4a}'+~fdx p() z — )2 (5.15)
and from (3.5)
o 1 ¥ —z
cL(x) = ¢ +a—2ayf+§-;/dx pl(m)l x|2 (5.16)

where xp = (2, 0) in view of the linearisation with respect to f. p; is related
to p via
d
P= 4. P1 (6.17)

(The conditions on p; in order to satisfy the asymptotic behavior (3.3) are dis-
cussed in Appendix B.) From (5.16) we obtain

00 1 ’ ’ 1
cLr(z) =c¢ +a—2ay/+2—7t—/dxp1(x)x_x (5.18)
or symbolically
cLr=¢"4+a—2ayf+ 3 Hp; (6.19)
where Hg denotes the Hilbert transform of the function g:
1 1
Hg(x)=;/dx @) —— (5.20)
(remind that singular integrals are defined as principal value integrals).
Linearizing (3.16) and (3.20) leads to
T(x) = To+ } (gL + gs)z + } (91 — gs) | 2]
Lt )2 =% 5.21
~5a | E WO (5.21)
and
2
h(z) = Ko+ Ks {Q (@) — (gL + gs) (KL — Ks)
K - K —z') — -
Bu—&s [ i hi) f'(@) (x — 2') — (f(x) — f(2')) . (5.22)
(@ — ')

Finally, we get from (5.21)
Tr="To+ }(gL+9s)f + 3 (gL —g5) |f| — $ HPa. (5.24)

The interface equation (5.11) is taken into full account, i.e. the curvature K (x)
is not linearized with respect to f. Integrating (5.11) from z, to z,41 gives

Zn+1

—an{sin (0p — @n) + 8in (0 + @n+1)} = [ {Tr — Tx — Ma(cLr — cg)}dz. (5.25)
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Similarly, integrating from z, to z leads to

T

—sin(0p — @n) = f {TF — Tg — mp(cLr — cE)}dx'.

zn (5.26)
Combining (5.25), (5.26) we arrive at
z

n(f?f.f—’(“g)?)m = /{TF — Tg — mp(cLr — CE)}dxl

| f@
I+ F e

Zn
Zn+1

__*= f{TF_TE_m,,(cLF-cE}dx (5.27)

Tpt+1 — Tn

r— Ty

— {Sm (Pn) + sin (0, — (Pn+1)} .

Tp+l — Xp

+ ansin(fn — @n) — an -

This equation offers itself for an iterative method to determine f: Suppose an
approximation fa given. Using Eqs. (5.15), (5.19), (5.22), (5.24) we obtain the
corresponding approximations p?, k2, c¢ip, T%. Hence the right hand side of
{6.27) may be evaluated (the points z, are to be known for all ¢, allowing to
calculate the angles ¢, via (5.14)). Solving for ' and integrating we get a new
approximation fb for f. Even if the first approximation fa does not satisfy (5.5),
(5.6) the new approximation f will, as is easily seem from (5.27). We shall apply
this procedure in the next section to the steady state situation.

6. Steady State of an Eutectic
In this section we shall apply the iterative procedure indicated at the end of
Sect. 5 to the steady state of a lamellar eutectic. As starting approximation we
take f(® = 0. Hence (5.15) and (3.4) reduce to
p=q—4ay (6.1)
and
q=4y(cLr — cn) (6.2)
where (5.9) has been taken into account. Hence
p=4y(cLr — cn — a). (6.3)

Now crr is given by (5.19) and depends itself on p, but if one keeps only terms
up to first order in y in (6.3) only the first two terms of (5.19) contribute, thus
leading to

PO =49(c” —cp). (6.4)

The conditions on p; (related to p by (5.17)) as discussed in Appendix B are
satisfied if

Zn+2

[p@)de=0. (6.5)
Inserting (6.4) leads to '

(€ — ¢n) (Tn+1 — Zn) + (¢° — Cp41) (Tns2 — ZTp11) = 0. (6.6)
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Hence up to an irrelevant translation the points z, are given by

tnl n even
Ty = (6.7)

tmn—1)A+nd, nodd,

i.e. a periodic structure is imposed on the lamellar spacing, a period of length 4
consisting of a fraction # of phase a, a fraction 1 — 7 of phase §, where 7 is given by

(€ — B+ (=B (Ll —n)=0 (6.8)

or
_Gg= 6.9
77—6%3_00](3' (6.9)

Obviously, p® according to (6.4) is a periodic function and may be written as
a Fourier series:

131 x 9
p(°>(x)=8yz]c-7; > , sin (n7w ) cos {Znn(——)} (6.10)

n=1 A 2
where
Ac=cf —cy. (6.11)
Inserting (6.10) into (5.19) yields
&% (x) = ¢ + a + c1(x) (6.12)
with
1 21 x 7
cl(x)=2ydcﬁ g ﬁsm(nnn)cos 2an ~ =9 (6.13)
With &) = 0 we obtain from (5.24)
T — T, (6.14)

whereas (5.22) leads to (4.5).
Inserting (6.12), (6.14) into (5.25) we get

i
—2aysin 0y = An[To — Tg + Mma(c” + a — cg)] + mq _f:lxcl(x), (6.15)
0
A
—2agsin g = A(1 — n)[To — Tx — mp(c™ + a — cg)] — mg [dxcyi(z).(6.16)
in

Solving (6.15), (6.16) for Tg — T = AT yields

2m ay 1 s . muvo Ac 1
AT = — F;z;smﬁa +i—~——58m Og| + 4 “Dr nd—m) (n)
(6.17)
where
1 1 1
m  me = mg
and
121
Y(n) = Py sin2(zwnn). (6.18)
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The quantity AT is called average undercooling and attains its minimum with
respect to a variation in A for

Dy, 1
Vo lmin =2 T {(1 — 1) ;;b—— sin Oy + 7] Sln 0p ’w' . (6.19)
Eq. (6.17) is identical to the average undercooling equation derived by Jackson
and Hunt. To apply the minimum undercooling principle to find a unique value
for A (see Eq. (6.19)) is only an heuristic argument. It will be the purpose of
Sect. 7 and 8 to illuminate the validity of this principle. In the following we shall
show how one can improve on the zeroth order approximation f = 0 used in
deriving Eq. (6.17). Solving (6.15), (6.16) for (¢ + a — cg) yields

— (me + mp) (¢ + @ — cg)

2 (aysinf, agsin 05) (ma mg )
== — F2idey| = — P\, (620
[=onte s y(E - . 620)

A

Eq. (6.20) determines the constant a. Keeping only zero order terms in y we
obtain

(6.21)

- 2 (aa sinf,  agsin 0,3)
a=Cg—C — .

Ama+mg)\ 1y
Finally a new approximation for f is obtained by inserting (6.12), (6.14) into (5.27):
In the interval 0 <z < An we have

f mavoAczl a1
A4/ = ay Dy * 28 2 n3 00070

{sm [2”(»} - ——)] + sm(nnn)}

z ma v0do 1,y 6 — 2 o 6.22
70 @ D () + sin O — Msm « (6.22)
and in the interval znp <z < 1
f mg v dc . 1 &1
AL/ =" a Dy o 2w )
P L A T
Smzman l"‘-2 —smnnn
1 mg ’UQAC
_— —_— 92
+l(1—n)( —An)— Dy M)
. 1 .
+ Slneﬁ —2 m (x —_ }.’l]) $1048 Gﬂ. (623)

Solving (6.22) and (6.23) for f’ and integrating (numerically on a computer) yields
the new approximation for f.

Alternatively we may proceed as follows: We insert into the last term of
(5.15) the approximative value p(® thus obtaining

p=pO® +p® (6.24)
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where
f(@)(x — 2') — (f(=) — f(z'))

(@ — ')

PO (2) = % / dz' po|(z') (6.25)

which may be written symbolically (after some manipulation) as

p® = HD(p® f) — D(fHp®) (6.26)

where H denotes Hilbert transform as above and D stands for differentiation.
Correspondingly we obtain from (5.18)

cLr = % + ¢ (6.27)
where ¢{% is given by (6.12) and
) =3 HD1pW (6.28)

(D-1is defined by D D-1 = identity, it is unique up to an arbitrary constant which
however does not enter because the Hilbert transform of a constant is zero).

Using (6.26) and taking H2 = — identity into account we get
oy =—3[pOf+ H(f Hp®)]. (6.29)
Similarly we derive from (5.22)
h=hO 4 pQ) (6.30)
where A0 = (g1, — gs) and
XN KL_KSHD 6.31
—(gL_gS)KL+KS f’ ( )
Correspondingly we have
Tp=T9+TW (6.32)
with 7§’ = Ty and
TW=—}HD1hM + } (gL + gs)f (6.33)
or with (6.31)
TV = §f (6.34)
where
gL Ky + gs Ks
=—F"% . 6.35
g Ky + Ks (6.35)

Inserting all results into the interface equation (5.11) the following integro-
differential equation for f results:

" _
anm= To—Te+§f

— ma{a 4 —cg—2apf+o1—tpOf — H(Hp®)}.  (6.36)

Here ¢; is given by Eq. (6.13). To solve Eq. (6.36) is obviously much harder
than Egs. (6.22), (6.23) (even numerically) and we shall not use it for this purpose
but postpone its application to Sect. 8 where stability against deformation of the
steady state solution of f is discussed.
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7. Perturbation of the Steady State (I)

Within the approximation f = 0 discussed in Sect. 6 the only possible per-
turbation consists of varying the points x, separating the phases « and 8. These
points will be denoted by «; to exhibit explicitly their dependence on the per-
turbation parameter ¢. We assume z;, to be of the form

x, =, + EYn (7.1)

where Yn=ya(t) = ya(0)e . (1.2)
The following periodicity condition

YnieN =Yn, NEL (7.3)

is imposed for some integer N. The unperturbed points z? are given by Eq. (6.7).
We are going to prove that for 1 < Amin where Amin is the lamellar spacing
obtained by the minimum undercooling principle, (see Eq. 6.19) there exists
always a perturbation for which % <C 0. This implies that an eutectic cannot
grow for A << Amin. Thus we see that the principle of minimum undercooling
does not determine the value of A uniquely but determines a lower bound.
In the following, terms of order higher than one in ¢ are neglected. Thus by
Eq. (5.4) we have
Qn = — EYn hd (7.4)
Vo
and
by, = an{sin(0n — @a) + (sin Oy + @n+1)}

. %
= 2ay,8in 0, + cay cos Oy (Yp — Yu+1) o (7.5)

The perturbation induces a change in the functions p, and ¢; which therefore
will be denoted by p¢ and c;.

No change will occur in A; (which therefore remains zero) and in T'r (which
keeps its value T according to (6.14)). Eq. (5.25) may be written as

I;+1
1

% T/{TF—TE—mn(cw—}-a——cE)}dx
Tyl — Ty

ze

n

1 Tt
=My [eida — b} . (7.6)
Tpt1— Xy 2

n

Now the left hand side of (7.6) does not depend on &. Hence the functions

1 Tyt
Fu(e) = ———— {mn [oidz — b (7.7)
Tnt+i— Tn 1,;
have to satisfy
aF,
—2  =o0. (7.8)
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Setting
ci=c+¢C (7.9)
(7.8) leads to

20
n %
— i 0 0
(Yn+1 — Yu) { M gcl dx — 2a,sin 6, — ay cos O, v (@9, — 29)

z
n

0

n+1
= ma (2 sy — 29) {Yn+16} (@0 11) — Ync (@) + [Cdz} . (7.10)
%
Now the perturbed function p¢ is given by
Pr@) =4y —cn), A=zl (7.11)
Setting
pE=p®+¢eP (7.12)
we obtain
2N -1
P@)=—4ydcy (—1)myndx—ay), 0=z<NJ (7.13)
m=0
and
Px+ NA)= P(z) (7.14)

as p¢ is periodic with period N A according to (7.3). In addition P has to satisfy
Ni
fP(x)dx:O. (7.15)
0

From (7.13)—(7.15) the following Fourier series representation is obtained
2N—1

1 * 2nk
Pl)=—4ydey— mzo(—l)mym ICZ=1005< 1\7;,1 (x—xﬁ))- (7.16)

The connection between ¢i and p¢ is ¢f = L HD-1p¢, hence
1 1= 3

C=1HD1P (7.17)
leading with (7.16) to
1281 21 2nk
Cx)=— 2yAc; m};é—— l)mymkglzcos (T\flﬁ (x — x%)). (7.18)
Inserting (7.18) and (6.13) for ¢? into (7.10) a system of equations of the form
N-1
ZAm_nY,,:O, m=0,...,N—1 (7.19)
n=0
is obtained where
Yn:(yz”)n=0,1,...,N—1 (7.20)
Yon+1

and Ay, ke Z, are 2 X 2 matrices, satisfying
Apin=Ay, kel. (7.21)

12 Phys. cond. Matter, Vol. 17
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The system (7.19) may be decoupled by Fourier transform into

Ap ¥y =0, m=0,1,...,N—1 (7.22)
where Vi = e@rilNimk g, (7.23)
k=0

and similarly for A,,.
The condition for a non trivial solution is

det Ay =0 (7.24)
where m € {0, 1, ..., N — 1}. Setting ¥,,- = 0 for m’ == m the corresponding per-
turbation mode (y{™, y™, ..., y{™_,) is given by

1 ) 5
Y;cwz-ﬁe—(?m/l")’cmym, kE=0,1,....,.N—1. (7.25)

Eq. (7.24) leads after a rather lengthy calculation to the following quadratic
equation
Q+{f1—QBo+ 2(@n+1—n)}+22{dn(l —n) — o + V() 2}
+#2 Bn(l —n) +2{@n + B(1 —n)}

+22{nfr— Rfo(1 — ) +n(l —n)Z(1 + R)} =0 (7.26)
where
) |
R=un ;70 2?g76a (7.27)
and
i Mg
T=A2og (7.28)

DL 2 Ay sin Oa

The quantities in the coefficients of (7.26) are as follows:

21
Yy = 7; 2 ﬁsm2(nnn) ,

oo

27'52 ng ——'sm (2mnn),

Bo *774’ n) — (),

pr=01—nPn)+¥n),
N2 o 1 (2x ‘
p10n) = mkgl WE—mp 0 (N (N — m) n>,
N2z 1 27
¢2(n)=mk§1—(z‘\7m’)’2—008 (N (Nk—m)ﬁ>,
N2 & 1 . [2n
yi(n) = At Z ?ﬁ_‘ijﬁ)z'SIIl(N'(Nk—i-m)n),
Nz & 1 27
"P2(77):G2_ < (Nk_*_m)?COS(jV(Nkﬁ—m) ):
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Fig. 5. The time constants %;,2 (Eq. 7.30) as a function of the parameter ¥ which according
to Eq. (7.28) is the normalised lamellar spacing

A = (p1(n) + p1(n))? + (p2(n) — @2(n))? — (p2(0) — 2(0))2,

T = ($2(0) — g2(0) + g (1) — pa () otg - — p.1) — pa(),

ag My sin Og

. ’
@y mg Sin Oy

ag mg cos Og

:—a'—a‘};b;a)sea. (7'29)
From (7.26) we obtain two solutions x;(7; @, R, N, m,n), ¢ = 1,2. They are
plotted in Fig.5 for @ =1, R=1, N=5, m=1, 7= 4. For1=0
1
i = —— ——{—[R(1l — R(1 —p) — .
= g =y RO @ [RU—m —Qnl}  (7130)

holds.

With increasing N the curve #; is becoming steeper and its intersection with
the 7-axis moves to the left, whereas the intersection of the curve %, with the
7-axis moves to the right. In the limit N — co Eq. (7.26) becomes

kin(l—m)(1+ B)—2¥() +1(@n+1—75)=0 (7.31)
with the two solutions )
=0, xarbitrary (7.32)
and
) —@n+1—nm
(1 —n) (1 + R)
(the limit curves do not satisfy (7.30) because of the non uniformity of the limit).
The intersection of the curve % given by (7.33) with the 7-axis is given by
s _@nti—n
¥(n)

;}—_-‘

(7.33)

(7.34)

12 *
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and we have absolute stability for T > Tpin. It is remarkable that the point Tmin
which separates the stable from the unstable 7 values coincides with the value
of 7 given by (6.19) which was obtained from the principle of minimum under-
cooling (recall that 7 and A are related by Eq. (7.28)).

8. Perturbation of the Steady State (II)

In the preceeding section we have found that the lamellar eutectic cannot
grow for A << Amin. In this section we show that there exist perturbations which
grow exponentially also if 1 > Amax. Contrary to Amin, Amax depends on the tem-
perature gradient § (defined by Eq. 4.21) and the deviation of the concentration
in the liquid cg — ¢ from the eutectic concentration. Obviously if Amax<< Amin
there exists no value of 4 for which the lamellar eutectic structure can grow. The
condition Amax > Amin therefore will imply conditions on the value of § and
cg — ¢™. A particular example will be evaluated at the end of this section.

To derive an equation for Ayax we must go beyond the simple approximation
f = 0 which was sufficient for Sect. 6.

We set f = fo + f1 where fo is the steady state interface and f; a perturbation.
The time dependence of f; is assumed to be of the form exp(—x¢). From (6.36)
the following linear integro-differential equation is derived:

AN

(1 f2) 32 — 3(L + fo) 52 fofo f1

_.glf+ﬂ 2(c — )y f 1 o f ,},Hfﬂ )
_anl [22%) E 0)71+2p 1+2 (l P

s
-K(cg —cn) 1]} (8.1)

+ Dy,

We have neglected a term proportional to the heat of fusion J arising from the
second term in (3.15). The last term in (8.1) stems from the second term in (3.4)
In addition we made the approximation

a=cg—c" (8.2)

which is obtained by setting the rhs of (6.20) equal to zero. The linear operator K
is defined by
(K9) (@) = (1/27) [da' Ko(y |z —2'[) g (). (8.3)

For constant ¢ it reduces to Kg = g/(2y) whereas for periodic g with average
zero it takes the form K = § HD-1 in the limit ¥ — 0. For f, we use the ap-
proximation defined by Egs. (6.22) and (6.23). We are looking for solutions of
(8.1) of the form

b z
fr=>bucos{2mn| — 1)}, (8.4)
n=0 A 2
Inserting (8.4) into (8.1) an infinite set of linear equations is obtained:
D Amnbn=0, m=0,1,2,.... (8.5)

n=0
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Fig. 6. Normalised temperature gradient § above which stable lamellar growth occurs as a
function of the off eutectic composition

If we truncate (8.4) to

N
ZAm,,b,,zo, m=0,1,2,...,N (8.6)
n=0
a non-trivial sclution exists if
Ay=0 (8.7)

where Ay is the determinant of the matrix (A,,,) of (8.6). Now Ay is a function
of the time constant x, the temperature gradient §, the off eutectic concentration
difference ¢cg — ¢, the lamellar spacing A and the parameters (see Sect. 5) AC,
vo, D1, my, Mg, ay, ag, 0, and 0. (8.7) can be looked at as an equation for the
time constant ». The N + 1 solutions »; will correspond to N -+ 1 different
perturbations f; for the interface. Stability of growth is determined by the time
constant xc, defined as the minimum of the set {x;}. Numerical computations
have shown that x. decreases for increasing values of A and passes through zero
at Amax. For values 1 > Amax the lamellar structure is unstable with respect to
the corresponding perturbation. If Amin<C Amax, the question arises what the
precise value of 1 is. Obviously to answer this question a new concept must be
introduced. In the range Amin<< A << Amax all perturbations are stable. For each
2 in this range there will exist a particular perturbation with smallest time con-
stant xs(4). By definition, we have ss(Amin) = %5 (Amax) = 0. The absolute maxi-
mum of the function »y defines the most stable state. It will occur at some point
A = 2o. We have performed calculations using the perturbations of Sect.7 and
this section. We find for reasonable values of the parameters that Ay is always
very close to Amin. For the example ag = ax, mg = mg, 0 = 05 = 709, ¢© = cg,
c¢g — cg = (cf — ¢F)/2 we find

Ao = Amin + (Amax — Amin) -005. (8.8)

To say it simply: lamellar eutectic growth occurs close to the minimum under-
cooling condition.
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Whether lamellar growth can occur at all, is beyond the minimum undercooling
principle. According to our theory it is possible only if Amax > Amin. From the
critical growth condition

;Lma.x == Amin (8-9)

we can obtain conditions for the temperature gradient and the off eutectic com-
position. If we use the same parameters as above except that c¢g = ¢™ and intro-
duce the normalised temperature gradient

g=g—— : (8.10)

we obtain the growth diagram of Fig. 6. In agreement with experiments [7], the
temperature gradient must be increased for increasing off eutectic composition
to obtain stable lamellar growth.

9. Discussion and Summary

First we wish to state the main approximations of the present work. The two
dimensional model we have introduced in Sect. 2 is adequate to describe the
steady state of lamellar growth. But in principle there may exist perturbations
perpendicular to the x —z-plane (Fig. 2) that grow exponentially in time, even
if all the perturbations we considered are stable. A further approximation in this
paper was, that we have used the steady state equations for the thermal and
diffusion fields. This approximation is adequate to find the stability condition
» = 0, but is only a approximation for » == 0. In order to simplify the equations
in Sect. 5 we have assumed that Avg/Dr, < 1. Here 4 is either the lamellar spacing
or a characteristic length of a perturbation. A further approximation was, that
we have used an iterative approach to find solutions for the interface, starting
with a flat interface.

In Sect. 4 we applied our interface equations derived in Sect. 3 to investigate
the stability of the planar interface of a dilute binary alloy. The stability con-
dition (4.26) is identical with the one of Mullins and Sekerka [10]. In Sects. 5
and 6 we applied our method to study the properties of the steady state lamellar
growth. Our result (6.17) for the average undercolling agrees with the result of
Hunt and Jackson [5]. (6.17) corresponds to a completely flat interface. In the
remaining part of Sect. 6 we show how one can obtain a first correction for f
using the general interface equation (5.27). In addition we define an explicit
linear integro-differential equation for f (Eq. 6.36). In Sects. 7 and 8 new and
important results are developed. The calculation in Sect. 7 shows that the mini-
mum undercooling condition defines a lower bound Amin for the lamellar spacing.
In Sect. 8 we show that there exists also an upper bound Amax. Because lamellar
growth is only possible for Amax > Amin We can derive conditions for the tem-
perature gradient and the off eutectic concentration. An example is worked out
in Fig. 6. Our calculation seems to solve the controversy between Refs. [8] and [9]
in that we show that both long-wavelength and short-wavelength perturbations
together determine the growth conditions. Finally we give an argument at the
end of Sect. 8 why growth should always occur close to minimum undercooling.
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Some attempts have been made to derive a thermodynamic stability criterium
from the principle of minimum entropy production [6, 13]. But because the

boundary conditions make growth problems intrinsically non-linear these attempts
had to fail.

Appendix A
In this section a derivation of the interface equations

— Mgy (cLF — CE) + @ K

Al
mg(cLr — Cg) + ag K (&.1)

Tp—Tg= {
is given. The upper (lower) line in (A.1) holds on the interface between the solid
phase «(8) and the liquid L.

The composite whose phase diagram is given in Fig. 4 consists of two com-
ponents A and B, concentrations refer to B. The chemical potentials of A in the
phases «, 8, L are denoted by u%, u, uX, similarly for B. The variables on which
the chemical potential depends are temperature T, concentration ¢ and pressure p.
The respective partial derivatives are denoted as follows

ou ou ou

aTZ—-S, %——-v, %‘ZT. (A2)

Local equilibrium at the interface between o and L demands

(T, car, Par) = pe (Tr, cLF, PLF) (A.3)
for x = A, B.

The pressure in the liquid is supposed to be uniform with some prescribed
value po, hence prr = po. The local pressure pyr on the interface in the solid
phase « is given by

PoaF = Po + oLe K (A4)

where o1, denotes the surface tension between the phases « and L and K is the
local curvature of the interface.

Linearising the lhs of (A.3) in the point (7', cE, po), the rhs in the point
(TE, cg, po) we obtain

- S;(TF — Tg) + r5(car — CE) + Yioe K

= — s3(Tr — Tg) + 1z (cLr — cE) (A.5)
for x = A, B.
In the special case of a plane interface we have
Tr — Tg = — my(cLF — CE) (A.6)
and
Tr —Tg = — nalcar — Cf) (A7)

by linearising the equation of state 7' = T'(c). Here —my and —ny are the
slopes of the curves 1 and 2 of Fig. 4 at the points cg and cZ, respectively. For
this case (A.5) leads to

Ny Sy -+ 75 = My 35& 4k (A.8)
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for x = A, B. Furthermore, we have from the Gibbs-Duhem-relation for fixed
temperature and pressure

(1 —cB) + 1§l =0, (A.9)
rY(1 —cg) +rEeg =0. (A.10)
Eqgs. (A.8)—(A.10) allow to eliminate the four quantities 7%, 7%, 7%, rk from
(A.5). Solving (A.5) for (Tr — Tg) and (car — cl) leads to
Tp— Tg = — my(cLr — cg) + ag K (A.11)
and

CaF — €2 = (Mmy/ny) (cLr — ) + ba K . (A.12)

Here a, and b, are given by
vi (1 — By + o}l

fa = OLa (55 — s5) (1 — cB) + (s3 — sk) el (A.13)
5 _E"i{ 5 (1 — cg) + v§er )
*T me (85— 5 —cp) + (5 — sh)ew
B Wi (1 — k) + vhcl A

(55 — s§) (1 — cB) 4 (s% — sk)cB

By replacing —my by mg, —ny by ng (mg, ng being the slopes of the curves 3

and 4 at cg and ¢ respectively) and changing « into § for the rest of the quan-

tities the corresponding equations for the interface between f and L is obtained.
Remark 1: For ny —> oo, ng—> o0 we get

Cap =€y,  Cpp = Cf (A.15)
which is the approximation used in the text.

Remark 2: In a similar way the interface equation for a dilute composite is
derived:

TF—— TA= —mcLF—f—aoK (A16)
where
S
VA TA -
ap = OLs si——sk —O'Lst];u (A7)

Here T4 is the melting temperature, J5 the heat of fusion of component A. For
csp we get

m
CSp = *n* CLF = ]CCLF (A.18)
where m and » are the slopes of the curves 1 and 2 of Fig. 4 at the point ¢ = 0.

Appendix B

In this section we shall discuss several mathematical details not treated in
the text. We start with the investigation of the properties of the function

P(x) = 4—17t—/dx’ p FTEr @) (B.1)

(x — ')
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where f is uniformly continuous and bounded. If | is constant, say zp, we denote
by Yo (x) the corresponding function given by (B.1). An easy calculation gives

Obviously ¥, satisfies
APy =0 (B.3)
in the domains
G%(S) = {x = (z,2)] z(z) z0} - (B.4)
Our aim is to show that ¥ has analogous properties, i.e.
AV =0 (B.5)
in the domains
Gre) = {x = (, z)]z(z))‘(x)} . (B.6)
As |f(z)| < ¢ for some constant ¢ the following inequalities hold
be—o| S W) =]z 4ol (B.7)
hence
im (1/2) WP (x) = 4+ %. (B.8)
z2—> 400
From
1 (@ — )2 + (e +b— @@ +a)
v b) — =-—— 1 d2'ln - — (B9
(x+a,2+ ) T(‘x’z) 4nf x 1N (x—x,)2+(2—f(x'))2 ( )

the following inequality can be derived

|P(@+a,z+b)—¥(r,2)2<sup|(z+b—fly +2+a)?— (e —fly +2))?|.

yeR
(B.10)
From (B.10) and the uniform continuity of f follows the continuity of ¥.
If we define
n
1 (@ — ') + (z — f(2")?
(n) = — ! - - _
o) () e fdx In e (B.11)

—-n

for integer n the sequence {¥'(M} tends to ¥ pointwise as n — oo. Let g € & (IR2)
(Schwartz test function space) with support in Gy, or (is. An easy calculation
gives

(P, Ag) = [d2e P (x) Ag(x) = — 2 f d= (}Lié + ;3_«9;)5(.75) (B.12)
where
§(x) = [dzg(z,2) (B.13)
and f denotes the principal value integral.
The right side of (3.12) tends to zero as n — oo, hence
(¥, 49)=0 (B.14)

for all g € & (IR2) with support in Gy, or Gs. It follows from Weyl’s lemma that
A¥Y =0 in Gy, Gs. (B.15)
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Next we consider

1 0 ,
D(x) = mi;z—/d,x hl(r)—ax, In|x— xp

(B.16)

where xp = (2, f(¢')). We assume f to be bounded and continuous and having
continuous and bounded derivatives f, '’ in the complement of a set S, which
is finite or countable without accumulation point. At the points x € § the left
and right side limits of f and ' may be different. Furthermore we assume A;
to be piecewise continuous and k; = hé, where ke is continuous and bounded
and vanishes at the points of 8. A partial integration leads then from (B.16) to

! @)L 1 ; B.1
(D(x):é;; dx Lg(ac)aﬁc,2 nlx—axp (B.17)
or explicitly
@ ! SN ) B.1
with
0% = (@ — ') + (z — f(2))? (B.19)
and
4 =2{1+[2() + f(=) ")} — 2 B2, (B.20)
B=(z—2')+ [(') (z — [ (2')). (B.21)

For the first part in Eq. (B.18) one easily derives the asymptotic behavior O(]z|-1)
as |z| — oo uniformly in z. The same holds for the second part only if an ad-
ditional assumption on the function hsf'’ (which is continuous and bounded by
the above assumptions) is made, e.g. haf'' = ¢’, where g is continuous and bounded.
For the case f = 0 this additional condition becomes redundant.
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By improving the evaluation of the contribution from the first order exchange graphs re-
ported recently by Tsai and Isihara, the electronic specific heat of an electron gas is eva-
luated to order e2. It is shown that the specific heat contains a logarithmic term.

In a recent article (hereafter to be called I), Tsai and one of the present
authors [1] discussed a statistical mechanical approach to the electronic specific
heat. In that paper, the grand partition function is evaluated for a low but finite
temperature so that the specific heat is obtained by a temperature differentiation
of the internal energy. In contrast, Gell-Mann and Pines [2] used an approximate
formula in which a momentum derivative of the energy at 0 °K appears. It is
the purpose of the present paper to remark on the contribution of the first order
exchange graphs, improving the calculation in T.

The contribution to the grand partition function from the first order exchange
graphs is given by (cf. Egs. (2.8) and (3.12) of I)

- _ VB
1n5z=67n'g/dqdpu(<1)f(1’)f(P+‘I) (1
Ve 7 9
= sa3f @
where u(q) = 4me2/q?, f(p) is the Fermi distribution and
n
J=aq [dn{F-12(n)}?, (3)
F L md v 4
—1/2(77) = 1’1(__%_!__ 1) x e 4 1 . (4)
0
n = ppk. (5)
The integral J can be rewritten as
J=Jo+J1 (6)
where )
Jo=4 [ef(e)dz, (7)
0

J1 :j}(m)f(x)dx, (8)
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(=)

g(x) =2 [u12(1 —w)lIn(l — e =) dy. (9)
0

The integral Jy is simply
Jo =272 + (2723) (10)

in agreement with Eq. (2.10) of I. In I, this result was obtained from Eq. (1)
based on a consideration of the common volume of the two Fermi spheres cor-
responding to f(p) and f(p + q). In this consideration, it is important to express
the integral correctly in conformity with the geometrical shape of the common
volume. We remark that Eq. (2.9) of I must be replaced by

Vﬁ J pr (pri—z®)l2
= 2(dz [2mpd
Jo 64 6 dqu(q) l f 2 f wodo

2
- ;ﬁg/ dp 0 (pi — p?) 0'(pk — (P + 9)?) (11)

where 0 is a step function and ¢ is the Dirac delta function.
The integral J; is our main concern in this paper. One can write

g(x) = goo () + Zg] (12)
where j =0, 2,4, ... and
Joo(x) = — 2 jv—1(1 + 9)-12In(1 — e-2)dy, (13)

1 25+ 1! L e J (nx)m
g,(x) - ;7 Fiﬂl)xf nzl ’ 2{ - mzo } (14)

We have conducted our calculation in such a way that only one Fermi distri-
bution function appears in the integrand of J. Applying the Sommerfeld method
and neglecting terms with exp(—7), we find

! s @i+ n! (3
[9@)de =4 — - ln"}tg,...m 1(j 4 1) <nszz>’7j

2a2 [ 3 3
9wz T 10 8qz [T

With C for the Euler constant, 4 is given by

n? 2« (2j+ !
A= ——0C—-2>n2lnn—— T
3 nz=1 6 j=2,24,...7(7 + 1t2mt
72 1 ]21241 |
Z o2 _
+ 3 (2 21 oip 1| ) (15)

The contribution from the derivatives of g(x) is easy to evaluate. We finally

arrive at
10 74
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Following the golden rule of the grand ensemble method, one can express
the Fermi momentum as a function of the density n. The evaluation of the
internal energy and the specific heat is straightforward. We find

ol 4 \!8 [5 34 I
Cv:CVl1+ 67[7 Ts E—f——nz“—ln k—]T + (17)

) = pok2 T/6 (18)

is the ideal gas term and p3 = 372n.

In contrast to I, the result given by Eq. (17) contains a logarithmic term which
becomes dominant towards the lowest temperature. However, because a per-
turbation method has been employed caution is necessary about the term. The
constant terms other than the logarithmic term in Eq. (17) are important for 7
of order 3 to 5. Taking into consideration higher order graphs, we estimate
the lowest temperature up to which Eq. (17) is meaningful to be around 0.5 °K.
We shall report on the contribution of higher order graphs in the near future.

where
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The magnetic field dependence of the polarization correlation function is investigated. It
is shown that the Hall effect is extremely small and probably inobservable because of the
lattice anti-polarization produced by the motion of ionic defects and because of the incoherent
motion of Bjerrum defects.

1. Introduction

Our present understanding of the protonic conduction in ice is based on the
concepts developped by Bjerrum [1], Onsager [2, 3], Gréinicher [4], Eigen [5, 6],
Jaccard [7], and others. Orientational L, D and ionic H3O+, HO- defects parti-
cipate in the conduction process. Thermally activated interbond jumps and intra-
bond tunnelings of protons are responsible for the diffusion of orientational and
ionic defects, respectively. Onsager and Dupuis [2] pointed out that the successive
proton tunnelings should be correlated in order to account for the high de proton
mobility. The theory of the correlated tunneling has been worked out by Gosar
[8, 9] and Hofacker et al. [10, 11]. These theories show that the formation of a
ionic energy band which is very narrow but otherwise similar to the excitonic or
electronic bands in semiconductors is likely. The motion of ionic defects is therefore
considered as a coherent wave motion in the fundamental band. The coherence
length should be of the order of a few intermolecular distances.

The high mobility of ionic defects in ice suggested a search for the experimental
detection of the Hall current. Stationary experiments by Bullemer and Riehl [12,
13] seemed to confirm by a positive sign Hall mobility the presence of protons as
charge carriers in ice. However, recent pulse experiments by Kern and Bullemer
[14] only establish an upper limit 10-2 cm?2 V-1 sec~1 for the Hall mobility.

We show in this theoretical note that the Hall field should be negligible if the
present picture of the conduction processes in ice is correct. Some doubts on the
possibility of the Hall effect in ice have already been expressed by Eigen et al. [6],
but no formal proof has been given.

The motion of ions in ice cannot be considered as a simple motion of free
carriers. When a ion moves through the crystal, it leaves behind a trace of turned
molecules. This polarization prevents the passage of another ion along the same
path and would eventually stop the dc conduction if orientational or Bjerrum
defects were not present. The diffusion of orientational defects destroys the polari-

* On leave of absence from Physics Department and Institute “J. Stefan”, University
of Ljubljana, Ljubljana, Yugoslavia.
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zation by reorienting the molecules. The effect of the internal polarization on the
structure of the ionic bands and the mobility has been recently investigated by
Minagawa [15]. In his calculation the protonic disorder of the ice crystal is taken
into account. Minagawa showed that the energy bands in the three-dimensional
ice crystal retain some characteristics of the one-dimensional bands. The band
width is smaller than the band width of the corresponding three-dimensional
tight-binding band and the density of states has maxima near the band edges.
This resembles very much the case of one-dimensional bands and should have a
decisive effect on the Hall mobility of carriers.

2. Theory of the Hall Effect

The Hall conductivity is equal to the anti-symmetric part ¢{2(w) of the con-
ductivity tensor oy, (w) of the crystal in an external magnetic field B:

Ufﬁ)(w) = {[ow(w) — op(w)]; pmv=2a,y,2, (1)

where w is the frequency of the applied electric field. It is well known that the
conductivity may be calculated from the correlation functions for the current
density or the polarization P [16, 17]. A particularly useful form of the correlation
function for our study represents the imaginary-time thermodynamic Green’s
function

Dyy(v) = — (T Pu(7) Py(0));

P,(x)=exp(H71) Pyexp(— H7); hi=1, (2)

where 7 is a real variable in the interval — § <<7 < f. Further, { ) represents the
thermodynamic average and T is a time ordering operator. H is the Hamiltonian
of the crystal in the magnetic field. o4, (w) may be expressed in terms of the ana-
lytic continuation of the Fourier transform Dy, (24), 2, = 27in/f, » being integer,
as

ow(w)=—1twVDy(w-+rie), 3)

where V is the volume of the crystal and ¢ is an infinitesimal positive parameter.
Dyy(2) is an analytic function with a branch cut along the real axis and allows a
systematic perturbation expansion [18]. Only a linear dependence of oy, (w) on
B should be calculated.

First we shall investigate if the motion of ions alone could give rise to the Hall
effect. Let us consider a perfect ice crystal with only one HzO+ ion. All the hydro-
gen bonds in the crystal are occupied by one proton in a way which conserves the
entity of water molecules and the ion intact. Many such protonic configurations
are possible (Bernal-Fowler configurations). As the motion of the ion is a slow
tunneling process, we shall use the tight-binding approach. The starting point
for this approach is a representation of localized ionic states. A particular localized
state of the crystal is specified by the protonic configuration ¢ and by the vibra-
tional excitations of oxygens and protons. The tunneling takes place in the
vibrational ground state of the proton in the corresponding hydrogen bond. At
this stage of the calculation the lattice vibrations may be disregarded. For this
reason we shall first consider only the vibrational ground states and we shall
denote the localized states of the crystal simply by |¢). The Hamiltonian H may
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be split into a diagonal Hy and off-diagonal H; part with respect to the basis | 7).
The energy <i| H|¢) is practically the same for all configurations. Off-diagonal
elements {j| H|7) describe the tunneling processes and are different from zero
when one can transform the configuration ¢ into the configuration j by the trans-
lation of one proton toward a neighbouring oxygen atom. Such translations are
possible only in the three bonds which connect the H3O+ ion with the neigh-
bouring oxygens.

Let us now consider the effect of the homogeneous magnetic field B on the
wave functions and the matrix elements of H. Two effects of the magnetic field
must be distinguished. First, if yg (r) represents a localized wave function of the
proton in the potential well around the point R in the presence of a magnetic
field the wave function gy (r) for a proton in an identical well situated at R’ is
[19, 20]

yr:(r) = exp{—i(¢/2) [B X (R" — R)] - r} yp:(r), (4)

where e is the proton charge. The phase factor in (4) describes the effect of the
magnetic field on the translational motion of the charge carrier and is essential
for the understanding of the Hall effect. Second, the magnetic field also modifies
to some extent the localized wave functions because of the linear coupling of the
orbital angular momentum of the proton to the field B. If the ground state of the
proton in the potential well is an s state, the protonic wave function remains
almost unchanged. In any case the modifications of the localized wave functions
cannot alone produce the Hall effect.

Because of (4) the tunneling matrix element for the transition from |¢) to |
is approximately equal to [19]

(j| Hi|éy = exp{i(e/2) B-[R; X Ry} Jy, (5)

where R; and R; are the position vectors of the centers of two potential wells in
the hydrogen bond where the transition took place and Jy; is the tunneling matrix
element at zero magnetic field. Jy; is real. The diagonal matrix elements of H are
not affected by the magnetic field in the first approximation.

The perturbation expansion of Dy, (t) with respect to Hj is now possible. Note
that the polarization operator P is diagonal in the localized representation. The
individual terms of the expansion contain the factors of the type

| Hy(wa) |3 <G| Hi(ta-1) | &) -+ | Hi(Tm) | 2D
X <p| Pu(%) | p)<p| H1(tm-1) | 7> -+ <s| Hi(T2) |£)
x <t| Hi(1) |y <G| Py(0) |5, (6)

where 7y, are the intermediate times. The expression (6) describes the process in
which the H3O+ ion moves from the initial state |i) through the intermediate
states |5, | k), |, ... back to the original state. The configuration of all protons
in the final state must be exactly the same as in the initial state. This is possible
only if all hydrogen bonds along the path of the ion are traversed by the ion
equal times in the opposite directions. The transfer of the proton in the hydrogen
bond produces the polarization which can be completely destroyed only by
another passage in the opposite direction if the rotations of water molecules are
excluded. The area of the surface which could be spread over the ion path is

18 Phys. cond. Matter, Vol. 17
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therefore zero. This is a peculiarity of the ice model. If the H3O+ ion would be a
simple charged particle like an charged interstitial, one could imagine quite easy
a path with non-zero surface. The motion of an interstitial does not produce any
specific polarization of the lattice. Therefore, no restrictions on the form of the
closed path are imposed in this case. Because of the path restrictions the tunneling
matrix elements in (6) appear always in pairs

Gl Hi(tm) | k) <k| Hi(za) |55 - (7

The inspection of (5) shows that (7) does not depend on the magnetic field. The
conductivity tensor is not changed by the presence of the magnetic field. No Hall
effect can exist. The situation is exactly the same as in the case of the one-dimen-
sional motion of charge carriers where the surface of the closed path is also zero
and the Hall effect evidently can not be observed although the de conductivity
is finite.

It rests to investigate if the motion of ions combined with the diffusion of
Bjerrum defects could produce the Hall effect. The restoration of the original
protonic configuration after the passage of the H3O* ion along the closed path
with non-zero surface is possible if an L or D defect diffuses to the path, makes a
tour of it in the allowed direction, and afterwards returns to its original position
in the crystal. Such a closed path requires at least six hydrogen bonds. We see
that the elementary process which could contribute to the Hall effect is extremely
complicated also if one completely disregards the fact, that the motion of an
orientational defect is possible only by the thermal activation of the proton in
the corresponding hydrogen bond. Already the complexity of these processes
indicates their low probability. A thermal activation requires the cooperative
action of many lattice modes which are coupled to the proton. After the excitation
the water molecule may rotate producing the motion of the defect. It is very
unlikely that the local excitation of the crystal could persist for time intervals
which are long in the atomic scale. Because of the coupling to lattice vibrations
and internal electromagnetic fields a fast de-excitation takes place. In such cir-
cumstances there are so many possible ways of the evolution of the system that
the amplitude of individual intermediate states is small and the coherence is lost.
The evolution paths via activation processes therefore cannot contribute to
— T Py(7) Py(0)). A quantitative estimate of the above statements is clearly
difficult. Nevertheless, it is generally accepted that the thermal activation or
de-excitation is not a coherent or phase conserving process. We conclude that the
participation of the orientational defects in the conduction mechanism cannot give
rise to the Hall effect. Also the fact that the concentration of Bjerrum defects
near the melting point is much higher than for the ions cannot change this con-
clusion. The charge carrying capacity of defects is high and they easily depolarize
the lattice. But this depolarization is a result of many incoherent processes and
does not allow the appearance of the Hall current which can be produced only
by the coherent motion of charge carriers in the magnetic field.

For the sake of completeness let us note that the matrix elements for the
rotation of excited water molecules depend on the magnetic field in a similar
way as tunneling matrix elements (5) as the rotation corresponds to the motion
of the proton from the potential well in the occupied bond to the unoccupied
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potential well in the adjacent bond. This however can not contribute to the Hall
effect because of the reasons already mentioned.

In conclusion, we see that, according to the present concepts of the protonic
conduction, the Hall effect in ice is practically inobservable. The coherent motion
of ionic defects is in fact one-dimensional. The Hall effect is possible only if the
conduction mechanism could be described by a single particle motion which in
addition is not thermally activated, i.e. the consecutive particle jumps must be
mutually correlated or coherent.

Acknowledgement: The author wishes to thank Prof. B. Bullemer for most valuable
discussions.
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The OPW-method has been generalized for the calculation of spinpolarized energy bands
in magnetic semiconductors and applied to the ferromagnetic semiconductor EuO.

Part I of this paper contains the general formulation of the method, a grouptheoretical
analysis and qualitative predictions for the band structure. It is shown why the application
of the OPW-method to heavy substances, as for instance to magnetic semiconductors, gives
rise to difficulties due to instabilities in the related eigenvalue problem.

Introduction

A lot of attempts have been made towards an understanding of the physical
properties of rare-earth compounds [1]. In particular optical experiments have
shown up an interesting connection between magnetism and electronie structure
in the series of the Europium-chalcogenides [2, 3, 4]. However, any interpretation
of optical spectra on the basis of experimental results only is almost impossible.
A detailed classification of the nature and structure of interband transitions as
observed in reflectivity-measurements for instance can be given only in connection
with an electronic band structure calculation of the solid. Therefore we have set
up a generalized OPW-treatment for the particular case of heavy ferromagnetic
semiconductors and finally have applied it to EuO.

Since the rocksalt-structure of EuO suggests an ionic configuration, whereas
optical measurements show a semiconductor behavior, the choice of the method
for the determination of the band structure seems to be a risk. It is in this respect
that the OPW-method should be best suited because of its ability to treat both
cases [5, 6]. In any case difficulties are expected to arise from the heaviness of the
elements involved and from the special role evidently played by the electrons of
the magnetic 4f-shell. These are thought to be well localized inside the atomic
core, but nevertheless highlying in energy because of the strong repulsive con-
tribution of the centrifugal potential. One therefore cannot exclude some kind of
overlapping or mixing between band states and localized orbital states, which
should not give rise to difficulties similar to those met in the application of the
OPW-method to the transition-metals [7, 8] because of the drastic difference
between d- and f-states. Including the f-electrons as localized core states the
present calculation gives for the first time an application of the OPW-method to

* Present address: Centro de Investigacién del Instituto Politécnico Nacional, Departa-
mento de Fisica, Apartado Postal 14—740; México 14, D.F. México.
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a situation where the highest core level energy falls into the region of band energies,
actually separating valence- and conduction bands from each other. It must be
emphasized that there is no adjustment leading to this extraordinary position of
the 4f-level. The zeroth Fourier coefficient as the only adjustable parameter is
used to fit the optical gap.

In a first chapter a general spin polarized version of the OPW-method is given
from a point of view mainly determined by the difficulties arising in its application
to heavy substances. The consequences are most seriously reflected in instabilities
in the solutions of the OPW-eigenvalue problem, as discussed in chapter 2.

In view of all uncertainties related to necessary approximations and extended
computer calculations it seems to be most desirable to know as much as possible
about a band structure in advance. Here group theory provides a powerful tool
in an exploratory investigation and allows for quite reliable predictions of energy
bands rather independent of crystal potentials. Such an analysis is carried through
in chapter 3, based on a complete symmetry classification of all possible allowed
types of plane waves in the empty fcc-lattice for several symmetry-directions and
-points in the Brillouin zone.

1. Spinpolarized OPW-Formalism
1.1. General Formulation

The OPW-method is based on the idea that the inner electron shells of an atom
do not depend on whether it is free or bound in a crystal, because the outermost
valence electrons are supposed to be able to screen completely all crystal field
effects. A rough estimate of average crystal field energies supports this assumption
and gives an idea of which electrons are to be treated as well-localized core
electrons and which form valence- or conduction bands.

The scope of the OPW-method exclusively consists in the calculation of va-
lence- and conduction band states assuming the core states to be known already
from some type of selfconsistent field calculation for the free atom. This approxi-
mation, however, can be unsatisfactory. A detailed discussion of related problems
and possibilities of improvements is given by F. Herman ef al. [9]. In principle it
should be possible to describe valence- and conduction states by superpositions
of plane waves, because these functions form a complete set in Hilbert space. In
practice a relatively small number of waves is expected to give already a reasonable
convergence in the band energies. The central and non-trivial question in this
procedure is the way the plane wave functions are to be enumerated. As discussed
later the physical idea of counting these functions with respect to increasing
kinetic energy may not be satisfactory from the mathematical point of view,
because in this way almost linearly dependent OPW-functions might occur.
Disregarding these difficulties for the moment, we first have to formulate the
model mathematically.

Under certain conditions [10] the crystal-potential can be restricted to the
unit cell and all wave functions are normalized in the volume £2¢ of this cell.
We assume that we know the solutions

H;_ng(x) = (T + v3(x)) pa(x) = expy(x) .
(w2, v3) = [d3zyl(x) p5(x) = dupbrs vo=-+1;0,8=12,..,f

20
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where Hj is the Hamiltonian belonging to the free atom or ion, f the number of
occupied electron states, and « is representative of the set of quantum numbers
characterizing these states completely (excluding spin). Neglecting any coupling
between spin and orbital motion the spin is considered to be a good quantum
number and is exhibited explicitly as the upper index.

According to the introductory assumptions any perturbation of g7 through
the lattice-contribution (v — v7) will be neglected. The functions {y3} span a
2f-dimensional subspace 5 of the total Hilbert space # of one-particle eigen-
states of the operator H = T + v (0 = 4 1). Denoting the orthogonal com-
plement of 5#; by 52, the space S is decomposed in

H=H1DH2
and one has to find a basis in 5y, starting with plane waves

. K;: reciprocal lattice vector
exp{i(k + K;) - «} ! (j =p1 2,...)

V2 £o: Pauli-spinor
(é‘p’ é‘o‘) - 61«'0’ ) ((P:, (Pl;) - (Sij 5110' v, 0= :*: 1 .

If P; and P, =1 — P; are projectors on #; and s respectively, with the
properties

(p_fi,(k’ x) = CU

Piyg=v;, Payz=0 Yo, o
Pigiedty, Pagieits for any e,

this basis is constructed through the relation
@7 (k, x) = Pogf (k, x) (1.1)

{@7} is called the set of orthogonalized plane waves (OPW).

It should be realized that this procedure transforms the originally ortho-
normalized set {¢j} into a set of functions {(f);’}, which are not orthogonal any
more between each other and non-normalized, leading therefore to a somewhat
unusual basis in a Hilbert space. This situation always gives rise to complications
in the related eigenvalue problem. Furthermore the basis set could be “‘over-
complete”, i.e. linearly dependent functions are constructed in this way.

The solutions of the Schrodinger equation, restricted to 5> read

HS D¢ (k, x) = ES (k) DS (K, ) (1.2)
with DI (k, x) = Zs“ o7 (k, x) (1.3)

where the sum is to be taken over linearly independent functions only. ¢ is a gene-
ral band index. In a practical treatment it is hoped that 55 can be successfully
replaced by #{, a finite-dimensional subspace of dimension 7, where n is deter-
mined by the condition, that the corresponding approximated spectrum E{™ (k)
differs from the exact one E;(k) only within a certain prescribed error limit ¢, at
least for the lowest, most interesting bands, say 1 <3¢ < 5. This implies the
existence of a convergence property of the form

|EM (kY — E™ (k)| < d¢(n) m>n; 1<i<5. (1.4)
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Unfortunately it is impossible to give a general proof of a similar relation within
the framework of the OPW-method for reasons which will become clear later. If
there is convergence it will depend on the way the functions {@7} have been
enumerated. Furthermore one cannot expect uniform convergence in k because
of the strong dispersion in the empty lattice (see also chapter 3).

In the following it is useful and physically intuitive to give the formulation
of (1.2) in terms of simple plane waves {¢f}. The relation

f
Prof = 2 v ) (1.5a)
vi:ill
and the abbreviation
n
13 (k, x) = 3 s7; (k) @7 (K, %) (1.5b)
i=1
lead to
(T + v3) 4§ + 2 (E7 (k) — &2) v (i, x7) = B7 (k) 7 . (1.6)

The second term on the left side of this equation can be interpreted as a repulsive
potential v}, compensating the attractive part v to a certain degree. This at least
is true as long as the spectrum of core levels does not overlap with the band
spectrum. In contrast to vJ, vg is a non-local operator. With the definitions
Aoy = (T + Q) 27 — 2 vl 20) (1.7)
o,V

Boyl =i — 2 wi(ys 1) (1.8)

for the operators A9 and B¢, one gets for (1.6) the generalized eigenvalue equation
Ao 47 = E3 (k) By . (1.9)

After calculating the matrix elements of A9 and B¢ with simple plane waves, one
is left with the algebraic general eigenvalue problem

(45 — ) Bo) x0 = 0 (1.10)

where A9 and B¢ are (n X n)-matrices. This shows that the OPW-method does
not lead to the usual special eigenvalue problem of the type (4 — A1) x =0; there
is, however, the advantage, that the matrices 49 and B¢ do not depend on the
eigenvalues A, which is not the case in other well-known methods of band theory
(APW; KKR; [11]). For this reason the OPW-formalism allows for a convenient
and effective numerical treatment, as discussed in chapter 1 of Part II.

1.2. Matriz Elements of the Operators A% and Bo

The atomic wave functions g, the corresponding eigenvalues & and the
crystal potential v{(x) together with the relations (1.7) and (1.8) define the ope-
rators A° and B¢ explicitly. Since the pioneering work of Herman and Skillman
(HS) [12], the atomic data can be considered known to a good degree of accuracy
at least for non-magnetic atoms. In the case of magnetic shells, the (HS)-methods
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have to be generalized (see chapter 1 of Part II) to calculate a spin dependent
radial part Pg;(r) of the total wave function

o P:ll (T) m
Ym (%) = — = y1"(9, ¢). (1.11)

o = -+ 1 denotes a spin parallel to that of the magnetic shell. For convenience
we introduce the following abbreviations for the matrixelements:

(¢t A°%9)=a1+as+as, (¢F,B°¢)) =0, (1.12)
a1 = (¢}, T ¢j), (1.13a)
= (%, v 95) » (1.13D)
as = — > ent(@¥, Youm) (Prims 95 (1.13¢)
n,l, m,v
b= (¢}, ¢}) - gn(%‘,%zm) (Whim» 75) - (1.13d)

These expressions still can be brought into a form directly accessible to
numerical computations (for a derivation see [10, 13]):

a1 = (k + K;)2 64400 , (1.14a)
Ouo - :
ag = ? d3xvc (x) exp{z (Kj - Ki) . x} s (114b)
0 20
= zenl Rnly k) Rnh( ) Py (cos ei]') (Sllv Oy » (1.14¢)
b= 6“6”6 Z‘Rﬂlj nh k) Pl (COS 61]) 61“’ 6110' (114:d)

The orthogonality-coefficients Ry;; (k) are defined by

4 4
zlj(k)zl/gn 2l—|—1)/drr?z (| k+ K| r) (; rO_Qo) (1.15)

The P;’s are Legendre-polynomials, the j;’s spherical Bessel functions, and

(k + Ko) - (k + K))
|k + K| [k + K|

cos Oy =

1.3. The Crystal Potential v

It can be shown (see chapter 3) that the qualitative structure of an energy
band scheme is determined by the symmetry of the lattice already, and any
analysis and comparison of published band calculations remarkably underlines
this fact. The crudely approximated crystal potential then determines some
quantitative details in the band structure, but refinements in the crystal potential
usually have little influence on it. Furthermore the principal difficulties in the
application of the OPW-method particularly to heavy substances lies in the con-
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struction of the basis in # which is almost independent of crystal field effects.
For these reasons we only describe the construction of a crude potential, parti-
cularly related to EuO.

Assuming an ionic configuration Eu2+—02-, all charge densities of core elec-
trons are spherically symmetric, in particular the density of the half-filled 4 f-shell
representing a multiplet groundstate S;;,. The Fourier coefficients #(g) of the
pure Coulomb potentials of electrons and protons are calculated from the charge
densities p(g) through Poisson’s equation

8z
#(q) =;2"@(q) @=1ql- (1.16)

Atomic units are used throughout:

k=1, me=1%, ap=1 (ap: Bohr-radius).

The electronic charge density
0e(®) = D [ prin(®) |2 (= pe(r), r = |x]|)

nl,m,v

is most conveniently expressed in terms of a surface charge density 7(r) directly
obtainable from the tables for the radial functions:

T(r) =47mr2ge(r) = > (214 1) [P (). (1.17)

n,d,v

The Fourier transform pe(g) reads then

1 1 7
Qe(Q)=‘Q’“0"/d3x9e(x)exp{—i‘1'x}=‘§0‘/d”(r)?'o(q7): (1.18)
20 0

{jo being the zeroth Bessel function). The total potential 9 (¢) (neglecting the index
¢ from now on) is made up of three contributions from the nuclear charge Z, the
electrons and the exchange, respectively:

99(q) = Pp(q) + Belg) + 95(9),

Pplg) = —%fl—, (1.19)
Qo ¢?
8x 1 r .
17e(?)=?§gq‘2/dTT(THo(qT), (1.20)
0
8 To
K= —at f drrjo(gr) [rs7 ()15 (1.21)

0

s%(r) denotes the “spin-density” occurring in the Slater exchange

-

s“(r) 1/3 3 1/3
) =—p [-~} . b= 3<M) (1.2
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and in the case of Eu it is related to 7(r) through
stl(r) = 1(r) + T[PE (1], (1.23a)
s7Ur) = 1(r) — T[Pi!(n]2. (1.23b)

This difference in s9(r) together with the spin dependent expressions for a3 and b
give rise to the splitting into spinpolarized energy bands. For the band calculation
an exchange parameter of 2 § has been used without any attempt to introduce a
screening of the long, overestimated tail of the exchange potential (see e.g. [14]).
The main influence of screening appears in the zeroth Fourier coefficient, which
is taken to be the only adjustable parameter of this calculation. The atomic
calculations have been performed using the full exchange parameter §, but it
must be emphasized that screening is automatically accounted for through a
cut-off as described by Herman and Skillman [12].

In an ionic configuration the long range part of the potential produced by the
ions surrounding the considered cell has to be included. This potential, v;(x) say,
is not spherically symmetric and so strong that the original assumptions for the
OPW-method have to be refined somewhat.

An expansion of v;(x) in terms of spherical harmonics, however, shows the
spherically symmetric part v;(r) to give by far the dominant contribution [15,
16, 17]. Actually v;(r) is the potential of ionic charges smeared out uniformly
over the surfaces of spheres whose radius corresponds to the distance of nearest,
second-nearest neighbours etc. Inside the first sphere therefore v;(r) is a constant
[18, 19], namely the Madelung potential

8
o=t (1.24)

a
where a is the lattice constant and ay the Madelung constant (= 1.74756 for
NaCl-lattices). vy cannot modify the wave functions g3, but all eigenvalues &5 in
(1.13¢) and (1.14¢) have to be replaced by the shifted values & 4 vy, the sign
depending on the sign of the charge of the ion in question.

Finally the generalization for a; and b in (1.13) in case of two different atoms
A and B in the unit cell, separated by a distance |D/|, is given to be

aj=a} +exp{—iq-D}a} 1=2,3, (1.25a)
b=bA 1t exp{—iq- D} (bB — 54 0u0) . (1.25b)

Remark on Relativistic Corrections

The intention of this work is to give a simple approach to the band structure
of heavy magnetic semiconductors disregarding relativistic effects first. In prin-
ciple one could think of adding relativistic corrections on the basis of perturbation
theory. However, the amount of work would equal almost that of a full relativistic
calculation, because then all three terms occurring in second order of the fine-
structure constant [12] have to be considered, and important contributions would
originate from the orthogonalization to the inner shells. For the present purpose,
and particularly in view of the current experimental situation (see chapter 2,
Part II), we find the nonrelativistic approach to give quite satisfactory results.
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2. Instability of the OPW-Eigenvalue Problem

As mentioned in the preceding chapter, the construction of the basis in ',
as prescribed by the conventional OPW-method, may be troublesome and give
rise to serious instabilities in at least some of the solutions of the eigenvalue
problem (4 — 4 B) x = 0. It will be shown that this fact is reflected in the proper-
ties of the matrix B (the spin index ¢ is omitted in this discussion). From the
definitions (1.5a) and (1.8) it follows that

B=P,=1-P; 2.1)
ie. Bis an orthogonal projector with the usual properties
B—B, B*=B8
and therefore its spectrum is limited by
0o<hB<1. (2.2)

After restriction of #3 to #( the above condition also holds for the spectrum
of the (» X n)-matrix B, whose elements are given according to (1.13d) by the
overlap integrals between OPW-functions:

by = (¢i, §i) = 055 — (@i, Prj) . (2.3)

This suggests that quasi-linear dependences in the system will lead to eigenvalues
of B close to zero. For illustration let us recall the decomposition

= A DHD D Hy

where 3 is a complement neglected in a numerical treatment. Now, according
to the OPW-construction,
e 1@HP 1=n

and with |2+ |BI2=1,
pi=afi+Bg, heH1, qeHP.

Starting with the set {@;; j = 1,2, ..., m} of simple plane waves, the procedure
tries to construct a new set {g;; j = 1,2, ..., n} of functions spanning the space
H#. The central question remains of whether n = dim #{" is equal to or
different from m. If for a pair of functions {¢;, ¢x} a relation of the form

pr=afi+Pg, er=—Bh+agm Lk=m l+k (24)

happens to hold, then clearly
n=m—1

and that in turn means, that the rank of the matrix B is smaller than its dimension.
Although in practice no exact linear dependence is likely to occur, already an
approach to this situation may be extremely cumbersome for any numerical
treatment. Rather unexpectedly the instabilities will affect the lowest, namely the
valence bands mainly, and one should not hope that these are reproduced very
reliably.

It can be seen from (2.3) that the matrix B differs from the unit matrix 1 the
more the bigger the matrix elements of the projector P; are. These are increasing
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with increasing number of occupied core states as seen from (1.14d) and the cor-
responding numerical values given in the Appendix of Part II. The breakdown of
the procedure mainly depends therefore on the heaviness of the elements involved
in the calculation. Further consequences and details will be discussed in connection
with a numerical example in chapter 1 of Part II.

3. Group Theoretical Approach to the Band Strueture

Besides giving a quite reliable prediction of the qualitative features of a band
structure a complete group theoretical classification of energy bands allows for a
deduction of useful selection rules for optical interband transitions and further-
more for an effective reduction of high-dimensional matrices with multiply
degenerate spectrum to those of lower dimension with simple spectrum [20, 21].

This last point is of essential importance for any numerical treatment (see chapter 1
of Part II).

3.1. General Defintions

To a symmetry group G of the Hamiltonian belongs a decomposition of
Hilbert space

%(Zn) —_ @lgi

i.e. into r irreducible subspaces $;. The basis functions in these spaces are found
from any arbitrary function F € #§" by means of projection operators PJ,:

i=12,...,r

R AN
= >U,gs) U
Pw h sgl vv(gs) (gé‘) - 1, 2’ ...,dj.

(3.1)

{gs} denotes the set of group elements, & the group order, U’, a complex
conjugate diagonal element of the j-th irreducible representation of dimension d;,
and U (g;) is a corresponding unitary operator defined by

(U (gs) F) (x) = F(g; ' x) (3.2)

taking {gs} to be orthogonal transformations in R3. A function f, transforms
according to the v-th row of the j-th irreducible representation, if it is an eigen-
function of P/, with eigenvalue 1:

PLA=1. (3.3)
Knowing one single fi, the other partner functions are obtained from
I=PLf, A+ (3.4)
and the system {fi; v = 1,2, ..., d;} spans an orthogonal basis in §;. Because of
the proportionality .
PLF~f,

all basis functions, starting with arbitrary F, can be constructed, if all projectors
PZ;,, are known. As a generalization it can be said that any arbitrary set {F,
Fy, ..., Fp} will give rise to m or fewer functions transforming like fZ, These,
however, must not be identical with f/ nor orthogonal between each other.
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The projector properties
PivPl,uu:a’l’ﬂéﬂ-Plyy: I)}]M:P;ﬁ

guarantee the orthogonality between two functions f] and g, transforming accord-
ing to inequivalent irreducible representations or according to different rows of
one and the same irreducible representation. This in general is not true for differ-
ent but equivalent representations, and therefore the functions obtained from the
application of the projector technique often have to be orthonormalized after-
wards by a Schmidt-procedure.

3.2. Special Groups

The energy bands E;(k) are analyzed in special symmetry directions and —
points of the Brillouin zone where the band extrema, which are most important
for optical transitions, will be preferably found. The labeling is given in Fig. 1
which shows the Brillouin zone for the fec- or rocksalt lattice respectively. All
corresponding groups have to be found together with their irreducible representa-
tions. For illustration let us consider in detail the group G4 of order h, = 8,
consisting of all operations which leave the reduced vector k (k = 2x/a (0, 0, 1),
0 < A < 1) in a (001)-direction invariant. Table 1 contains all information needed

Table 1. Irreducible representations of G4

Class Element Operation ViR Ay Ao Ao As
E 0N Yz 1 1 1 1 < (1) ?)
-1 0
Ci g2 Tyz 1 1 1 1 < (1)7(1)
}—
g3 yxz 1 1 —1 —1 ( (1 (1))

204 ,
0 1

i 1 1 —1 —1
94 yxz (—1 0)
gs Tyz 1 —1 1 —1 <‘(1) (1))
2JCyL

Je xiyz 1 —1 1 —1 < é_?)
g7 Yz 1 —1 —1 1 <‘(1)~(1))
2JCs 0 1
a8 yxz 1 —1 —1 1 ( 1 0)

Fig. 1. Brillouin zone for the fee- or rocksaltstructure
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for the construction of the projectors (3.1). The conventional symbols are explained
in standard texts such as [11] where also tables of group characters will be found.
For the other groups therefore only the 2-dimensional representations are given
here in the Tables 2 and 3.

Table 2. Two-dimensional irreducible representations of

Ga [k =27 ),
a

0<}.<—1—
2

and GL=GA®I[I:=—2G’—”(%,_;_,%); I: inversion
Class Operation Ls Ly As
Lo (o) (o) (o
O e 1 I
1 — 1 _ : _a
RS - | U I P
L
_ 1 {
30,k _3( V%—V?> ?( V%—V?)
A B
s (o 1) [Tood)
Lo A
2JCy _ L
e 1 L
SR S o T
v N D A
=y (oot (o9 [ o)

3.3. Symmetrized Plane Waves

The basis functions in the spaces §; are constructed by symmetrizing the plane
waves @;(k, x) in such a way that they transform according to the rows of the
irreducible representations of the group in question. The procedure will be ex-
plained for G, only and is to be applied in the same way to the other cases.
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Table 3. Two-dimensional irreducible representation of

2n
GX=GA®Ik:T(O,O,1)]

Class Operation X5 X5
1 0 1 0
E ryz (0 1) <0 1)
s () (1

0 1 0 —1

204 t 0 —1 0
Ty (0 —1) (0 1)

_ 1 0 -1 0
Ca Yz ( 0 —1) ( 0 ~1>
e (0 (0

1 0 1 0

20 0 1 0 1
e (00 ()
(Y

20, —1 0 1 0
. 0 1 0 —1

yre t 0 —1 0

o 1 0 —1 0
J *ye < 0 1) ( 0 —1)
e Y

oy vo
(o1 (o)

. _ -1 0 t o
J O Y= (0 —1) (0 1)
(Y

27 Ou o o 1
w00 (1)
e () (8

970, —1 0 -1 0
0 1 0o 1

yrz 1 0 1 0

From (3.2) it follows that the transformation of plane waves is

1
(O (gs) p1) (k, x) = 0, exp{i(K; + k) (9; ' %)}

1 .
N exp{i(gs K; + k) - x} = gy (k, x) .
The operation (3.1) applied to any ¢; admits in the sum only those waves ¢
whose wave vector is of the same modulus and the same (3)-component as Kj.
Therefore the essential feature is seen to be the permutation- and reflection char-
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acter of the (1)- and (2)-components of the reciprocal lattice vectors as determined
by the crystal lattice. Now fec-symmetry restricts the reciprocal vectors to the
following four types:

«) (0,0,w):w even, O included,
B (u,0,w) :u,w even, w =0 included,

y) (@, u,w):u,w even, w =0 included
u, w odd,

0) (u,v,w) :u,v,w even, w =10 included
u,v,w odd .

These four types in turn determine four different types of symmetrized functions.
In the following we use the abbreviations [u v] = ¢;(k, x) with K; = 27x/a (u, v, w)
and k=2n/a (0,0, 1), as well as @, (v vw) for the symmetrized functions and
P4 for the corresponding projectors.

Wavefunctions of type j:

@a,(w0w) ~ Pfj-[u0] = § ([w0] + [@0] + [0%] 4 [0@] 4 [@0] + [10] + [0 4]
+ [04]),
=} ([w0] + [@0] + [0u] + [04]),
(Pay(wOw) ~ P [u0] =0, ¢, (u0w) ~ P{f - [u0]=0),
Pa,(wOw) ~ P+ [u0] = } ([«0] + [@0] — [0u] — [04]),
@l (wOw) ~ P+ [u0] = } ([w0] — [40]),
@5, must be generated from [0u]:
@h, (u0w) ~ Pgg-[0u] =} ([0w] — [04)).

Collecting terms the normalized functions read
2 2
P4 (WOW) = [COS(a nuw) + 008<;7wy)] 1),
2 2
P4, (u0w) = [OOS (; ﬂux\) — cos (; ﬂu?/)} 1),

(2
oY, (W0w) = ]/2 sin (; nux) i)
degenerate ,

@5, (u0w) = ]/2_sin (z—nuy)f(z)
(@ay (W0w) = @ (uO0w) = 0),
i =
a

f(z)——:exp{ 2 n(w-l—}.)z}.

(The common normalizing factor Q5% is omitted.)
For all degenerate functions the phase is omitted, because it is determined by
the group itself and not by the different vector types.

14 Phys. cond. Matter, Vol. 17
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Wavefunctions of type y:

Qa,(BuUwW) = {cos%n(ux +uy) + cos%n(ux—— uy)]]‘(z)

Qay(UUW) = cosi—n(ux + uy) — cos?z—n(ux — uy)}f(z),

L

P (wuw) = sin%n(uw uy) + sin%n(ux— uy)] i@,

5 (wuw) = sin%n(um + uy) -—sin%n(ux — uy)]f(z) ;

Wavefunctions of type §:

The corresponding 8-dimensional reducible representation contains 2 equi-
valent irreducible As-representations whose basis functions can be distinguished
by writing ¢ A,(uvw) and @ 4, (vuw), respectively.

(pr uvw)

Pay (uvW)

Pl (wvw)

(pf,,(uvw) =

oY, (wuw) =

@5, (vuw)

[ 2 2 2
=V2= cos;n(ux +vy) + cos;n(ux —vy) — cos—d»n(va: + uy)

r

2 2
= |sin ;:n:(ux—l—vy) —f—sin;n(ux——vy) f(z),

Tsin %n(ux +vy) — sin;n(um —vy)|f(2),

F. 2 2
sin ;n(vx-}—uy) —I—sin;n(vx——uy) HOR

[ 2 2 2
V2 cos;n(ux +ovy) + cos;n(ux —vy)+ cos;n(vx + uy)

-+ cos »z—n(vx —uy) | f(z),

2 2 2
V2 .cos;n(ux +vy) — cos;n(ux —vyY) — cos; nve + uy)

.

+ cos%n(ux —uy)|f(),

— cos;n(vx — uy)_ 1),

2 2 2
= V-2~= cos;n(ux +vy) — cos;—n(um —vy) + cosgn(vx + uy)

—cos—-m (vx —uy)|f(2),

1

2
= _Sin ;ﬂ(vw-kuy)—sin%n(vx—uy) 1@).
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As mentioned earlier group theory cannot predict anything about the ortho-
gonality between ¢, (wvw) and ¢’y (vuw), but in this particular case they are
already orthogonal, because the projection operators admit for one function only
those plane waves which are not contained in the other one. This e.g. is not the
case in the next example. Consider G4 allowing for 6 different plane waves of type
(wvw). The corresponding reducible representation decomposes into

Dyuvw)=A4, DA P2 43.

Looking at functions transforming only according to the first row of A3, the
operations P{§[uvw] and P{[vuw] lead to

Phw = ]/“11?— Rluvw] — [wuv] — vwu] — [vuw] — [wou] + 2[uwv]),

h;v = 7112_ (— [wvw] — [wuv] + 2[vwu] + 2[vuw] — [wou] — [uwv]) .

These are not orthogonal, their scalar product being
s = (¢, php)=—1%.
Therefore a superposition
o — aghp + bl
has to be found under the conditions
(Phe, Pae) =1 and (ghe, Phw) =0
leading to
—3 b 1
Tyi—se "Tyi—se
for the two weights. The new function finally is given as
Ghe =3 (— wuo] + [vwu] + [vuw] — [woul).

Similar cases are met with Gy,. The complete tables for the symmetrized functions
are contained in the appendix.

3.4. Compatibility Relations
Compatibility relations provide a useful tool for testing the correctness of a
band calculation. It is helpful to classify the relations according to whether or
not they give a one-to-one correspondence between the irreducible representations
of different groups. One-to-one correspondence exists in the three cases

I'ed, TI'elX2 and XK.
G In Iy, Iy I Ios
Gy My 4y 41 @42 Ay Dds Ay @45
GE 21 2 21 @24 22@23 @24 21 @22 @23
Gr I Iy Ity I Ios
Gy, Ay Ay Ar @Ay A1 P45 A2 ® 45
Gy 2y 23 2:@P23 21923P2y 21@L2@2.

14 *
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All other cases provide relations which are not one-to-one:

Gr In I, I Ins T Iy Iy TIne Itis I

Gy A1 Ay A3 As@D A3 A1 PAs A1 Ay A3 A1 PA3 A D A3
Gx X, Xo X3 X4 X5 Xy Xo X3 Xy X5
Gy A As Aoy A As A1 Ao A, A; As
GL Iy Ly L3 Ly Lo Lg-

Gy Ay Ay A3 A Ay A

3.5. Analysis of Empty Lattice States

The free states for v = ve + vg = 0 are
T gk, x) = &5 (k) @5 (k, %), &5(k) = (k + K;)?

giving rise to an already quite complex ,,free” band structure. In most directions
the bands are degenerate, and the corresponding eigenfunctions form a basis of
a reducible representation in general. By reduction one can give a complete
classification in terms of irreducible representations, leading to an essential
understanding of the case v == 0. There is no need for a calculation of the reducible
representations and their characters, because all necessary information is con-
tained already in the tables for the symmetrized functions (see Appendix). The
classification of states in J#{" for arbitrary n is complete, if all different types
have been classified.

Summarizing the results of reduction we have the following relations between
D'.dimensional reducible representations D!(uvw) of type (uwvw) and irreducible
representations of the groups in consideration:

Gp: 1) DL(000) = T,
2) Db(uuw) =T @ @I @ o,
=N®l® s,

)

3) D}(uOO)
4) D2 (wu0) =@ e @ s @ Ios @ Ios,

5) D¥(wuw)=T1@D Iy @I ® e + 27115 + I's @215 @ Ios.

The remaining two types (wv0) and (uvw) do not occur among the first
65 plane waves.

G, 1) DL(000) = 4,

2) Di(uuw) =4, DA @ 45,

3) D4(ulw) =4, DA: D 45,

4) DZ(uvw) =4, P @A D As D245,
Gy: 1) Dy(mwuu) = A;,

2) D (uuv) = A, @ 43,

3) DS(uvw) =A@ A P2 A3 :
Gg: 1) DL000) =1,

2) Di(wuw) =210 s,
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g < A p 2X, Xp X3 2Xy X5 Xy
~/Bs
o/ 220 (003) (221 [19
/4 Xz
. X
[ I s Do s z Ay 75 N |
'3 (2200 8 4
A1A
2 A1
7 Ay | L
2l
& As
>
A & X, Xy Xy Xg Xg Xy
6 G ) (el
A,
Iy
S & X, Xy Xy Xp 22X,
5 & (201) (8]
A
LR, O
- ]
0
LR I L= i
[6] (200) 4 2!
4
L L G D i
s o 3 3
2 Ag ary
la
Y L__Ix x, xg
4 0 s 3 25
2 I (110y  [4]
ANG
i X1 X4
1 (0o1) [2]
W
\000\ 4
L 0 A
[ (000) p A X

Fig. 2. Energy bands for the empty lattice in (001)-direction

3) Dy (uv0) =21 @ Xy,
4) Di(uvw) =21 DX DZs D2y ;
Gx: 1) D}(OOw) =X1® Xy,
2) Dy (uu0) = X; ® X3 D X5,
3) D} (uuw) =X1 D Xo DXz DXy D X5 D X5,
4) Dy (uv0) =X DX: D Xs D X1 D2Xs,
5) Dy (u0w) =X, ® X @ X3 ® Xo ®2Xs,
6) DY (uvw)=X1 DX DXs D X1 D2X5 D X1 D Xor @ X3 @ Xor

®2X5' )
Gr: Wy w)=4%@wmow)

1) Di(w'vw'w') =L @ Ly,



206 K. Lendi

LiL,2L; Ly Ly 2Ly
F(517) (123

L D,0s Do I
(2] (220)

2L; 2Ly Ls L3y
Flin £@33) (8]

L Ly Ly Ly

—'2- 337 0]
L LT
I6] (200)
I Iy L5 Oy
®om tLls Lo Ly
AR O
L Ly
—
1y (2]
kOQO\ AI
4]
{13 (ooo)p A L

Fig. 3. Energy bands for the empty lattice in (111)-direction

2) Dy(ww'v') = L1 ® Ly @ Ly ® Ly,
3) D}?(u'v’w’) = L1 @Lll @Lg @Lg' @2[13 @2L3* .
In the point L (as well as in X) there are accidental degeneracies, e.g. for
l (1 1 5) ~ (ul/ ul/ vl/)
K+ k= !}
i {%—(333)~(u'u’u’).
In such a case the reduction is always trivial:
DY (w |w"” w’v'") = D' uwuw)DDS(w' w'v')y=2L1 2Ly ®Ls @ L3 .
Gx: The reduction is trivial: the reducible representations in every crossing
point in which different 2-bands come together decompose into ! K;-representa-
tions (¢ = 1, 2, 3, 4) if the incoming bands contain ! X;-representations.

The Figs. 2 and 3 schematically show the lowest band states in the empty
lattice in a (001)- and a (111)-direction respectively. The representatives (uvw)
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for different types are in parentheses, the degree of degeneracy in square brackets,
and the results of reduction are given too.

3.6. Outlook for v =0

Qualitatively speaking as soon as the potential is switched on the degenerate
bands will split into their irreducible components, e.g. in the centre of the Brillouin
zone the (111)-level is separated into I, 1%, I'1s and Iss . A special consideration
is demanded for the crossing points. Bands of the same symmetry never cross
because the corresponding interaction matrix elements are ==0. These bands
actually provide the only example in which the dispersion of the effective band
differs drastically from the free one. However, this extraordinary behaviour can
be deduced qualitatively from the empty lattice analysis too. In contrast bands
of different symmetry can cross arbitrarily.

Now experience shows that a physical potential, as constructed approximately
in the preceding chapter, is never able to change completely the qualitative
character of a free band. This is also expected to be true from analytical reasons,
since the only essential k-dependence of matrix elements stems from the kinetic
diagonal term, whereas the off-diagonal elements vary very slowly with k. This
can best be seen from the numerical tables for the orthogonality coefficients

i (k) (Appendix of Part IT) being slowly varying functions of the reduced wave
vector; ve even contributes k-independent terms.

Finally the question of whether selected symmetry levels obey a certain order-
ing quite independently of a particular potential is of central importance. This
question is suggested by the prominent example of atomic levels e5; satisfying the
inequality

Eqi>¢enp for I>1

as well as by the interesting situation in the one-dimensional lattice [22]. Saffren
[23] in a study of two- and three-dimensional lattices has shown, that e.g. all
possible I'levels are forming classes, and there are definite ordering relations for
the levels within one and the same class, whereas the relative position of levels
belonging to different classes is no consequence of symmetry, but depends on the
particular potential. These results, however, are true for local potentials only.

One can gain insight into ordering tendencies by means of perturbation theory
applied to the empty lattice states. Supposing the matrix elements to be of the
order of average crystal field energies, i.e. in the scale used roughly of modulus 1,
lowest order perturbation will cause the levels to split according to their symmetry :
levels with wavefunctions with dominantly positive signs in the linear combination
of plane waves or having the property of accumulating preferably the lowest
Fourier coefficients with positive sign quite definitely are lowered strongly, which
is particularly true for I3 and I5. In most ab-initio-calculations Fourier coeffi-
cients behaving like 9¢(q) ~ 1/q in the g-interval of interest are used, leading to
the lowest order splittings shown in Fig. 4. Possible crossings are studied by means
of the analytical expression for level differences, as for instance

E a1y — iy = — 29(200) — 45(220) — §(222) .
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Fig. 4. Qualitative splittings of the lowest I-levels in lowest order perturbation theory

Any reasonable choice of coefficients will give
Er 11y < Eryany -

The effect of second order perturbation is to split crossing bands of the same sym-
metry and to lower the lowest bands of each symmetry. Without going into
details further, inequalities of the following type can be deduced:

F1(111)} {1’12(200)

I (000) < Is(111) < 1]’25,(111) Iy (111)

} < I'(200) .

In addition the contributions of vg have to be analyzed separately. Shells of
angular momentum [ are able to push upwards only those crystal levels which are
contained in the decomposition of the corresponding reducible representation of
the rotation group.

On the basis of the above analysis finally we give a plot of the lowest s-, p-,
d- and f-like bands in a (001)-direction in Fig. 5 (compare also with Figs. 2 and 3).
Fig. 5b shows a typical case of hybridization of two A;-bands. The position of
the I'-levels is extremely sensitive to details of the potential.

Like any plane wave method the OPW-procedure deals satisfactorily with s-
and p-like valence states only. Any other situation will cause difficulties due to a
complete interchange of the natural empty lattice levels by the repulsive part vr
as e.g. in the case of transition metals, where only a mixture of a tight-binding-
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Fig. 6. Qualitative prediction of a band scheme for fee- or rocksalt-structure

and plane wave method is able to produce reliable results [24]. It would be entirely
hopeless trying to get the 4f-level of Eu from the OPW-band calculation, as can
be understood from the decomposition of the reducible representation for I = 3



210 K. Lendi

of the rotation group:

D3=Ty ®I15PDI3s.

In particular a correct treatment of I's5in #°§ would imply n — co. However,
there is no reason why the localized 4 f-states, if included as core states, should
not be in the region of other valence states. This situation is methodically con-
sistent, because the energy scales of the core levels &, and of the band levels
E? (k) are fixed relative to each other.

All the above arguments lead to a qualitative prediction of a band scheme
like that shown in Fig. 6, applying particularly to EuO, where the empty d-like
bands probably will appear below the second [7j-level. Of course no prediction
can be made of the position of the 4f-level.
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Symmetrized Functions
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representation.
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I~
(3]
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Remarks: -+ means -+ 1.

2
Recalling the abbreviation [uv w] = Vﬁ exp { n — (ux +vy + wz)} and the

normalization ([uvw], [r$t]) = OurOps 0wz, €.8. a normalized function ¢, (uvw),
transforming according to the second row of Lg, reads

QL. (uvw) V24 Cluvw] — [wuv] — [vwu] + [6aw] + [@ou] — 2[@4 D)

+ 2[aow]) — [@ad] — [0wa] + [vuw] + [wou] — 2[uwv])

1 9 2n 2n 2n

—Vﬁ cos — (ux—l—vy—}—wz)—cosT(wx—l—uy-l—vz)—cosT
2n 2n

><(vx—l—wy—i—uz)—l—cos—;—(vx—l—uy—}—wz)+cosT(wx+vy+uz)

2n
——2003—;—(uw—|—wy—|— Uz)).
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The OPW-method has been generalized for the calculation of spinpolarized energy bands
in magnetic semiconductors and applied to the ferromagnetic semiconductor EuO.

Part II describes the numerical methods used in the application to EuO together with
a careful consideration of numerical problems involved. Finally the results of the calculations
are presented. With the aid of selection rules and Van Hove-singularities a list of allowed
optical transitions has been deduced. These results compare favorably with recent experiments.

1. Numerical Methods and Results

With a few exceptions publications of band structure calculations do not give
any insight into the numerical methods used and their reliability. It is therefore
worthwhile to give a more detailed description and a connection to the correspond-
ing mathematical literature.

1.1. Unrestricted Hartree-Fock-Slater Theory (HFS)

The restricted, unrelativistic HFS-theory, as applied to non-magnetic atoms,
is described extensively in the book by Herman and Skillman [1] where also com-
ments on numerical treatment and some Fortran programs are found. Beside some
essential improvements concerning a more rapid convergence in the solution of
the radial Schrédinger equation, which are seen to be particularly important for
heavy atoms, these methods and programs have been generalized to multiplet
configurations of pure spin states. The ground state configuration of Eu?tis 8Sys,
i.e. all seven 4f-electrons have parallel spin (¢ = -4-1), generating two different

exchange potentials for spin up (¢ = 4 1)- and spin down (¢ = — 1)-electrons.

For the electrons of a filled shell there are two different radial solutions P, (r) of
a2 41 . .

—d—ﬂﬁ——?——}-va(r)—ezl nl(7)=0, O'=:|:1 (11)

and correspondingly two different charge distributions. Since in the ground state
exchange has a negative sign, the density of spin up electrons is concentrated
somewhat closer to the nucleus than the density of spin down electrons.

Fig. 1 shows (in arbitrary units) the difference ([P3;!]2 — [P3,1]2) for the 5s-
electrons in Eu2?*; the corresponding difference of level energies (efy! — e50!)
amounts to — 4.1 eV.

* Present address: Centro de Investigacién del Instituto Politécnico Nacional, Departa-
mento de Fisica, Apartado Postal 14—740; México 14, D.F. México.
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Fig. 1. Difference in t(r) between the (¢ = +1) — and (¢ = —1) — contributions of the
5 s-electrons

If the potential of the neutral nonmagnetic atom is used as starting potential,
the convergence to selfconsistency (within prescribed limits) is slower for vi! than
for v;!. Beside that the convergence criteria described in [1] and a (441)-point
mesh have been found to be appropriate also for the spinpolarized case.

No extra calculation has been performed for 02~ because of evident conver-
gence difficulties which can be got rid of only by taking into account an external
potential. This is not necessary because to a good approximation the data of the
neutral O can be used, however, with the modified (2p)® occupation. The main
difference between the neutral atom and the ion appears in the energy eigenvalue
of the 2p-state which does not enter the starting data for the OPW-calculation.

The level energies obtained for Eu2+ and O are listed in Table 1.

Table 1. HFS-eigenvalues [— ¢7,] for Eu2* and O

Shell — &2, (Ryd) for Eu2t Shell — &, (Ryd)
c=+1 c=—1 for O

1s  3365.5 3365.5 1s 39.456

238 537.65 537.63 2s 2.1439

2p 512.18 512.17 2p 1.0408

3s 119.54 119.15

3p 108.05 107.70

3d 86.469 86.210

4s 24.719 23.991

4p 20.213 19.490

4d 12.134 11.422

58 4.3601 4.0440

5p 3.1123 2.8596

4f 2.2562 —

A comparison of the present data with relativistic ones [2] suggests, that the
unrelativistic treatment is a reasonable averaged approach.
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1.2. Computation of Integrated Quaniities

The evaluation of the orthogonality coefficients Ry, (k) (1.15,I) and of the
Fourier coefficients #e (¢) (1.20, I) and 3Z(g) (1.21, I) involves a numerical integra-
tion over the tabulated radial functions Pg; (r). The point mesh of the radial
distance r is adapted to the oscillating behavior of the wave functions and depends
therefore upon the nuclear charge. Several tests for Eu and O have shown that
it is sufficient to use a 99-point mesh taking only every fourth point and 9 blocks
of the original 441-point mesh [1]. By using Simpson-integration the results ob-
tained differ by less than 1 ppm. If in an interval [xg, z,] a total number of
(r+ 1) function values f, in a constant distance » from each other is given, the
continued Simpson rule reads

Tn n—1
{1y §Z<)‘o+ S w,f,+,n) wl={4,lodd
Zo i=1

2, l even.

Some of the numerical results for the Fourier coefficients 79 (g) are listed in Table 2.

Table 2. Fourier coefficients of the atomic potentials of Eu2+ and 02- (Ryd)

a v9(q) for Eu2+ ?(g) for O2-

(2—,;) o=+41 o=—1

(111) — 0.90173 — 0.88293 — 0.11378
(200) — 0.78756 — 0.77199 — 0.11946
(220) — 0.56549 — 0.55689 — 0.10686
(311) — 0.48069 — 0.47503 — 0.09423
(222) — 0.45908 — 0.45410 — 0.09045
(400) — 0.39161 — 0.38875 — 0.07755
(331) — 0.35443 — 0.35254 — 0.06975
(420) — 0.34383 — 0.34231 — 0.06754
(422) — 0.30776 — 0.30707 — 0.05975
(511) — 0.28573 — 0.28551 — 0.05489

The calculation of the R;;; (k)’s requires particular care because the integrand
contains the spherical Bessel functions which provide an outstanding example for
numerical instabilities. Any direct programming and evaluation of the analytical
relations (1.2) for certain arguments and indices will lead to extremely wrong
values, especially for functions with high I. Fortunately only I-values up to 3 are
needed in the present application.

. sinx 3
jo(x) = z

(@) sin cosx

11\x) = 2 T
jg(x)——-(g—?)sinw—;z‘cosx,

. 15 6\ . 15 1
j3(x) = e sinz —|—5 — | cosz. |

15 Phys. cond. Matter, Vol. 17
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For increasing [ the analytical expressions become more and more complicated
suggesting to take advantage of the recursion relation

. 20—1 )
ji(x) = Y (x) — ji-2 (). (1.3)

This procedure, however, is even more unstable for numerical evaluation and
cannot be used in general. For instance for the argument xy = 10~4 a machine
with 12 digits and simple accumulator (for definitions see [3]) will give

ja(xo) = — 1099.999948

whereas up to 6 decimals the exact value is zero. Despite these striking difficulties
it has been found that in the present application a double precision calculation
of the 7;’s (on CDC 6400) yields all results up to the required accuracy for x > 104
and I <3. In order to judge this the Bessel functions have been calculated by
means of a much more stable but more time consuming method proposed by
Corbatod and Uretsky [4]. The results coincided after rounding to simple precision.

Some numerical values of the OPW-coefficients Ry, (k = 0) are listed in the

appendix.
1.3. Solution of the General Eigenvalue Problem (A — AB) x = 0

It has been shown in Part I that all matrix elements are real, so the following
discussion is restricted to R=.
The general eigenvalue problem

(A—AB)x=0 (1.4)

has to be solved for real-symmetric (n X n)-matrices, where the eigenvectors x
are to be identified with the column vectors of the matrix § = {s;} in (1.3) of
Part I. We are looking for effective procedures yielding all eigenvalues and -vectors
in order to have a test for the correctness of the programs through the compati-
bility relations. The ordinary numerical methods solve the special eigenvalue
problem

M—-Al)y=0 (1.5)

and therefore (1.4) has first to be reduced to (1.5). In principle this can be ac-
complished in three different ways:
(a) First B is diagonalized by means of an orthogonal transformation O:

Dg=0TBO. (1.6)
If B is positive definite (B > 0) there exists the real decomposition
Dp= Dy D} (L.7)
and the reduction is achieved by the transformations
M =D3'0TA0D3*, x=0Dj3}y. (1.8)

(b) If B> 0 the reduction can be performed avoiding the diagonalization of B
by means of a real Cholesky decomposition

B=RTR, (1.9)
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R being a regular right-triangular matrix. Using the abbreviation R-T for
(R1)T = (RT)~1, we have

M=RTAR and «x=R-1ly. (1.10)

(c) If det(B) +0, but not necessarily B> 0, the only possibility is to invert
B, leading to
M=AB1 and x=Bly (1.11)

where « are the right-eigenvectors of M which in general is not symmetric any
more. The procedures (a) and (b) solve (1.5) for an arbitrary symmetric 4 and
a positive definite symmetric B. (a) has the advantage of computing the eigenvalues
of B in addition and admits therefore of a detailed discussion of probable diffi-
culties in finding stable solutions. If B possesses one or more eigenvalues close to
zero, Dz ? in (1.8) correspondingly has some large elements. Assuming the matrix
elements of 4 are roughly of the same order of magnitude, the transformation to
M will cause some columns and rows to increase enormously in their norm with
respect to the other ones. This mechanism in turn causes a worsening of the condi-
tion of some eigensolutions ([5], p. 344). Besides the multiplication by O and OT,
respectively, is of no influence [3]. In principle one has to distinguish two kinds
of conditions, namely a condition (or a sensitivity) of the solutions with respect
to slight changes in the input data, and a condition with respect to numerical
errors inherent to the algorithm used for calculation. We always speak of the first
one assuming that we work with numerically most reliable methods on a big
machine. However in case (a) the amount of computing effort is much greater
than for (b) and (c), and for practical purposes the accuracy obtained is very
questionable if B has a highly degenerate spectrum [5] like in the OPW-method,
because then the eigensystem O and therefore the matrix M might be affected
by quite considerable errors. Finally procedure (b) is by far the most effective
and numerically most stable one.

The condition of the eigenvalue problem (1.4) and in particular that of the
lowest eigenvalues of main interest is intimately connected with the properties of
the matrix B. Unfortunately the application of the OPW-method to heavy sub-
stances, presumably for nuclear charge Z > 55 will give rise to difficulties because
the lowest eigenvalue of B is too close to zero or, what is even worse, the ap-
proximations used lead to a non-positive definite B in contradiction to the ana-
lytical estimates given in chapter 2 of Part I.

The ,,good” positive definiteness of B (actually all eigenvalues close to or
equal to 1) gets lost with increasing number of occupied core states, as can be
seen from

(@1, Prpy) = 2 | @nim, @5) |2
and n,4,m

B=1—pP
(compare with (1.5a) and (2.1), Part I) and from the corresponding numerical
values for the OPW-coefficients in the appendix. Whereas an estimate for Al [6]
gives
max (¢;, P1gy) ~ 0.1
7

15 *
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we have for EuO
max (p;, P1gy) ~0.7.
]

The heavier the elements involved are, the more the matrix B differs from the
unit matrix 1. In case of eigenvalues close to zero particular care is due to main-
taining up to high accuracy the orthogonality relations

To
| Pyy(r) Poy(r) dr = dpn
0

otherwise even slightly negative eigenvalues can occur.

In order to overcome the above mentioned problems in obtaining the band
structure of EuO it was best to omit the calculation of the lowest s-like band
which usually is not of particular interest. This means that the first plane wave

2n
with reciprocal wave vector o (0, 0, 0) and therefore the largest contribution to

the matrix elements of P; has been eliminated. This is convenient for group
theoretical reasons too, because this band does not fulfill any compatibility rela-
tions. Of course, the corresponding states (actually the 2s-levels of the oxygen
ions) have to be included in the core states. After this ad hoc modification one is
left with an eigenvalue problem of acceptable stability.

For illustration we consider a numerical example in 4 dimensions, computed
on CDC 6400.

2 1 3 4 di = — 8.0286
1 -3 1 5 o= — 1.5732

Ad=13 1 6 —2 Js= 5.6689 (1.12)
4 5 —2 —1 da=  7.9329

The A4’s are the eigenvalues rounded to 4 decimals.

Instead of B we give the diagonal elements dy; of Bp and transform afterwards
to general form:

1 —1 -1 1
1 —1 1 —1
B=0Dg0T, 0=} { { —1 1
1 1 1 1
Then B is of the form
u v v —v
v U —v v
B =
v —w u )
— v v u

In all following cases three eigenvalues are taken to be 1, i.e.
dog=dgg=dgs=1

and only d;; is going to be varied.
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Consider the cases
(I) di1=10"2, u=0.7525, v=0.2475,
(IT) dy3 =104, = 0.750025, v = 0.249975 ,
(ITI) dy; =10"%, « =0.75000025, v = 0.24999975.

% and v are exact in all cases, and it is important to note that all matrices have
exact representations on the machine and are not affected already by input
rounding errors [7]. Now the general eigenvalue problem (4 — A B) x = 0 has quite
differing solutions listed in Table 3. The first and fourth eigenvalue are extremely
ill-conditioned, whereas the remaining two are surprisingly stable.

Table 3. Eigenvalues of (4 — AB) x =0

I II III
A= —51.7002 — 510.4221 — 5099.5215
o= — 2.7796 —  2.8004 — 2.8006
A= " 7.7990 7.8006 7.8006
Ay = 50.6807 509.4219 5'098.5215

It bas to be emphasized strongly that in going from case (I) to (III) the ele-
ments of B are changing very slightly only, i.e. 4 changes by less than 3.5 ppm,

v by 1 percent.
In order to show the influence of inaccurately known matrixelements of A4,

as an exampel, a;s is altered by 10 percent:

a2 — ag] = 1.1.

The results are given in Table 4 together with the modified spectrum of 4 alone.

Table 4. Eigenvalues of (4 — AB) x = 0 for a12 = ag1 = 1.1

B=1 I II IIT
M= —17.9942 — 54.4599 — 820.8081 — 507520.6382
A2 = — 1.6590 — 2.9004 —  2.9212 — 29214
3= 5.6960 7.8341 7.8355 7.8356
Ay = 7.9571 48.5762 319.9437 519.7740

A comparison of the four columns of Table 4 makes evident the relative in-
sensitivity of the special problem with B = 1, whereas the lowest eigenvalue for
B 31 shows extreme deviations. Finally let us consider in Table 5 a simulation

Table 5. Eigenvalues of (4 — AB) x =0 fora; —a; + 05 (1 =1,2,3,4,)

I II II1
A= —32.6270 — 52.3619 — 52.8911
Ag= — 1.8976 — 1.9124 — 1.9126
Az = 8.3079 8.3092 8.3092
Ay = 81.7166 5051.4652 5007051.9951
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of the adjustment of the zeroth Fourier coefficient by shifting all diagonal elements
by the amount +0.5.

Evidently the sensitivity of 1; has concentrated almost entirely on A4.

Of course one has to be sure that all reproduced results are not affected by
additional numerical inaccuracies. For this reason the method of solution de-
scribed under (b) has been employed in connection with the most reliable version
of the Jacobi diagonalization procedure due to H. Rutishauser [8].

In conclusion the examples given above reflect in an extreme way the situation
met in a straightforward application of the OPW-method to EuO.

1.4. Cholesky Decomposition and QR-Transformation

The procedure (b) will now be described in more detail.
A positive-definite, real-symmetric matrix B is decomposable into the product

B=RTR (1.13)
called Cholesky decomposition, where R is a real and regular right-triangular
matrix. Choosing the diagonal elements of R with positive sign e.g., the decompo-

sition is unique. The elements ry;; of R successively are calculated from those
of B by means of the following relations:

r=+ (bu)’, ru=>duln k=23,...,n,
i1

ri =+ (bu— > i)k, i1=2,3,....m,
=1

izl 1=2,3,...,n
rip = b . T i, '> > .5 ’
1k = (b zg1u 1) [T b it L id2 . m,

(1.14)

(rix =0, k<’b)

In addition the inverse P = R-1is needed, yielding again a right-triangular
matrix, whose elements are calculated descending from n without the necessity
of searching for pivots [3]:

p’lizl/rii> i:n,::n,n—l,...,l
k . 1.15
pix= D (rarw)pu, k=nn—1,...,i+1. (1.15)
1=7}1

For having an effective diagonalization procedure applicable also in case (c),
the @QR-transformation has been chosen. The corresponding Fortran programs
are based essentially on the careful work by Grad and Brebner [9]. More recent
versions will be found in Wilkinson and Reinsch [10]. The idea is to transform a
matrix M by iterated left-right-decomposition convergently into a triangular
matrix containing all eigenvalues of M along its diagonal. Thus for real M; (= M)

Mi1= Q1 By (1.16)

in a first step. Including also non-symmetric matrices, M; leads to unitary @,
and right-triangular R; in general. The decomposition is made unique by choosing
positive signs, for instance, for the diagonal elements of R;. The algorithm is
defined through

Ms= Qs R;, M= Rst (1.17)
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guaranteeing that Mgy, is unitary equivalent to M; and therefore to M;. In
general M converges to a right-triangular matrix R with increasing s. Convergence
proofs and a stability- and error analysis can be found in [5].

Once the spectrum of M is known, the eigenvectors are calculated by inverse
vector iteration

Z¢D = M2 k=0,1,... (1.18)
using an arbitrary starting vector of the form
20 = Seuy (1.19)
1=

where ¢y ==0. Assuming the lowest eigenvalue of M to be non-degenerate, the
procedure is started for the corresponding eigenvector and then continued for the
other ones. It can be shown that the sequence {Z{¥} converges with increasing &
to a multiple of y;. Details of the method, modifications in case of nearly coinciding
or even degenerate eigenvalues are found together with convergence proofs in [5]
and [11].

In order to execute the above algorithms in an effective way with least numeri-
cal errors additional finesses have to be taken into account. First the matrix M

is balanced by means of diagonal similarity transformations [12] and normalized
such that

| M| =g M| =p
where | ...| denotes the Frobenius norm. The columns and rows of M fulfill then
approximately
n n
Dl k| & | re|  k=1,2,...,n
i=1 i=1
ik ik

which is most desirable for reasons of numerical stability. After that only the
scaled matrix M will be used. It is most effective then to bring M first into upper
Hessenberg form [13] H which is similar to & but } (n2 — 3n + 2) elements
vanish, i.e.

hiyg =10 for 1 >k+1.

Finally the @QR-transformation is applied to the matrix H until all subdiagonal
elements satisfy

|hisse| < 27| H|, i=1,2,...,n—1

where ¢ is the number of digits in the mantissa of a binary floating point number.

A satisfactory test of this diagonalization procedure has been based on a
comparison of results for a pathological matrix M = 84 — 542+ 43 (4 sym-
metric tridiagonal with a;,s = 2; a4, ¢+1 = 1) with those obtained by Rutishauser [8].

2. Band Structure and Optical Transitions for Eu0
2.1. The Band Structure

The numerical results for the band structure obtained by the methods de-
scribed in the preceding chapter are plotted in the Figs. 2, 3 and 4. The bands
have all qualitatively predicted properties although one could expect stronger
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Fig. 2. Energy band structure of EuO (¢ = 1) in (001)- and (111)-directions
Fig. 3. Energy band structure of EuO (¢ = 4 1) in (110)-direction

deviations because of the non-local repulsive part of the potential. The most
striking feature is the high lying magnetic 4f-level actually separating valence-
and conduction bands. It must be emphasized that this extraordinary position is
no consequence of any artificial adjustment of parameters. The only parameter
for adjustment is the zeroth Fourier-coefficient finally varied to reproduce the
gap. Then automatically the 4f-level falls into the energy gap.

It is somewhat surprising that the energy of I is so high (actually outside the
picture), whereas in other calculations it is at least comparable to that of the
d-like states. However, I is most sensitive to details in the potential and is not
forced to obey strict ordering relations, therefore its position will be somewhat
uncertain. Furthermore, the dispersion of the lowest valence bands belonging to
the fully symmetric group representations should not be given too much confidence
because of the earlier discussed instabilities. In the final calculation roughly
65 plane waves were used. Convergence tests up to using 113 plane waves mani-
fested satisfactory stability of the lowest conduction bands (/ 0.1 eV).
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Since for the interpretation of optical transitions spin is taken to be conserved
the Figs. 2 and 3 only show bands for electrons with spin parallel (¢ = +1) to
that of the 4f-electrons. Fig. 4 then gives the spinpolarized splittings of conduc-
tion bands in a (001)-direction. For ¢ = — 1 the zeroth Fourier coefficient has
been adjusted to reproduce the experimentally observed splitting at X3 [14]. It
is interesting to note the possible crossings of spinpolarized bands suggesting that
there are magnetic materials showing red shift [15], blue shift or even no shift of
the absorption edge with decreasing temperature.

2.2. Selection Rules and Optical Transitions

First of all an analysis of interband transitions has to be made on the basis of
selection rules for dipole transitions [16]. The dipole operator transforms according
to the vector representation .D; of the rotation group, and D; must be decomposed
in terms of the irreducible representations of the group belonging to the point of
the Brillouin zone in which the transition is considered. The following figures
schematically indicate by arrows the allowed transitions for all groups. The re-
duction of the 4f-level in terms of crystal levels is also given schematically although
the splittings will be almost zero.

In addition to selection rules the theoretical predictions of transition probabili-
ties and -intensities are of importance. Dominant contributions are found at those
points in the Brillouin zone where the band tangents are parallel. Most directly
connected with the band structure is the imaginary part e; of the dielectric func-
tion [16] given by

1
ea(w) ~ ;ggzd% | Mve(K)|20(Be(k) — Ey(k) — ).

The integration is over the Brillouin zone.
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Fig. 5. Allowed direct transitions for Gp

Fig. 6. Allowed direct transitions for Gx

At critical (extremal) points on the energy surface S, defined by
E.(k)— Ey(k)=w

the matrix element My, (k) for valence-conduction band transitions usually is a
slowly varying function of k and is replaced by its average My.. After some
transformations we can write

1
g2 (w) ~ Pyl |Mvclzlvc(w)

where Iyc(w) is the so-called interband density of states
S,

Ivc(w)zfi ’
J ok (B¢ (k) — Ey ()]

explaining why parallel tangents are important. The structure of I+ for 3-dimen-
sional lattices is given in [16, 17] showing the different types of Van Hove singu-
larities.

We now describe the most important transitions for EuO up to 12 eV, taking
for convenience the energies at the edges.

In the centre of the Brillouin zone (Fig. 5) there is a first transition at 4.8 eV
from 4f — I'25:. Due to the initially flat structure of 23 and A, a lot of transitions
near k = 0 at the same energy will be involved. I75 — I35’ takes place at 6.2 eV,
whilst the differences of 7.9 eV and 9.3 eV belong to 4f — I3 and I'5s — I1s.
The splitting of d-like states denoted conventionally by 10 Dg amounts to 3.1 eV.
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Fig. 7. Allowed direct transitions for G,

Fig. 10. Allowed direct transitions for G5

The gap 4f — X3 is adjusted to 1.2 eV, the experimental value being 1.12 eV
[18]. Other transitions (Fig. 6) are X5-—Xgzat 6.2eV,4f—>X;at 7.3 eV, 4f > X,
at 11.1eV, 4f > X5 at 11.5eV and X5 —X; at 12.4 V.

In the point L (Fig. 7) 4f—Lszat 4.2 eV, 4f—L; at 58 eV, 4f— L3 at 10.8 eV
are direct transitions from the atomic level. In addition there are three valence-
band-conductionband transitions, namely Lg-—Lg(1) at 5.9eV, L3 —L3(2) at
124 eV and Ls-— Ly at 7.4 eV. Parity is a good quantum number in the points
I', X and L and there occur transitions between levels of different parity only.
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At the point K (Fig. 8) parity is no good quantum number and therefore the
band tangents are not necessarily horizontal and there are no Van Hove singu-
larities due to symmetry. Thus the transitions will be weak in general.

As shown in the analysis of the empty lattice, crossing bands can give rise to
band extrema also in the interior of the Brillouin zone. Because of the flat structure
of the 4f-level these extrema are always connected with singular points. In a
(110)-direction one finds as a consequence the transitions 4f — X4 (2) at 5.7 eV,
4f—>21(2) at 5.8e¢V and 4f—21(3) at 7.7¢€V.

The main contributions in a (001)-direction (Fig. 9) will arise from 4f—4,(2)
at 5.7eV and due to parallel but non-horizontal tangents A;(1) — A4;(2) at
7.7eV and As(1) — A41(2) at 9.0eV.

Direct transitions in a (111)-direction (Fig. 10) finally are 4f— A3(2) at
5.4eV, Az(1) > A3(2) at 7.3eV, 4f—A3(3) at 7.2eV and A3(1) — A3(3) at
9.2eV.

2.3. Interpretation of Experimental Results

The problematics of such interpretations is discussed in [17, 19]. The most
reliable test for a band structure investigation is the comparison of the calculated
imaginary part &2 (w) of the dielectric function with the corresponding experimental
quantity. This has not yet been done for two reasons: first the computing effort
would be enormous and second, the experiments must be carried out with ex-
tremely pure substances, as is known from the early analysis of Si and Ge. Instead
of this we plot the transitions deduced in the preceding section in the recently
obtained experimental curve for e3(w) [20] shown in Fig. 11. The probably most
dominant contributions are marked beyond, the others below the curve. There is
a fair agreement of the gross features of ¢2. Several points, however, deserve some
more remarks.
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Fig. 11. Imaginary part éz2(w) of EuO at 300° K (Experiment see [20])
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First of all any interpretation based on a one-electron band theory does not
take into account the effects of the hole left behind in a flat band after an electron
has been excited. That means that neither excitons nor multiplet structure can
be analyzed directly in such an approach. In the case of EuO an electron excited
from the 4f-shell leaves behind a "FI (I = 0, 1, ..., 6) configuration of Eu3+, and
one would expect to see somehow the structure of this multiplet whose energy
range is roughly 0.6 eV for EuF; [21]. Whereas this structure seems to be smeared
out in EuO, most recent experiments have been able to resolve it in EuS [20]. It
must be realized for the above reasons that the present tentative assignments
cannot give quite correct transition energies. Disregarding excitons the symmetries
of the assignments, however, should be correct at least for energywise well sepa-
rated transitions. The remaining puzzle is the first strong peak in g2 whose form
and height can be explained only if the transition matrix element shows an extra-
ordinary dependence on energy. It is more probable that an excitonic-like
transition is involved with properties not known up to now for ordinary excitons.
In particular there seems to be no temperature variation of the height of this
peak [21]. It has to be emphasized that the adjustment of the gap does not depend
on the interpretation of the nature of this first peak because the consistent assign-
ments for the rest of ¢z necessarily place the (4f— X3)-transition at about 1 eV,
independent of whether or not the main contribution arises from an exciton.

The shoulder beyond the (4f—>I%5-)-transition is probably due to spin-orbit
splitting. Because of overlapping of a lot of transitions these splittings will not be
resolvable in most cases. The first valence-conduction band transition is found at
about 6 eV, which at low temperatures should show a splitting due to spin-
polarization. If one assumes that the I's-level arising from the oxygen (2p)-level
is almost degenerate in spin because of the short-range dominant part of the
exchange potential centered at Eu, the splitting, if observed, should be nearly
that of I's5- alone. An even better candidate for the observation of this splitting
is the ([15—>I72)-transition.

The spinpolarization of I'i5 has not been given due to the uncertainties men-
tioned in chapter 1. Besides, any spinpolarized band structure calculation must
be taken to be tentative, because within the usual approximations it is quite
impossible to treat long-range exchange effects satisfactorily. This model at least
is supposed to simulate the situation at zero temperature.

In conclusion one must say that only a theoretical determination of &2(w)
based on a completely relativistic band structure calculation will allow for more
reliable interpretations.

Concluding Remarks

The application of the OPW-method to the heavy ferromagnetic semiconductor
EuO revealed the difficulties in applying the method to heavy substances in
general. Finally the band structure could be obtained only after modifications and
a careful selection of reliable numerical procedures. Despite some discrepancies
between the present results and those of Cho [22] there is agreement in the
assignments of the most important optical transitions. Due to the extraordinary
position of the 4f-level there is a big manifold of transitions, a lot of them oc-
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curring at the same or nearly the same energy. In addition relativistic and ex-
change splittings complicate the situation considerably such that any detailed
resolutions in experiments and corresponding exact theoretical assignments for
this substance appear to be rather illusory.

Acknowledgement. The author is deeply indebted to Prof. Dr. W. Baltensperger for his
continuous and generous support of this work.

Also an extensive information on the experimental situation by G. Giintherodt is grate-
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Appendix
OPW -coefficients for Eu 2+ (orthogonality coefficients)

K (k=0) (000) (111) (200) (220) (311)
T
n = l = o=
1 0 +1 0.00191 0.00191 0.00191 0.00191 0.00191
—1 0.00191 0.00191 0.00191 0.00191 0.00191
2 0 +1 — 0.01217 — 0.01210 — 0.01207 — 0.01197 — 0.01190
—1 — 0.01217 — 0.01209 — 0.01207 — 0.01197 — 0.01189
2 1 +1 0. 0.00100 0.00115 0.00162 0.00189
—1 0. 0.00100 0.00115 0.00162 0.00188
3 0 +1 0.04352 0.04203 0.04154 0.03966 0.03831
—1 0.04340 0.04192 0.04144 0.03956 0.03822
3 1 +1 0. — 0.01026 — 0.01174 — 0.01601 — 0.01827
—1 0. — 0.01021 — 0.01169 — 0.01593 — 0.01818
3 2 +1 0. 0.00116 0.00154 0.00296 0.00396
-1 0. 0.00115 0.00152 0.00293 0.00392
4 0 +1 — 0.14053 — 0.11842 — 0.11183 — 0.08882 — 0.07453
—1 — 014118 — 011881 — 011216 — 0.08897 — 0.07459
4 1 +1 0. 0.07502 0.08259 0.09695 0.09931
—1 0. 0.07567 0.08325 0.09750 0.09973
4 2 +1 0. — 0.03260 — 0.04081 — 0.06431 — 0.07491
—1 0. — 0.03374 — 0.04213 — 0.06585 — 0.07633
+1 0. 0.06470 0.77740 0.10209 0.10694
0 +1 0.54066 0.19658 0.13759 0.01576 — 0.01864
—1 0.57275 0.19474 0.13322 0.01094 — 0.02157
5 1 +1 0. — 0.38431 — 0.33450 — 0.16995 — 0.09534
—1 0. — 0.39630 — 0.33803 — 0.15142 — 0.08684

OPW-coefficients for 02—

P K; (k=0) (000) (111) (200) (220) (311)

TT

n = l=

1 0 0.04602 0.04391 0.04325 0.04072 0.03898
2 0 — 0.50782 — 0.21463 — 0.17005 — 0.07618 — 0.04448
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Using a theory developed by Stumpf [1], the wave functions and energy values of the
F- and F’-centre are calculated. The main feature of the theory is the atomistic description
of the electronic and ionic polarization of the host crystal and their influence on the impurity
centre electrons. The wave functions are evaluated by minimizing the energy expectation
value of the total electronic energy of the crystal. Numerical results are given for all alkali
halides with NaCl-structure and compared with the experimental values of the F and F’
absorption energies. Fair agreement is obtained.

The F- and F'-centres have been subjected to many theoretical investigations
and it would exceed the scope of an introduction to discuss all the different
approaches. Therefore, we only refer to the appropriate literature. Calculations
of F-centre wave functions were listed and discussed by Gilbert and Markham [2]
and recently by Schmid [3]1. F'-centre calculations can be found in a paper by
Bennett [4].

In all those calculations a common difficulty arises in the correct treatment
of the polarization of the host crystal caused by the impurity centre. Returning
to the conception of the early work of Pekar [5], Stumpf [1]2 derived a model
which fully takes into account the discrete structure of the crystal and describes
both the electronic polarization and the distortion of the lattice in a microscopic,
atomistic manner.

By the aid of this theory, the wave functions of the F-centre electron in alkali
halides were calculated in paper II. Numerical results for the spatial extent of
the wave function, the spin density at the nuclei surrounding the vacancy and
the static displacements of the ions were given and compared with experiment
and literature.

In this paper we are interested in the wave functions and energy levels of
both the F- and F'-centre. We follow the treatment of I and II and improve the
method used.

After summarizing all abbreviations used throughout the paper in Sect. 1,
we derive the functional of the total electronic energy of the crystal in Sect. 2.
This energy functional depends on the wave function of the impurity centre
electrons, and on the dipoles representing the electronic polarization and the
displacements of the ions. Sect.3 contains the elimination procedure of the
polarization dipoles and the displacements. Sects. 4 and 5 present the calculation

* Present address see end of the paper.
1 Hereafter, we shall refer to this as paper II.
2 Hereafter, we shall refer to this as paper I.

16 Phys. cond. Matter, Vol. 17
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of the wave functions and the numerical results. In the final conclusion we discuss
connections with other theories and give an outlook on further applications of
our model.

1. Definitions

For ease of reference, all abbreviations are collected in this first section. We
shall use, whenever possible, the notation of paper I. The slight deviations in the
definition of the polarizabilities should not give rise to any confusion.

a) Notation of the Crystal Structure

e := charge of the electron;

r; := position vector of the i-th impurity electron;

1 :=index of the l-th elementary cell of the ideal lattice;
4 :=index of the ions in the elementary cell;

ey := charge of the u-th nucleus;
R}, := ideal lattice position of the lu-th nucleus;
Ry, := lattice position of the u-th nucleus in the distorted lattice;

oy = index of the electrons at the Iu-th ion;
Ny = Znumber of core electrons of the {u-th ion;
tu
ay = (el + enyy) charge of the [y-th ion; (1.1)
+>:=> with i%k; (1.2)
Wk ik
Z’ := sum over all lattice points excluding | =0, y = 0; (1.3)
in
C(x,v) :=|x—wv|, C(r,lp):=|r—R),| and
C(u, ko) :=|R), — R},|-1 Coulomb potentials; (1.4)
C(x,v)7 :=b|x— v|™% phenomenological repulsive potential; (1.5)
d := next nearest neighbor distance; (1.6)
F(x,v) :=d3/4an' ViuC(x, L u) Vi, C(v, L u); (1.7)
u
F(x,v)1 :=bd34n ' Vy C(x,1p) Vi C(v,lu)n  polarization
potenti;fl‘s ; (1.8)
o := Madelung constant. (1.9)
b) Quantum Mechanical Expectation Values

Hy(r):=—31A4+ Z’ eey, C(r, Ry,) kinetic energy and one-electron

interactiogt with the nuclei (1.10)
Vo =13+ Zem exo C (R, Ryo) nucleus-nucleus Coulomb interaction; (1.11)

lnke
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M = number of the impurity centre electrons;
Dy (r1, ..., ry) := impurity centre wave function;

on(r):=M [|Dy(r,rs,...,rar)|2drz...dry  probability density of
the impurity centre electrons;

P2 (r) := wave function of the a,-th electron in the ideal crystal;
¥,..(r) := wave function of the «;,-th electron in the disturbed crystal;

0, (r) 1= | ¥, (r)|2 probability density of the ay-th electron;

E(r) :=epn(r) —apod(r — Ryp) total impurity centre charge
density;

my = ez J 04, (r) (r — Ryy) dr  electronic dipole moment of the
l /:“;;h ion;

Hy=Hy(P,,): ;j ol 34+ eeu Or, Ry)1 ¥, (r) dr
FhE3 e [ 5£:<r'>
X C'(ar f) [V, (F) P, (r') — W, () P, ()] dr dr’
internal energy of the lu-th ion in the disturbed crystal;

H), = Hy(¥?, internal energy of the ions in the ideal crystal;

HiY%, = — Zﬂe2 [EEFVPE ) C(r, r) P, () Py, (r) drdr’

exchange interaction between the lu-th and ko-th ion;

H,(M):=M f@:(rl, vy ) [— 3 A(r )] P (r1, ... rg)dry . dry

2
+ g MM —1) [Bh(r1, ... 13) Clr1, 7o)

X Dy (ry,...,ryr)dry...dry  kinetic energy of the impurity
centre electrons and their mutual interaction;
Hy* = HF(D,¥,,) = —e M Z’ {[fDE(r, ..., ;)
luaiu
X @u(r',...,ri)drs...dry] C(r, ) V¥ (') PE (r)drdr’
exchange interaction between the impurity electrons and

277}

the core electrons;

Uigear : Z w3 2 [aware C(Lp, ko) + C@u, ko)) energy of
lu, ko
the ideal crystal;

¢) Calculation Aids
M, := (R, — R),) displacement of the /u-th ion;

Py =14 (M, Vy);

16 *
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(1.12)
(1.13)

(1.14)
(1.15)
(1.16)
(1.17)

(1.18)

(1.19)

(1.20)
(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)
(1.27)
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Dy, = {agy + (muy Vig) + oy (Mi, Vig)]; (1.28)
Y := average polarizability of the ions; (1.29)
«¢  :=4xd 3y dimensionless polarizability of the ions; (1.30)
= [fgoaedml(n — 1) > R D]1 polarizability of the

lattice; " (1.31)

1

Te = ( T Z R, ) contribution of the

electronic polamzatlon to the lattice polarizability; (1.32)
T = (77— 1 1)1 total lattice polarizability; (1.33)
ad  :=4me2d-37 dimensionless lattice polarizability; (1.34)

Diyko = [Orurko + ¥ Viu @ Vo C Ly, k0) (1 — diure)]™t  Green’s function

of the electronic dipole moments; (1.35)
Vlukg =T Vl” ® Vk@ C'(ly, ]CQ)” (11— 51,4];9); (1.36)
alu ko -1
Guuke 1= | Swuke + 7 (1 + o) Viu ® Vg CLu, ko) (1 — Suuke) + Viuke
Green’s funection of the ion displacements; (1.37)
o€ od B o 4 od 138
° T4or T T4 +oftah)| 1faeto (1:58)
od
¢ = 1 e tat screening factors. (1.39)

2. The Energy Expectation Value

We begin with the Hamiltonian for the electrons of a crystal with an anion
vacancy. Most of the electrons are attached to the ions of the crystal, which we
call core electrons, and very few are localized at the impurity centre, called
impurity electrons. Let M be the number of the impurity electrons then M =1
refers to the F-centre and M = 2 to the F'-centre. To simplify the calculations
we use some familiar approximations: We neglect interactions of the impurity
centre with other defects and with the crystal surface. The problem is treated in
the adiabatic approximation and Coulomb interactions are only taken into account.

With the definitions (1.4), (1.10) and (1.11) the Hamiltonian has the form

H= ZHl ri)-{—l#ZezC’(ri,rk)-{—Z e2C(ry, ry,)

i lpouu
+ DI Hi(r,,) + 3D €20(ry,,rs,)+ Vo (2.1)
luaiy luouu
koBre

To indicate the missing anion at I = 0, u = 0 we mark every summation
and abbreviation which contains energies of the ions with a prime. As a trial
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function for the variational calculation of the impurity electron wave function
we use a linear combination of Slater determinants

Du(£1, ..., Em) i= (M1)12 3 o2 det | @f (£1) -+ @y (Em) | (2:2)

with suitable coefficients ¢s to guarantee the normalization of the wave function.

The core electrons of the crystal can be represented by a single Slater deter-
minant because their wave functions are eliminated later. If the total number of
the electrons in the crystal is N we have

YiErs1s ..., En) = [(N — M)']"V2 det |TM+1 (Em41) - P (51\{)! . (2.3)

The variables & in (2.2) and (2.3) contain the position vectors r as well as the spin
variables.

The one-electron wave functions in (2.2) and (2.3) are assumed to be orthogonal
to each other as is usually done in Hartree-Fock calculations. With these wave
functions we can construct the total wave function of all crystal electrons as an
antisymmetrized product in the form

Xn:=A{¢n(§1,...,§M) IF(SMH,...,EN)}. (2.4:)
The antisymmetrizer 4 is given by
[M!(N— M)! }1/2
N!

>(—1PP, (2.5)

P

where the sum runs over all permutations which consist of an interchange of
coordinates between the two functions in the curled brackets of (2.4).

If we take the expectation value of the Hamiltonian (2.1) with respect to the
total electronic wave function (2.4) we get the average electronic energy of the
crystal. The actual calculation, though tedious, is straightforward and much the
same as the standard procedure of Hartree-Fock calculations. With the definitions
(1.20)—(1.24) and the probability densities (1.14), (1.17) we get the result

——Hn(M -}—Z fon(r) (e C(r,Ry) + €2 [ g, (r)C(r,r)dr'ldr

Ay

+ Hy* +Z Hyu++2" 2 e [0n,r) 2.6)
lu,ko oy
X |exo C(r, Rko) + o ZIQﬁu O(r,r')dr' |dr + =+ 3 Hig, + Vo.
lu, ko

For the exchange energies in (2.6) we use suitable approximations because it
is impossible to calculate them exactly. The exchange interactions among the
core electrons are described by a phenomenological repulsive potential between
the ions. The actual form of this potential is not important for our method and
we choose for the sake of simplicity the potential defined in (1.5)

Hiwe=CQu ko). (2.7)

For the following treatment it is assumed that the exchange interactions of
the impurity electrons with the core electrons can be calculated representing the
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core electrons by the wave functions of the ideal crystal, i.e. with (1.24) and (1.15)
H¥ = H¥ D, V,,) ~ HFX (D, PL,). (2.8)

Now we observe that every deviation of the ideal crystal in the ground state,
i.e. every excitation or impurity centre, causes a polarization of the ions and a
distortion of the lattice in the host crystal. The amount of these effects can be
represented by the electronic dipoles my, (1.19) and the displacements of the
ions My, (1.26), if the deviation of the ideal crystal is small. We assume throughout
this paper that this condition is satisfied. Therefore, one can expand the inter-
actions between different ions of (2.6) in a multipole series and neglect the quadru-
pole and higher moments in the expansion. The details of this procedure are given
in paper I and we only show here the result as the calculation is straightforward.
With the definitions (1.26)—(1.29) and (1.31) we have

Up=H,(M)+ Hex—|—z f@n ) Dy C(r, L) dr

+ z (H? iyt ml,, -+ %‘L’r_lMﬁ,) (2.9)
17
+ 3= > [Diu Do CUp, ko) + Pru Pio C(lp, ko)7].
17287

Of peculiar interest are the self-energies of the dipoles in the second row of
the equation above: The difference between the internal energies of the ions in
the ideal and disturbed crystal is described by a phenomenological polarization
law in the form

Hy=H) +3y1m], (2.10)

where HY u (1.21) is the internal energy of the ions in the ideal crystal and y is the
average polarlza.blhty of the ions. Assuming that the internal energies of the ions
are independent of the displacements M;,, the lattice polarizability 7, is given
by (1.31), where we have used the result derived in the appendix of paper II.
By its derivation 7, is the polarizability of a lattice consisting of rigid ions.

We can simplify the expression (2.9) if we use some symmetry relations: By
means of group theory it is easy to prove that in cubic crystals the following
two relations hold

> arg Vi Clu, ko) =0 and zv,ﬂ Qu ko)n=0. (2.11a,b)
ke

In addition, we use the dipole mge and the dlsplacement My, of the missing ion
as auxiliary quantities. These do not appear in the energy of the crystal but one
can introduce them in the calculation and put them zero in the final result. Thus,
if we always remember

moy = 0 and Moo =0 (2.128., b)

and take into account (2.11), we may extend the summations in the last two rows
of (2.9) over the perfect crystal lattice and get, after compensating the Coulomb
and exchange interaction of the missing ion,

U,,__H,,(M)—I—Hex—}—z [[&(r) Dy C(r, Ip) dr — Py, C(00, 1))

=+ ‘l‘z yimj, + T_lMl,u] + 3 == > {[(map Vig) (Vo mio)

lu, ke
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+ 2ake (muu Vig) (Ve Mio) + @ ake (Mip Viu) (Vie Mio)1 C (L, ko) (2.13)
+ (Miu Viu) (Vi Mro) C (L, k)7 + Usgoar — Hio -
The charge density &(r) (1.18) is the total charge density of the impurity centre,

i.e. impurity electrons and the missing ion together. Ujy., (1.25) represents the
energy of the ideal crystal and H{, the internal energy of the missing ion.

3. Elimination of the Electronic Dipoles and the Ion Displacements

In the preceding section we have derived the total electronic energy of the
crystal depending on the wave function of the impurity electrons, the electronic
dipoles and the displacements of the ions. In the static equilibrium, i.e. when
phonons are absent, the crystal energy is fixed by the three minimum conditions

ou, oU, oU,
amlﬂ =0, *a‘M*lu— = 0, A =0. (31 a—c)

We shall solve these equations successively.
Application of the condition for the electronic dipoles to (2.13), using (1.35),
yields

Z P,;;Q mg,=—1yVy [ff(r) C(r,lu)dr+ Zaj,, (M Vi) C(Lu, 9)] . (3.2)
ke v

This equation can be solved approximately, as shown in paper I, with the aid of
the relation

a3
F(x,v):= i IZVM Clx, lu) Vi C(v,lu) ~ C(=x,v) . (3.3)
b

The approximation hereby consists of replacing the summation by an integration,
so that the equality holds exactly. But we have to emphasize that we are not
supposed to apply (3.3) if x and v are equal or refer to the same lattice point
because in these cases one would get infinite self-energies, as seen later.

Following the method of I we get the solution of the above system of equations
as

M= — 14w

where a¢ (1.30) is the dimensionless polarizability of the ions.

If one inserts (3.4) in the original equation (3.2) and applies the approximation
(3.3), one can immediately prove that the equation is satisfied. The physical
meaning of this solution is obvious. As would be expected, the electronic dipoles
are caused by the local perturbation field which is produced by the total impurity
centre charge density and the displacements of the ions. We now insert the
expression for the electronie dipoles in the energy of the crystal and use (3.3) for
every interaction between different ions. The electronic dipoles are then eliminated
and we have

Un=Hn(M)+ H¥ + > aize [on(r) C(r, L p) dr
177

= — L VLI[EM Ol dr+ 3 ap(Mp Vi) CQp )], (34)

o

1
—'2‘I‘J;é"/f(r)ﬁ’(r’r)f(r)drdr
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+%’ (M Vi) [“’f‘ﬁ%e /E(P)C(’:l#)d’_C(Oo’l'“)n}

+ it =Y zMﬁ, (3.5)

Clu,koy+CQlu,k ’7]
2 1+e(ﬂ o)+ Cp, ko)
+ Uideal - HOO - Z, [@00 Ay (O 0, l/‘) + C(00, l/,t)"] .
172

+1=+ Z (M1 Vi) (Ve Mio) {

As seen in the above expression, the electronic polarization of the host crystal
causes three effects: The first is the appearance of a self-energy of the impurity
charge density. Second, the interaction of the displacement dipoles are screened
by the factor (1 + «€)~1 which equals !, where & is the high frequency di-
electric constant. The connection between o€ and &, will be discussed in Sect. 5.
The last effect is a self-energy of the displacement dipoles which contributes to
the polarizability of the lattice. This is given by

—1 ae 62 .
= Vie @ Vi Flk,17) o (3.6)
We cannot use (3.3) here because this self-energy would become infinite but we
can simplify the expression with the aid of group theory. The method is similar
to that used for the calculation of 7! in IT and we only give the result
ace? d3

11 — | — el R—G
711 (1+ae 2nzu ,,‘)1. 3.7)

The physical meaning of this contribution to the lattice polarizability is that the
lattice consists of polarizable ions rather than rigid ones. In the remaining calcula-
tion we will use the total lattice polarizability 7, defined in (1.33).

The next step is the calculation of the displacements of the ions. By means
of the minimum condition (3.1b) applied to (3.5) we get

DG M= —7 Vm[ u /f(r) C(r,lu)dr —C(00, ly)"] , (3.8
o 14 ae

where G, defined in (1.37), is the Green’s function of the ion displacements. The

techniques of solving these equations are nearly the same as in the case of the

electronic dipoles. In paper II, the details are discussed. Together with the integral

approximation (3.3), one has to use a second one

}_f Viuke Viee / E(r ~0, (3.9)

where ¥V (1.36) is the part of the Green’s function G which originates from the
repulsive interaction between the ions. This relation is again exact, if one replaces
the summation by an integration, as discussed in II.

With this approximation and (3.3) one can prove by means of an expansion
of G that the following relation holds

(1 jf‘“ )alu

G v C(r,kp)dr = —
%Q: luke Ake keff (r,ko)dr 1+ o8 4 ad

Vluff(r) C(r,lu)dr. (3.10)
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The dimensionless polarizability appearing here is given by (1.34). Using (3.10),
we get the solution of (3.8) as

@
My =—1 ’1’1}‘}—;-—& Vtu/ E(r)C(r,lp)dr + T%Gluke VieC(00, k)7,
3.11)

which shows that the displacements of the ions are caused by the field of the
impurity charge density and the repulsive force of the missing ion. In the last term
of (3.11) we have not eliminated the Green’s function G as this is not necessary
for the calculation of the wave function. If one is interested in the calculation of
the ion displacements one has to expand G and compute the lattice sums numeri-
cally as was done in paper II.

We insert the displacements (3.11) in the energy expression (3.5) and get with
the aid of (3.10)

Un_Hn(M)+HeX+§amejg,, r,lu)dr
1[ ol od
1+oce+( 1+ a9 (1 4 ot + af)
1
l—f—oce—l—ocd/f F(r,00)7 dr — Ead (3.12)
:.ZZVIH l‘u,OO)"GlquVkQC(kQ,OO)n

lu,ko

+ Usgear — Hdo — 2 [@00 @24 C (L 1, 00) + C (I, 00)7],
in

] / E(r)F(r,r)&(r')drdr’

where the polarization potential F (x, v)7 is defined by (1.8). The physical meaning
of our final expression for the total electronic energy becomes clear if we write
the impurity charge density explicitely and introduce the actual values fore
and ago, which are both equal to — 1 in atomic units. We can now divide U, into
three parts

Un = Un(P) + Usse + Uigear - (3.13)

Uigear (1.25) is the energy of the ideal crystal and is unimportant in the present
context.
U, (D) is that part of the total energy which depends on the wave function
of the impurity electrons and is given by
Un(@):=Hp(M)+ HFE — Z’ ay fgn(r) C(r,lu)dr
lu
—3cfon(r)F(r,r)gn(r')drdr’ +c [oun(r) F(r,00)dr (3.14)
—c' fgn(r)F(r,OO)" dr.

The factors ¢ and ¢’ are defined in (1.38).

The first row of (3.14) contains the kinetic energy and the mutual interaction
of the impurity electrons, collected in H, (M), the exchange interaction with the
core electrons H§* and the Coulomb interaction with the ions. One would get all
these energies if one would neglect the polarization of the host crystal. In the
rest we have the energies due to these effects. The first is a self-energy and
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represents the interaction of the impurity electrons with the polarization of the
crystal produced by their own charge density. This energy is negative and leads
to a self-trapping of the electrons. The last two terms are the interactions of the
electrons with the polarization which is caused by the Coulomb and repulsive
force of the missing ion. One can already see at this stage of the calculation that
this Coulomb term is repulsive and screens the interaction of the electrons with
the ions. In the last section we will discuss the polarization potentials F (x, v)
and F(x, v)".

Finally we have the energy U,,,, which is the energy of the vacancy in the
absence of the impurity electrons. This energy has the form

Uvae = — H(O)O + ZI (a1, C(Tp,00) — C(lp, 00)7]
lu

1 d3
S Ie Rt _2¢' bay, RO-(1+3) .
5 In m[ i 1w B (3.15)

+ b2 Z, Vie O u,00)7Grure Vie C(kp, 00)7].
ke

The first row of (3.15) contains the energies of the vacancy without polarization
effects and the remainder the self-energies of the vacancy due to the polarization
of the host crystal. These self-energies have a clear physical meaning. If one takes
a ion out of a crystal the lattice around the vacancy relaxes and the energy of
this relaxation is given by those self-energies. U, is not important for the
remaining calculation as it is independent of the electronic states, but if one is
interested in the formation energy of a vacancy in a crystal one can use (3.15) for
numerical calculations.

4. The Wave Functions of the F- and F’-Centres

After the elimination of the electronic dipoles and the displacements of the
ions, the calculation of the impurity electron wave functions can be carried out.
To do this, we use a simple variational method representing the electrons by trial
functions which contain variational parameters. The minimum condition, (3.1¢),
is now replaced by a minimum condition with respect to the variational para-
meters. As the energies Ujgey and U,,, are independent of the wave functions
of the impurity electrons the minimum of the total electronic energy is given by
the minimum value of U, (D).

For the sake of simplicity and to keep the computational effort in reasonable
limits we use some approximations: The exchange interaction between the
impurity and core electrons H§* as well as the orthogonality of their wave func-
tions is neglected in the numerical calculation. In addition, we describe each
impurity electron by a single variational parameter only. These approximations
are not vital to our method and can be avoided by a higher computational effort.

The test functions applied in the minimizing procedure have the following
form and are well known in F-centre calculations.

a) F-Centre
QDE = @is(r, o) := o32(T7)"12(1 4 ar)exp(—ar), (4.1a)
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oF = @2p(r, ) := p32 712y cos Pexp(— B 1), (4.1Db)

where o and f are variational parameters.

The ground state of the F-centre is Pekar’s [5] function with s-symmetry and
the excited state, to which the optical transition takes place, is a hydrogen-like
2 p-function.

If we take the expectation value (3.14) with respect to the above test functions,
the energy functional, as a function of the variational parameter, may be re-
presented by

Uty (DY) = Uss(a), (4.2a)
US,(D%) =Usp(B), (4.2b)

where the number of the impurity electrons M equals 1.

b) F'-Centre

At the F'-centre we have M = 2 and triplet and singlet states are possible.
The ground state, however, is a singlet state as the F’-centre is analogous to the
hydrogen negative ion H-. In view of this we write the trial wave function,
omitting the spin functions, in the form

B = Dy(r, ', y) i= @us(r, ¥) " s (', y) - (4.3a)
Correlations between the electrons are neglected to simplify the calculations.
In addition, we have used only one parameter for the two electrons because the
problem is symmetric with respect to both electrons. Calculations with two
parameters were carried out and these were found to be equal.

The excited state of the F'-centre to which the optical transition can be made
is now considered. Its existence is assumed in this section and discussed after
obtaining the numerical results. From the atomic calculations one expects that
the excited state of interest is a singlet state in which one electron is in a 1s-state
and the other one in a 2p-state. Thus the trial function for the excited state is
given by

OF = Dex (r, 1, 81, 02) :1= 212 [p14(r, 61) pap(r’, b2)
+ @15(r', 01) p2p(r, 82)]. (4.3b)

The wave functions ¢, and @s, are assumed to have the same functional form
as in the F-centre case.

The energy expectation value of the F'-centre in the ground and excited state
can be represented in terms of one electron energies and the interaction between
the electrons. With (4.3) applied to (3.14) one derives

US(DE) =2 Uis(y) + [|pus(r, p) 2O (r, ¥') | @1s(r', p) |2 dr dr’
—c [|@is(r, p) |2 F (r, ') | @1s(r', p) |2 drdr’, (4.4a)

UE (DL ) = Uss(61) + Usp(d2) + “(pu(r, 81)|20(r, ') | @ap (v, 82)|2dr dr’

—c¢ [|@is(r, 01) |2 F (r, 7') | @2p(r', 82) |2 dr dr’ (4.4b)
+ I‘PT& (r7 61) P2p (r’ 62) 0("7 rl) (p;kp (r,: 62) ‘Pls("l’ cs1) drdr’.

The functional form of the one electron energies is the same as that of the F-centre
energies (4.2) due to our choice of the wave functions. Of interest is that the self-
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energy of the impurity electrons contributes to the interaction between the
electrons. These energies are determined by the polarization potential F(x, v)
and screen the Coulomb interaction among the impurity electrons.

5. Numerical Calculation

The input parameters of our model are the next nearest neighbor distances d,
the exponent 7 of the repulsive potential and the polarizability of the ions y or «¢
respectively. By the aid of the equilibrium condition for the ideal crystal the
constant b in the repulsive potential is obtained to be

b= aye2dn1/6y, (5.1)
n

where oy is the Madelung constant. The lattice polarizability «® can be calculated
according to (1.31) and (1.32).

Of peculiar interest are the polarizabilities and their connection to the dielectric
constants. In a macroscopic polarization theory the local field, due to the polariza-
tion dipoles surrounding the considered ion, is replaced by the field of a spherical
cavity in a uniformly polarized medium. With this approximation the Lorentz-
Lorenz formula is derived. In our model we explicitly take into account the
atomistic distribution of the dipoles and their mutual interaction as shown in
(2.9). Therefore, we need no additional Lorentz correction, and the electronic
polarizability is given by the so-called Drude formula [6]

to=1+4nd3y=1+qae, (6.2)

where &, is the high frequency dielectric constant.

The lattice polarizability is related to the static dielectric constant as is well
known from the theory of lattice vibrations [7]. With our notation the difference
between the static and the high frequency dielectric constant is given by the
dimensionless lattice polarizability «? (1.34). We have together with (5.2)

e=1+ae+ad, (5.3)

where ¢ is the static dielectric constant.

In Table 1, we have listed all the input parameters. There we have also
compared the calculated value for «? with the experimental one. The agreement
— except for the Lithium salts — is fairly good and can possibly be improved
by taking a more sophisticated repulsive potential instead of (2.7). For the
remaining calculation we use the experimental values of «? to eliminate the
uncertainty in the repulsive forces.

The lattice summations appearing in our theory can be carried out by direct
summation over the lattice as these sums converge fairly well. The only exception
is the sum which describes the interaction of the electrons with the ions — the
third term in (3.14). This sum is similar to the Madelung sum and its convergence
is rather poor. To get reliable results, we apply a method proposed by Evjen [9]
which provides excellent convergence.

The integrals contained in the energy expectation values (4.2), (4.4) can be
calculated analytically. A computer program is used to carry out the lattice sums
and to minimize the energy expectation values. The ions surrounding the vacancy
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Table 1. Parameters for the numerical calculation

da [A] ne s® ad® a(zlzil.
LiF 2.014 6 0.92 7.35 4.60
LiCl 2.565 7 1.75 8.30 4.17
LiBr 2.751 7.5 2.16 8.94 3.93
Lil 3.000 8.5 2.80 7.23 3.45
NaF 2.310 7 0.74 4.26 3.82
NaCl 2.820 8 1.25 3.37 3.47
NaBr 2.989 8.5 1.62 3.37 3.31
Nal 3.236 9.5 1.91 3.69 2.94
KF 2.678 8 0.85 4.20 3.35
KCl 3.146 9 1.13 2.55 3.01
KBr 3.298 9.5 1.33 2.45 2.86
KI 3.533 10.5 1.69 2.25 2.59
RbF 2.820 8.5 0.93 3.98 3.16
RbCl 3.291 9.5 1.19 2.81 2.84
RbBr 3.427 10 1.33 2.67 2.70
RbI 3.671 11 1.63 2.37 2.45

a Sherman, J. [8]; P «¢, a? are given by (5.2) and (5.3) and the dielectric constants by
Mott, N. F., Gurney, R. W. [6]; ¢ our calculation.

Table 2. Results for the F-centre

*1s Uﬂ ﬂ2p ng AUca1® 4 Uexp b 4 UIvey ¢
LiF 1.32 —4.44 0.63 —1.05 3.39 5.08 4.86
LiCl 1.11 —3.92 0.80 —1.26 2.66 — 3.10
LiBr 1.05 —3.75 0.80 —1.31 2.44 — 2.73
Lil 0.99 — 3.56 0.78 —1.39 2.17 — 2.33
NaF 1.20 —4.37 0.82 —1.34 3.03 3.72 3.66
NaCl 1.04 — 3.92 0.80 — 1.55 2.37 2.74 2.62
NaBr 0.99 —3.74 078  —1.56 2.18 2.35 2.36
Nal 0.93 — 3.53 0.75 —1.57 1.96 - 2.03
KF 1.08 —4.05 0.82 — 1.50 2.55 2.86 2.88
KCl1 0.96 — 3.76 0.77 —1.70 2.06 2.30 2.14
KBr 0.92 — 3.62 0.75 —1.70 1.92 2.05 1.96
KI 0.87 — 342 0.72 — 1.69 1.73 1.85 1.72
RbF 1.02 —3.93 0.80 — 1.55 2.38 2.42 2.61
RbCI 0.93 — 3.63 0.76 —1.70 1.93 2.04 1.98
RbBr 0.89 — 3.52 0.74 —1.70 1.82 1.85 1.82
RbI 0.85 —3.34 0.71 —1.70 1.64 1.68 1.62

Energies are in eV ; parameters of the wave functions in A-1.

a Calculated energy difference between the 1s- and 2 p-state.

b Maximum of the absorption band after Compton and Rabin [11].
¢ Absorption energy given by Ivey’s law [10].
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have been taken into account up to a cubus with a volume of 10,648 d3 and the
variational parameters have been varied in steps of 0.01 A-1.

In Table 2, we give the results for the F-centre and compare the energy
difference between the ground and excited state with the observed absorption
energy. In addition, we list the energy values given by Ivey’s law [10].

The good agreement between the calculated and experimental energies
suggests that the excited state of the F-centre, to which the optical transition
from the ground state takes place, is well described by a p-symmetrical wave
function. The remaining deviations are due to relaxation effects. With the
minimum conditions (3.1) we have calculated the relaxed excited state which is
lower in energy than the nonrelaxed state.

The results for the F'-centre are shown in Table 3. In contrast to the F-centre,
there have been relatively few experimental investigations of the F'-centre.
We compare our results with the average value of the F’-band measured by Lynch
and Robinson [12] and get a reasonable agreement. It is anticipated that our
calculations may prove useful in the identification of F'-centres in other alkali
halides; but we have to emphasize that in the framework of the static calculation

Table 3. Results for the F’-centre

b4 U'gl 51 62 UeFXI 4 Ucal a 4 Uexp b
LiF 1.19 — 7.10 1.33 0.26 — 4.56 2.54 —
LiCl 1.01 — 6.35 1.12 0.26 — 4.08 2.27 —
LiBr 0.95 —6.11 1.07 0.26 — 3.93 2.18 —
Lil 0.89 — 5.75 1.00 0.25 — 3.74 2.01 —
NaF 1.08 — 6.74 1.21 0.24 —4.48 2.26 —
NaCl 0.92 — 6.01 1.05 0.23 — 4.05 1.96 2.70
NaBr 0.87 —5.77 1.00 0.23 — 3.88 1.89 —
Nal 0.83 — 5.48 0.95 0.23 — 3.68 1.80 —
KF 0.96 — 6.25 1.09 0.24 —4.18 2.07 o
KCl 0.84 — 5.63 0.97 0.22 — 3.88 1.75 1.80
KBr 0.80 — 5.44 0.93 0.21 —3.75 1.69 1.70
K1 0.75 — 5.16 0.89 0.21 — 3.56 1.60 1.55
RbF 0.92 — 6.07 1.05 0.23 — 4.07 2.00 —
RbCl 0.81 — 548 0.94 0.22 — 3.76 1.72 1.60
RbBr 0.77 — 5.32 091 0.22 — 3.66 1.66 —
RbI 0.73 — 5.04 0.86 0.21 — 3.48 1.56 1.30

Energies are in eV ; parameters of the wave functions in A-1,
& Calculated energy difference between the ground and excited state.
b Average value of the F’-band measured by Lynch and Robinson [12].

we have carried out the comparison between theory and experiment is only
qualitative. For a quantitative check of the theory one has to take into account
the electron-phonon interaction and to calculate the shape of the absorption band.
This problem is treated by Stumpf [13] theoretically and numerical calculations
are in preparation.



Electronic Wave Functions of F- and F’-Centres in Ionic Crystals 247

Of interest is that we have got an excited state of the F'-centre which is given
by the wave function (4.3 b) together with the parameters d;, dg listed in Table 3.
These parameters show that one electron is strongly localized and its wave
function is that of an electron in the ground state of the F-centre. The wave
function of the other electron is widely spread and its optical binding energy — the
difference between the energies of the F-centre ground state and the F’-centre
excited state — is 0.11—0.18 eV for all alkali halides. This result agrees with the
thermal binding energy 0.04—0.08 eV of the excited F-centre state in KBr
suggested by Crandall [14]. Until now, we cannot decide wether our excited state
is a real bound state or a resonant one consisting of an F-centre electron in the
ground state and a polaron in the conduction band. This last possibility seems
to be more likely. To give a definite statement one has to calculate the energy
of a polaron resting at the bottom of the conduction band.

6. Conclusion

Finally, we discuss some connections with other theories. The screening
factor ¢ (1.38) is essential for the polarization energies. It consists of two parts:
The first originates from the electronic and the second one from the ionic polariza-
tion of the host crystal. By the aid of the Egs. (5.2) and (5.3) one can express this
factor in terms of the static and high frequency dielectric constants ¢ and éw.
This yields

o=[(l — &) + (e2! — )] = (1 — &71). (6.1)

In this form both the constituents of ¢ are well known from the theory of “elec-
tronic” and “lattice” polarons developed by Toyozawa [15] and Frohlich [16]
respectively. We want to emphasize that we have got these quantities as a result
of our calculation and have not inserted them in the interaction potentials from
the beginning by means of phenomenological arguments as it is done in other
theories.

The polarization potential F(x, v) contains a lattice sum which has to be
calculated with the aid of a computer. To explain its dependence of the variables
and its physical meaning, we discuss two limiting cases: If 2 and v are small
compared with the lattice constant d, ¢+ F(x, v) becomes constant and equal
to the self-energy of the vacancy — the fourth term in (3.15). Thus, if the F-centre
electron is strongly localized, all energies containing F (x, v) in the total energy U,
cancel each other and there is no polarization of the crystal. In the other case,
if the distance |x — v| is large, the approximation (3.3) becomes valid and one
can replace the polarization potential ¢ - F(x, v) by the Coulomb potential
¢+ C(x, v). This yields a screening of the Coulomb potentials by the static dielectric
constant well known in the macroscopic polarization theory. For intermediate
values of the variables our polarization potential provides a smooth transition
between the discussed limiting cases.

There are two other polarization potentials with the same property. One was
derived by Haken [18] for the theory of excitons and the other one by Wang
et al. [19] for the theory of “‘electronic’ polarons. These potentials, however, do
not exhibit the atomistic structure of the host crystal.
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The potential F(x, v)7 caused by the repulsive potential of the missing ion
has no analogous one in other theories. As numerical calculations show, it has a
very short range and contributes less then 109, to the binding energy of the
F-centre electron. Therefore, this potential can be neglected in F-centre calcula-
tions but might be essential for electrons trapped at isoelectronic impurities
like AgBr:I [20].

As we have treated the polarization effects in a general manner, our theory
is not confined to color centres but can be used for exciton and polaron problems
as well. An extension to impurity centres in covalent semiconductors is in pre-
paration [21].
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Thermodynamische Untersuchung der Systeme
Kalzium-Strontium, Kalzium-Barium und Strontium-Barium
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Thermodynamic Investigations of the Systems Ca-Sr, Ca-Ba and Sr-Ba

Regarding the thermodynamic properties of the liquid alloys of the earth alkali metals
(Calcium, Strontium, Barium), due to considerable experimental difficulties up to now
scarcely any investigations have been undertaken. These systems, however, similar to the
alloys of the alkali metals, are peculiarly suitable for theoretical considerations about the
energetics of alloy formation, as their electronic properties are easily to comprehend. Therefore
it was necessary to perform experiments on liquid alloys of the earth alkali metals in order to
get reliable data for the enthalpies of mixing as a basis for some theoretical calculations.

Zur Messung der Mischungsenthalpien in den Systemen Ca-Sr, Ca-Ba und Sr-Ba wurde
ein fiir diese Mischphasen geeignetes Kalorimeter konstruiert, das bis 1000 °C arbeitsféhig ist.
Es erfolgte eine thermodynamische Auswertung der MeBergebnisse. Eine thermodynamische
Modellrechnung ergab fiir die untersuchten Systeme und die flissigen Alkalimetall-Legierungen
zusitzlich die UberschuBfunktionen AGE und ASE. Mit Hilfe der Pseudopotentialtheorie ge-
lang eine quantitative Berechnung der Mischungsenthalpien. Die Anderung der Bindungs-
verhilltnisse und die Verzerrungsenergie konnten als die beiden die Legierungsbildung der
fliissigen Phase bestimmenden GréBen mit ihren Abhéngigkeiten bestimmt werden.

Einfiihrung

Wegen der erheblichen experimentellen Schwierigkeiten sind fliissige Legierun-
gen der Erdalkalimetalle Kalzium, Strontium und Barium bisher in thermo-
dynamischer Hinsicht kaum untersucht worden. Fir theoretische Betrachtungen
der Energetik der Legierungsbildung sind diese Systeme, dhnlich wie die Legierun-
gen der Alkalimetalle, wegen der leicht ilberschaubaren elektronischen Gegeben-
heiten indessen besonders gut geeignet. Es lag daher nahe, die fiir einige Modell-
rechnungen erforderliche Basis durch experimentelle Ermittlung der Mischungs-
enthalpien fliissiger Erdalkalimetall-Legierungen zu schaffen.

Experimentelle Hinweise

Zur Bestimmung der integralen Mischungsenthalpien wurde nach dem Prinzip
der Differential-Thermoanalyse ein Kalorimeter konstruiert, das Messungen bis
zu Temperaturen von 1000°C gestattet. Die Versuchsanordnung erlaubt eine
direkte Messung der Mischungsenthalpie beim Vermischen der fliissigen Kom-
ponenten. Die groBe Reaktionsfahigkeit und der hohe Dampfdruck der fliissigen
Erdalkalimetalle machten eine besondere Konstruktion erforderlich (vgl. Abb. 1).

Als Kalorimetergefil dienten zwei ineinandergeschraubte Eisentiegel. Boden
und Deckel des oberen Tiegels bestehen aus einer Tantalfolie. Vor dem Versuch

17 Phys. cond. Matter, Vol. 17



250 B. Predel und F. Sommer

| I T
)

L 7 N
1 ”‘\ Yyl 2
3———\,(1~ . N7

1

~
I
o
AN
o O~

o

Fig. 1. Schematische Darstellung des Hochtemperatur-Kalorimeters.'Erliuterung: (1) Proben-
ofen; (2) Riihrer; (3) Quarzglasrohr; (4) Eisentiegel; (5) Tantalfolie; (6) Erdalkalimetalle;
(7) Korundtiegel; (8) Thermoelement; (9) Referenzthermoelement; (10) Heizwicklung

wird in jedem Tiegel eine Legierungskomponente untergebracht, nach Einstellen
der Versuchstemperatur mit einem Riihrer die Tantalfolie (Deckel und Boden)
durchstoBen und der Vermischungsvorgang der fliissigen Metalle in Gang gesetzt.
Die durch die Mischungsenthalpie bedingte Temperaturdifferenz zwischen dem
Eisentiegel und einem Referenzblock aus Kupfer wird als Funktion der Zeit
registriert. Die Fliche unter der A7-Zeit-Kurve ist ein MaB fir die Warme-
ténung der Reaktion. Ein Quadratzentimeter der Flache eines registrierten Effekts
entsprach — je nach Versuchsfithrung — 2 bis 3 Kalorien. Die Eichung erfolgt
nach dem MeBvorgang durch Einwerfen eines Tantal-Zylinders von vorgegebener
Ausgangstemperatur, die in dem Probenofen (vgl. Fig. 1) eingestellt werden kann.
Die fiir die Eichung erforderlichen Wirmeinhaltswerte fiir Tantal sind dem
Tabellenwerk von R. Hultgren u. Mitarb. [1] entnommen worden.

Die Einwaage der Legierung und die Fuallung der Eisentiegel erfolgte unter
Argon als Schutzgas. Das beschickte Kalorimeter wurde evakuiert und aus-
geheizt, bis ein Druck von 10-4 Torr erreicht war. Dann wurde mit Argon ge-
fullt (ca. 1 Atm. bei der MeBtemperatur). Zur Beseitigung letzter Sauerstoff-
spuren diente Tantalfolie als Gettermaterial.
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Fehlerquellen

Die Zuverlissigkeit des Kalorimeters wurde durch Bestimmung der Mischungs-
enthalpien hinreichend genau untersuchter Legierungen sichergestellt (Bi-Pb [2];
Bi-Ag {3]). Die erzielten MeBergebnisse an den Erdalkalimetall-Legierungen
kénnen mit Fehlern behaftet sein, die auf folgende Ursachen zuriickzufithren sind :

a) Fehler des Schreibers, der planimetrischen Bestimmung der Fliche unter
der AT-Zeit-Kurve und bei der Einhaltung einer konstanten Temperatur. Beim
Planimetrieren und besonders beim Schreiber lagen die Fehlermdglichkeiten
unter 19%,. Abweichungen von der konstanten Temperatur fir die iiber den ge-
samten Konzentrationsbereich eines Systems durchgefithrten Messungen lagen
bei + 3 °C. Diese Unterschiede spielen keine Rolle, da die Mischungsenthalpien
niherungsweise als temperaturunabhingig angesehen werden kénnen. Die Tem-
peratur konnte absolut auf 4 1°C bestimmt werden.

b) Verunreinigungen der Metalle. Die Reinheit von Kalzium, Strontium und
Barium betrug 99,59%,. Eine Abschitzung, die fiir die Verunreinigung eine
mittlere maximale Mischungsenthalpie von 500 cal/g-Atom annimmt — dieser
Wert ist auf jeden Fall nicht zu klein, da die Verunreinigungen gréBtenteils aus
Erdalkalimetallen bestehen — ergibt bei den untersuchten Systemen selbst fiir
eine Legierungskonzentration von 20 At.-%, GroBen, die weniger als 59, des Me8-
wertes betragen.

¢) Verfilschung der Warmeténung durch Umoxydation. Die Oxydations-
wirme der Erdalkalimetalle betriagt fiir Kalzium 152 keal/g-Atom, fir Strontium
141,2 keal/g-Atom und fiir Barium 133,4 kecal/g-Atom. Die Umoxydation spielt
besonders in den Systemen Ca-Sr und Ca-Ba eine Rolle. Es wurde stets darauf
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Fig. 3. Integrale und partielle Mischungsenthalpie flissiger Sr-Ba-Legierungen bei 790 + 3°C

geachtet, daB der Oxidgehalt der eingesetzten Materialien so gering war, daf eine
Verfilschung der Mischungsenthalpie durch die Wéarmeténung bei der Umoxyda-
tion merklich unter einer Fehlergrenze von 59, blieb.

Die von uns erhaltenen Mischungsenthalpien der fliissigen Erdalkalimetall-
Legierungen kénnen maximal mit einem Fehler von 59, behaftet sein.

Experimentelle Ergebnisse

Die MeBergebnisse sind in den Fig. 2—4 und in den Tabellen 1—3 wieder-
gegeben. Die in den Bildern mit-eingezeichneten partiellen Mischungsenthalpien
der Komponenten wurden durch graphische Differentiation der 4H-z-Kurven er-

Tabelle 1. Mischungsenthalpien der flissigen  Tabelle 2. Mischungsenthalpien der fliissigen

Ca-Sr-Legierungen bei 870 + 3 °C Sr-Ba-Legierungen bei 790 4 3°C
XCa n AH g n AH
(9-Atom) (cal/g-Atom) (g-Atom) (cal/g-Atom)
0.225 0.25 55 0.2 0.21 — 57
0.33 0.175 70 0.25 0.22 — 62
0.41 0.23 92 0.33 0.25 — 83
0.49 0.165 102 0.39 0.16 — 100
0.515 0.21 98 0.45 0.2 — 106
0.58 0.22 104 0.49 0.19 — 105
0.595 0.24 98 0.56 0.16 — 105
0.645 0.14 96 0.605 0.14 — 100
0.67 0.2 90 0.655 0.12 — 97
0.7 0.145 85 0.745 0.1 — 86
0.81 0.15 60 0.81 0.1 — 51

0.865 0.13 39 0.89 0.09 — 37
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Tabelle 3. Mischungsenthalpien der fliissigen Ca-Ba-Legierungen bei 870 4 3°C

ZCa n AH
(g9-Atom) (cal/g-Atom)

0.195 0.22 — 385
0.29 0.32 — 460
0.37 0.25 — 510
0.45 0.28 — 545
0.52 0.18 — 550
0.56 0.3 — 546
0.66 0.18 — 480
0.73 0.13 — 455
0.8 0.14 — 295

halten. Der maximale Betrag der integralen Mischungsenthalpie wird im System
Kalzium-Strontium mit AHpax = 103 cal/g-Atom bei zcg = 0,55 erreicht. Die
Mischungsenthalpien der flissigen Sr-Ba-Legierungen sind — anders als die der
Ca-Sr-Legierungen — negativ. Das Maximum des fast streng symmetrischen
AH-Verlaufs liegt bei 2 = 0,5 mit AHpzx = — 105 cal/g-Atom (vgl. Fig. 3 und
Tabelle 2). Ebenfalls negativ sind die Mischungsenthalpien im System Ca-Ba.
AHmpax = — 550 cal/g-Atom liegt bei 2 = 0,5.
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Thermodynamische Auswertung

Wie weiter unten dargelegt wird, sind die UberschuBentropien der hier inter-
essierenden fliissigen Legierungen auBerordentlich klein. Sie konnen in erster
Néherung bei unseren Betrachtungen vernachlassigt werden. Gleiches kann auch
fiir die zugehérigen Mischkristalle angenommen werden. Unter der dann gerecht-
fertigten Anwendung des Modells der reguléren Losung kénnen aus den ermittelten
Mischungsenthalpien im fliissigen Zustand (4HL) und den bekannten Schmelz-
gleichgewichten die Mischungsenthalpien der Mischkristalle (AHS) berechnet
werden. Es gelten fir diesen Fall folgende Beziehungen:

6% 4 AS(1 — 5)2 + RTInaS = G + AT(1 — z)2 + RTInat,
GYS + AS(1 — a§)2+ RTInaf = GY + AL(1 — 2%)2 + RT Inxk, (1)

L
s — %= "1,;:13 (Tyz—1). (2)

Tabelle 4. Schmelzenthalpie und Schmelzpunkt der Erdalkalimetalle und der Parameter des
reguldren Modells

Ca Sr Ba
L (cal/g-Atom) 2040 -+ 100 (1978) 1852 -+ 250
T (°K) 1112 42 1041 4+ 2 1002 4+ 2
Ca-Sr Sr-Ba Ca-Ba
AL 412 — 420 — 2200
AS 1000 + 100 1200 + 200 — 1000 4+ 120
800 oS 7]
~062 I
738t 1°
61026° Zlkub. rz.) 621t6°
600
© 510t5°
. [3hex.d.P)
R 7R
2
Eo——— |
200 20567 ]
o (kub. flz)
0 02 4 s ) 10
Ca o XSI’ Q ———q Sr

Fig. 5. Zustandsdiagramm des Systems Ca-Sr [4]
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Fig. 6. AHS und AHL nach dem reguldren Modell fiir die Systeme Ca-Sr —, Ba-Sr ——-,
Ba-Ca —-—-— , ooo experimentelle Werte fiir AHL

Der Auswertung sind die von M. Hansen und K. Anderko [4] angegebenen
Schmelzgleichgewichte zugrunde gelegt worden. Fiir die Schmelzenthalpien L [1]
und die Schmelztemperaturen 7' [1] der reinen Komponenten sowie fiir die Wech-
selwirkungsparameter AL des reguliren Modells wurden die in Tabelle 4 ange-
gebenen Werte benutzt, wobei AL aus den experimentellen AHL-Werten bei
z = 0,5 berechnet wurde. Zur Bestimmung von 48 wurden fiir jeweils 10 Tem-
peraturen, bei denen Schmelzen mit Mischkristallen im Gleichgewicht stehen, die
Liquidus- und Soliduskonzentrationen aus dem Zustandsdiagramm entnommen.
Die sich daraus ergebenden mittleren AS-Werte sind in Tabelle 4 mit aufgefiihrt.

Das Schmelzpunktminimum bei lickenloser Mischkristallbildung, die das
Zustandsdiagramm des Systems Ca-Sr (vgl. Fig. 5) zeigt, deutet darauf hin, daB
die Verzerrungsenergie bei der Legierungsbildung eine bedeutsame Rolle spielt.
Dies wird durch das positive Vorzeichen der von uns ermittelten Mischungs-
enthalpien AHL und durch die mit dem reguliren Modell erhaltenen AHS-Werte
erhirtet (Fig. 6). Die AHS-Werte sind etwa um den Faktor 2 gréBer als die 4 HY-
Werte. Diese Befunde werden durch Rechnungen mit Hilfe der Pseudopotential-
theorie (vgl. Fig. 17—19), die eine geringe Anderung der Bindungsverhiltnisse
und einen Verzerrungsenergieanteil von 130 cal/g-Atom bei z = 0,5 fiir AHL er-
geben, weiter gestitzt [5]. Die geringe Asymmetrie der AHL-z-Kurve diirfte
damit zusammenhéngen, dal das Kalzium einen kleineren Kompressionsmodul
aufweist als das Strontium.

Eine Uberstrukturbildung im System Ca-Ba (vgl. Fig. 7) weist auf einen im
Vergleich zu den Systemen Ca-Sr und Sr-Ba stirkeren EinfluB durch die Anderung
der Bindungsverhiltnisse hin. Diese Annahme wird durch die gemessenen nega-
tiven AHL-Werte gestiitzt (vgl. Fig. 6). Eine weitere Bestitigung liefert die be-
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Fig. 7. Zustandsdiagramm des Systems Ca-Ba [4]

rechnete, durch Ladungstransfer hervorgerufene Anderung der Bindungsverhilt-
nigse (vgl. Fig. 19). Dieser negative Anteil an der Mischungsenthalpie ist im System
Ca-Ba wesentlich grofer als in den Systemen Ca-Sr und Sr-Ba.

Anwendung der ,,Significant-Structure”-Theorie zur Erschliefung
weiterer thermodynamischer GroBen

Die von H. Eyring u. Mitarb. [6] entwickelte ,,Significant-Structure‘-Theorie
hat sich bei einer Reihe verschiedenartiger thermodynamischer Uberlegungen be-
wahrt (z.B. Berechnung von Kompressibilitdten, thermischen Ausdehnungs-
koeffizienten und Viskositdten [7]). Eine Anwendung auf fliissige metallische
Mischphasen war indessen bisher noch nicht erfolgt. Fiir die Ermittlung der
UberschuBentropien in den hier interessierenden Systemen der Erdalkalimetalle
scheint sie niitzlich zu sein.

Die fliissigen Metalle besitzen ein UberschuBvolumen ¥V — Vs, wobei ¥ und
Vs das molare Volumen des flissigen und festen Zustandes ist. Da der Abstand
nichster Nachbarn, wie Rontgenstrahlbeugungsmessungen zeigen, durch den
Schmelzvorgang kaum geéndert wird, ist das UberschuBvolumen durch Lécher
ausgefiillt. Diese Locher in einer Fliissigkeit sollen sich wie Atome in einem Gas
verhalten. (V — Vg)/V ist damit der Anteil der Freiheitsgrade mit gasdhnlichem
Verhalten. Die Zustandsfunktion Zy fiir ein Mol Fliissigkeit kann damit als

ZN — (ZS)N(VSIV) (Zg)N(V—Vg/V) (3)
angesetzt werden. Zgs und Zg sind die Zustandsfunktionen der festkorperdhnlichen

und gasiéhnlichen Freiheitsgrade. Als Zustandsfunktion fir flissige Metalle er-
halten Eyring u. Mitarb. [6]

exp {Es/RT} V— Vs aBsVs NVl V)
I—exp{—O/Th| " V7, P TRIV -V

eV N(V—-V,slV)

7

Zy =

X 4)
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s = Sublimationsenergie,
Vm = Volumen am Schmelzpunkt,
A = 2amkT)2/h,
©® = Debyetemperatur des Metalls,
7Z = Koordinationszahl,
n, @ = Parameter.

Die Parameter » und a sind durch
Vs

n=ZVm

und
n—1 1 (Vi — V)2
Z 2 Va Vs

festgelegt. Sie konnen auch als anpassungsfihige Grofen behandelt werden. Fiir
bindre Losungen erhalten wir als Zustandsfunktion

I (w1 +2)! exp {Es/RT}
M= 2wy (1 —exp{— 6,/T})

V—"TVs aBs Vs (VeI V) [ g P 122V = Vel V)
Xl“”“‘vs—exp(‘m)ﬂ ﬂ

exp {Es/RT} Lo VVs aBs Vs 22(Val V)
X[a_wqq—@gmp[+"‘7_*@(—ﬁTW—Jmﬂ]

eV Jze(V—=VslV)
<|al” ) ?

x1 und zg sind die Molenbriiche der beiden Legierungspartner. Durch den ersten
Faktor beriicksichtigen wir die zuféllige Mischung der beiden Atomsorten. Sind
x1 oder zp null, so wird die Zustandsfunktion der Mischung auf die der reinen
Metalle reduziert. Die GroBen Es, Vs, V, @ und # sind fiir die Mischung charak-
teristisch. Die Zustandsfunktion fiir die ideale Mischung hat die folgende Form

(21 +2,)!

1! 22!

a =

N
Ziq = [ ZTIZ?} . (6)
Der Zusammenhang zwischen der Zustandsfunktion und den thermodynamischen
GroBen ist durch
6lnZ

¢=—RTlZ, 8=RT—o—+RmZ+R %)

gegeben. Die UberschuBfunktionen sind definiert als
AGE = Gy — Giq, ASE = Sy — Siq - (8)

Numerische Behandlung und Ergebnisse

Die Zustandsfunktionen der reinen Metalle Z; und Zs wurden tber die Gl. (4)
berechnet. Die hierfir ndtigen GroBen sind aus verschiedenen Quellen [8] ge-
wonnen und sind in Tabelle 5 aufgefithrt. Fiir die Legierungen sind diese GroBen
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Fig. 8. UberschuBfunktionen des Systems Ca-Sr bei 870 4 3°C mit 6z = 0,0002

zur Berechnung von Zy nicht vorhanden. Sie missen auf verschiedene Art fest-
gelegt werden. Fiir die Alkali- und Erdalkalimetallsysteme wurde die Vegardsche

Regel angewandt, die, wie die Rechnungen [5] zeigen, hier gut erfiillt ist.

Ve)=ax1 V14 22 Va, V(@) = x1 Vig + 22 Vs .

9)

Tabelle 5. Zur Berechnung der Zustandsfunktionen in Erdalkalimetall- und in Alkalimetall-

systemen notwendige GréBen [8]

Na K Rb Cs Ca Sr Ba
Z 9,5 9,5 9,5 9 10 10 9
8,4 8,2
n 9,23 9,1 9,21 8,55 8,8 8,8 8,24
0,00035 0,00077 0,00039 0,0011 bei 1063 °K 0,01 0,0034
bei 1143°K 0,006 0,006 0,003
Eg cal/g-At 25490 21330 19330 18180 42600 42800 43500
® °K 156 91,1 55,5 39,5 230 170 116
Vs cm3/g-At 24,17 45,9 56,5 69,88 26,5 32 38,3
V cm3/g-At bei 1063 °K 38 42
bei 383°K 24,89 47,89 58,24 73,563 bei 1143°K 30 36,4 41,8
Fiir die Parameter a und n wird Additivitit vorausgesetzt:
n=x1n1 + X309, a=2x101 + 2203 . (10)

Fiir die Sublimationsenergie der Mischung wurde der hiufig benutzte quadratische
Ansatz herangezogen und mit einem variablen Parameter Jz versehen.

Ey = a2 B + 22 Egp + 221 22 )/ Es1 Egs (1 £ O5) .

(11)
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Fig. 10. UberschuBfunktionen des Systems Ca-Ba bei 870 - 3 °C mit dg = 0,025
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Fig. 13. UberschuBfunktionen des Systems K-Rb bei 111 °C mit 65 = — 0,0035

Uber die Beziehungen (5), (6) und (7) wurden die Mischungsenthalpien fiir
die Alkali- und Erdalkali-Legierungen berechnet, wobei die Variation von dz so
erfolgte, daB die experimentellen Werte moglichst genau wiedergegeben wurden.
Die Fig. 8 bis 10 zeigen die so bestimmten UberschuBfunktionen. Die experi-
mentellen Werte sind als Kreise gekennzeichnet.

Erginzend wurden ferner einige bindre Systeme der Alkalimetalle ausge-
wertet, fiir die A H-Messungen vorlagen [9]. Die Ergebnisse sind in den Fig. 11—16
wiedergegeben.
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Diskussion

Die von der ,Significant-Structure-Theorie gelieferte Konzentrations-
abhéngigkeit der Mischungsenthalpie stimmt mit den vorliegenden experimentel-
len AH-Werten zufriedenstellend iiberein. Am Beispiel des Systems Na-Rb deutet
sich an, da8 groBe Asymmetrien im Gang der AH-z-Kurve mit unserem Ansatz
fiir B nicht wiedergegeben werden konnen. Da die beim Mischungsvorgang auf-
tretenden Energieinderungen in der Mischungsenthalpie angezeigt werden,
wurde von der additiv zusammengesetzten Sublimationsenergie das experimentell
ermittelte AH abgezogen. Mit diesem Ansatz fir E erfolgte iiber Gl. (4) und (5)
die Bestimmung der Zustandsfunktionen. Das hiermit gewonnene Resultat fir
die Mischungsenthalpie stimmt mit den experimentellen Werten iiberein (ge-
strichelt gezeichneter Verlauf in Fig. 16). Dies ist ein Beweis dafiir, daB auf diesem
Wege eine wirklichkeitsnahe Zustandsfunktion gewonnen wird. Dieser Tat-
bestand ist naturgemi dann von Bedeutung, wenn man mit Hilfe der ,,Signi-
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Fig. 16. — UberschuBgroBen des Systems Na-Rb bei 111 °C mit 6z = 0,018; ——— mit experi-
mentellem AH berechnet; coo experimentelle Werte [9]

ficant-Structure*‘-Theorie weitere thermodynamische Gro8en wie Kompressibili-
tdt, spezifische Wérme, Viskositédt oder den Diffusionskoeffizienten berechnen
will.

Wie schon bei der Einfithrung der ,,Significant-Structure‘‘-Theorie erwéahnt,
kann man # und @ auch als anpassungsfihige Parameter verwenden. Es kann
gezeigt werden, daB die UberschuBentropien durch Verédnderung von n, @ und 7'
beeinfluBt werden, nicht aber AH. Die Variation des Ansatzes fir E; Gl (11)
wirkt sich demgegeniiber praktisch nur auf AH aus. Dieser Tatbestand erweist
die innere Konsistenz des Modells, da # und a die Abhéngigkeit von Koordinations-
zahl und UberschuBvolumen wiedergeben. Um unsere Rechnungen zu iiberpriifen,
verwandten wir neben den in Tabelle 5 aufgefiihrten Werten fiir » und a die von
Vileu und Misdolea [10] und von Hsu et al. [7] benutzten Werte. Die genannten
Autoren erhielten diese Werte einmal durch Anpassung an die Schmelzentropie,
zum anderen durch Anpassung an andere thermodynamische Grofen reiner
Metalle am Schmelzpunkt. Wir erhielten jeweils fiir gleiche 5 gleiche AH, nur
ASE und damit AGE verinderten sich etwas. Wir kénnen jedoch als gesichert
ansehen, daB, wie Fig. 8 bis 16 zeigen, die UberschuBentropien der fliissigen
Alkali- und Erdalkalimetall-Legierungen gering sind.

Verschiedentlich wird versucht, neben einer modellméBigen Behandlung der
thermodynamischen Eigenschaften fliissiger Legierungen die Mischungsfunktionen
quantenmechanisch zu erschlieBen. Eine Moglichkeit besteht in der Anwendung
der Pseudopotentialtheorie. Dabei kann von der Bestimmung der Bindungs-
energie fliissiger Metalle ausgegangen werden. Unter Verwendung eines von
Heine und Abarenkov [11] eingefiihrten Modellpotentials in einer von Appapilai
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und Heine [12] verbesserten Form erhilt man fiir die vom Volumen abhéngende
Energie pro Atom folgende Beziehung:

- 1,105 2%58  0,92%2 N 1,52%2 Ry®  Aoz* Ry 0,458 %43

r2 r r3 r3 r
— 0,0575 2*

2* = effektive Valenz,
Ry = Radius des Atomrumpfes,
Ay = Potentialparameter.
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Durch Differentiation erhélt man den Gleichgewichtsradius Ry, der dem
mittleren Abstand der Atome entspricht, und die Gleichgewichtsenergie Uy. Die
Bindungsenergie ist

B=1—-"U,,

wobei I die Ionisationsenergie angibt, um alle 2 Valenzelektronen des Ions abzu-
16sen. Mit dieser Beziehung kénnen wir die Anderung der Bindungsenergie beim
Mischungsvorgang — die Mischungsenthalpie —, hervorrufen durch Unter-
schiede der Atomvolumina und der effektiven Valenz, berechnen [5].

Die in Fig. 17 wiedergegebenen Werte zeigen eine quantitative Ubereinstim-
mung mit den von uns gemessenen Mischungsenthalpien. In Fig. 18 und 19 sind
fiir diese Ergebnisse die Verzerrungsenergiec und die Energieinderung durch
Ladungstransfer, die durch die Unterschiede der effektiven Valenz hervorgerufen
wird, getrennt aufgefithrt. Es sei bemerkt, daf die hier dargelegte Kombination
von statistisch-thermodynamischer und quantenmechanischer Behandlung der
Mischungseigenschaften auch allgemein sich als fruchtbare Moglichkeit zur um-
fassenden ErschlieBung der thermodynamischen Eigenschaften fliissiger Legierun-
gen erweisen diirfte.

Dank. Dem Landesamt fiir Forschung des Landes Nordrhein-Westfalen, der Deutschen
Forschungsgemeinschaft sowie dem Fonds der Chemischen Industrie danken wir fir die
Bereitstellung von Forschungsmitteln.
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Magnetic and Caloric Properties of Alkali-Hyperoxide Crystals

The phase transitions of Alkali-Hyperoxide crystals (NaOz, KOz, RbOs, and CsOs)
grown in liquid ammonia have been investigated by means of the following measurements:

a) magnetic susceptibility,

b) differential magnetic susceptibility as magnetic field,

¢) magnetization curve in static and pulsed fields,

d) specific heat.

The anomalies of the specific heat could be correlated with the magnetic properties and
structural changes. Several new phase transitions were found. The magnetic behaviour of
NaQg indicates magnetic order (of as yet unknown nature) at low temperatures. The magnetic
and caloric behaviour of KOs at low temperatures is compatible with a Néel point at 7 K.
A metamagnetic transition can be induced at temperatures below 12 K with fields of about
70 kOe. This transition is connected with structural changes. RbsOgz and COgz are probably
antiferromagnetic with Néel temperatures of 15 K and 9.6 K, respectively.

Die Phasenumwandlungen von im fliissigen Ammoniak geziichteten Alkali-Hyperoxid-

Kristallen (NaOg, KOz, RbOg2 und CsOz) wurden mit Hilfe der folgenden Messungen unter-
sucht:

a) magnetische Suszeptibilitit,

b) differentielle magnetische Suszeptibilitit als Funktion des Magnetfeldes,

¢) Magnetisierung in statischen und gepulsten Feldern,

d) spezifische Warme.

Die Anomalien der spezifischen Wirme konnten mit den magnetischen Eigenschaften
und strukturellen Anderungen korreliert werden. Mehrere neue Phasenumwandlungen wurden
gefunden. Das magnetische Verhalten von NaQOg weist auf einen geordneten Zustand bei tiefen
Temperaturen hin; doch ist dessen Natur noch nicht abgekldrt. Das kalorische und magne-
tische Verhalten von KOs bei tiefen Temperaturen ist kompatibel mit antiferromagnetischer
Ordnung unterhalb 7 K. Eine metamagnetische Umwandlung kann induziert werden unter-
halb 12 K mit Feldstidrken von ca. 70 kOe. Sie ist mit einer Strukturéinderung verkniipft.

RbOs und CsO; sind sehr wahrscheinlich antiferromagnetisch mit Néel-Temperaturen von
15 K bzw. 9,6 K.

1. Einleitung
1.1. Magnetische Ordnung in p-Elektronen Systemen
Es gibt eine sehr groBe Zahl von festen Korpern, in denen ungepaarte d- oder

f-Elektronen AnlaBl geben zu magnetischen Ordnungserscheinungen. Im Gegen-

* Jetzige Adresse: Société Suisse pour 'Industrie Horlogére Dépt.: Recherche horlogére
électronique, CH-2500 Biel/Schweiz.
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satz dazu kennt man bis heute nur wenige Systeme, bei denen ungepaarte p-Elek-
tronen magnetisch ordnen. Das bekannteste Beispiel diirfte wohl fester mole-
kularer Sauerstoff sein. Der elektronische Grundzustand des Os-Molekiils ist
3%, und fester Sauerstoff geht beim Unterschreiten einer Temperatur Ty =
23,7 K von einer paramagnetischen in eine antiferromagnetische Phase iiber [1].
Ein weiteres interessantes paramagnetisches Molekiil ist das Stickoxid NO. Im
Grundzustand 2/ kompensieren sich zwar Bahn- und Spinmoment; aber
120 em-1! iiber dem Grundzustand liegt der 2[l3-Zustand, in welechem Bahn-
und Spinmoment parallel sind. Magnetische Ordnung in diesem System ist kaum
zu erwarten, umsomehr als sich schon bei der Kondensation des Gases Dimere
mit gepaarten Spins bilden [2].

NOz hat wohl einen paramagnetischen Grundzustand; aber magnetische
Ordnung kann auch hier im kondensierten Zustand nicht auftreten wegen der
Bildung von N20O4.

Das freie Molekiil-Ton O; hat denselben Grundzustand wie NO. Im festen
Korper kann aber das Kristallfeld das Bahnmoment loschen, so dafl Spin- und
Bahnmoment sich nicht kompensieren. Moglicherweise tritt dies in der Verbindung
02AsFg auf. Magnetische Ordnung ist indessen noch nicht festgestellt worden,
wenigstens oberhalb 4,2 K [3].

Das paramagnetische Oy -Molekiil-Ion (Hyperoxid-Ion) tritt als Anion auf in
den Hyperoxiden, und diese zeigen nun magnetische Ordnungserscheinungen:
KOy ist mit Sicherheit antiferromagnetisch mit einer Néel-Temperatur von
7K [39]. RbOg und CsOgy sind sehr wahrscheinlich antiferromagnetisch, und
NaQOz hat eine magnetische Ordnung, deren Natur noch nicht abgeklart ist.
Andere Hyperoxide, wie Ca(O2)2 und N (CH3)402 [4] existieren auch; doch sind
die bisher hergestellten Préparate noch nicht rein genug, als dafl man aus den
magnetischen Messungen definitive Schliisse ziehen kénnte.

Weitere Beispiele fiir magnetische Ordnung in p-Elektronen-Systemen kénnte
man unter den stabilen freien Radikalen der organischen Chemie suchen. Meist
handelt es sich um ein ungepaartes p-Elektron, dessen Bahnmoment weitgehend
geloscht ist, so daBl fast reiner Spinmagnetismus resultiert. Das wohlbekannte
1,1-diphenyl-2-pikrylhydrazyl (DPPH) zeigt bis hinunter auf 1,2 K keine magne-
tische Ordnung. Hingegen scheint das freie Radikal p-Cl-BDPA unterhalb
3,25 K antiferromagnetische Fernordnung zu zeigen [5].

Im in letzter Zeit aktuell gewordenen N-methylphenazin-tetracyanoquino-
dimethan (NMP-TCNQ) ist ein ungepaartes Elektron am ebenen (TCNQ)--Molekiil-
Ion lokalisiert. Der Nachweis einer langreichweitigen magnetischen Ordnung in
dieser Verbindung, die stark eindimensionalen Charakter hat, ist noch nicht er-
bracht [6].

1.2. Die Alkali-Hyperoxide

Die Alkali-Hyperoxide sind neben dem festen molekularen Sauerstoff wohl die
einfachsten Verbindungen, in welchen magnetische Ordnung von p-Elektronen
beobachtet wurde. Trotzdem sind sie bis anhin nur wenig untersucht worden,
was nicht zuletzt mit den Schwierigkeiten der Herstellung definierter Praparate
zusammenhéngen diirfte. Das Interesse unserer Forschungsgruppe an diesen
Verbindungen wurde geweckt durch die spektroskopischen Arbeiten iiber das
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O -Molekiil-Ton, welches als Verunreinigung in Alkalihalogeniden auftritt, wo
es ein Halogen-Ton ersetzen kann. Uber die elektronische Struktur und den Ein-
flufl des Kristallfeldes ist man gut informiert [7]: Das ungepaarte p-Elektron ist
im Grundzustand in einem z:-Orbital. Die Bindung an die umgebenden Alkali-
Tonen hat einen kovalenten Anteil, der sich in der Superhyperfeinstruktur und
dem g-Faktor duBert. Die magnetische Wechselwirkung zwischen zwei benach-
barten O -Molekiil-Ionen in stark dotierten Alkali-Halogeniden ist ebenfalls im
Detail studiert worden [8]. Je nach gegenseitiger Anordnung ist der Austausch
vorwiegend ferromagnetisch oder antiferromagnetisch. Die Austauschwechsel-
wirkung entspricht in den bisher untersuchten Fillen einer Temperatur von der
GroBenordnung 1 K und darunter.

Tabelle 1. Strukturen und Umwandlungen der Alkalihyperoxide
Zahlen in [ ] beziehen sich auf das Literaturverzeichnis, * bedeutet vorliegende Arbeit,
+ mit Differentialthermoanalyse an Pulver festgestellt.

Phase NaOg KOs RbO2 CsO0s
I  NaCl, kubisch; Wie NaOs I [28, 38] Wie NaOg I? Wie NaOs I
03 gehinderte Rotation [42]
[26—28]
231 K4 1. Ordn. [10, *] 3905 K? [+ *] 420K ? [+, *] 378K?
230 K| [+ *]

II  Pyrit, kubisch; CaCs, tetragonal Wie KOg IT Wie KOs IT
03-Molekiilachsen 03-Molekiilachse [34, 35, 42] [34, 35, 42]
parallel verschiedene parallel [001]

[111]-Richtungen {27, 28] [32, 34, 35, 37]
207 K4 1. Ordn. [10, *] 231 K [10, *] 194 K 190 K [*]
200 K, [11,12, *]
IIT  Markasit (Verzwillingung)  ? ? ?
127, 29—31]
43,3K 1. Ordn. [*] 196,6 K 1. Ordn. 15,1 K Néel- 9,6 K Néel-
[10, 33, 36, *] Punkt ? Punkt ?
{11, 12, *] [*]
IV Markasit mit magneti- ? Antiferromag.? Antiferro-
scher Ordnung ? [*] [40, *] mag. ? [*]
12,1 Kj‘ 1. Ordn. 14,7 K Néel-
10,6 K| [39, ¥ Punkt ?
[11, 12, *]
v ? Antiferromag. ? —
(40, *]

7,1 K Néel-Punkt [39, *]
VI Antiferromag. [39] — —

In der vorliegenden Arbeit werden unsere magnetischen und kalorischen
Messungen an NaOz, KOz, RbOs und CsOy zusammengefaft. Frithere Unter-
suchungen sind fast ausschlieBlich an Pulverprdparaten durchgefithrt worden,
wobei bemerkt wurde, daB insbesondere die magnetischen Eigenschaften stark
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Fig. 1. Kalorische, magnetische und spektroskopische Eigenschaften der Alkali-Hyperoxide.
Zahlen in [ ] beziehen sich auf das Literaturverzeichnis, * bedeutet vorliegende Arbeit

vom Herstellungsverfahren abhidngen. Die Chemie der Darstellung von Pulvern
ist in den Arbeiten von Vannerberg und von Volnov enthalten [9]. Unsere Messun-
gen wurden an Kristallen durchgefiihrt, die durch Rekristallisation von Hyper-
oxidpulvern in flilssigem Ammoniak gewonnen wurden. Es wurden NaOj-Ein-
kristalle mit Kantenldngen bis zu 10 mm geziichtet. Bei KOz, RbOs und CsOq
erhilt man selten Einkristalle, deren Grofe 1 mm iibersteigt. Die Kristallzucht-
technik soll in einer spéteren Publikation beschrieben werden.

Es ist eine Eigenart der Alkali-Hyperoxide, dafl sie mehrere Phasenumwand-
Iungen durchlaufen, bei denen sich insbesondere die Orientierung der O, -Molekiil-
Tonen dndert. Einige dieser Umwandlungen kénnen vermutlich mit dem Jahn-
Teller-Effekt erklirt werden. Bei den Umwandlungen bei tiefen Temperaturen
scheinen auch magnetische Wechselwirkungen eine wichtige Rolle zu spielen.
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Die Unterscheidung zwischen ,kristallographischen und ,magnetischen®
Phasenumwandlungen diirfte in diesen p-Elektronen-Systemen in einigen Fillen
sinnlos sein.

Die Umwandlungstemperaturen wurden anhand der Anomalien der spezifi-
schen Warme und der magnetischen Eigenschaften bestimmt. Fiir jede Substanz
wurden die Phasen in der Reihenfolge ihres Auftretens mit sinkender Temperatur
bezeichnet mit I, I, IIT.... Fig. 1 gibt eine Ubersicht iiber die kalorischen,
magnetischen und einige spektroskopische Eigenschaften, wie sie sich aus den
Messungen anderer Autoren und den eigenen Messungen ergeben hat. In Tabelle 1
sind die Strukturdaten und die Umwandlungstemperaturen aufgefiihrt. Tabelle 2
enthilt die Parameter des Curie-Weiss-Gesetzes, welches die magnetische Suszep-
tibilitét der verschiedenen Phasen beschreibt.

2. Na.Oz
2.1. Suszeptibilitat

Die Suszeptibilitdt wurde nach der Faraday-Methode bei einem Feld von
8 kG gemessen. Die Apparatur wurde mit fliissigem Hg (y = — 0,1665 - 106
cm3/g) geeicht. Die Auflosung der Kraftmessung war immer besser als 2 - 10-3,
Die Temperatur wurde mit einem Cu-Konstantan-Thermoelement gemessen. Die
Eichtabelle von Powell ef al. [43] wurde bei 89,66 K und zwischen 14 K und
20 K kontrolliert. Bei 89,66 K betrug die Abweichung 0,3 K und unterhalb 20 K
ist sie kleiner als 0,1 K.

Die Proben bestehen aus vielen kleinen Kristallen mit einer typischen Kanten-
linge von 0,5 mm und wiegen typisch 50 mg. Da die Kristalle lose in einem Quarz-
réhrehen liegen, ist die Packungsdichte inhomogen und veréndert sich beim Ein-
und Ausbau des Priparates. Verschiedene Messungen an der gleichen Probe
haben deshalb Unterschiede bis zu 1,59, gezeigt. Dies ist die wichtigste Beein-
trichtigung der Reproduzierbarkeit. Eine massenspektrometrische Analyse der
Kristalle hat folgende Verunreinigung gezeigt: C2: 10%4ppm (Reaktion mit
(002 beim Einbau des Priparates in das Massenspektrometer), H1, CI3% und
K39 je 103 ppm. Ubrige Elemente sind mit 300 ppm oder weniger vorhanden.

Die gemessene Suszeptibilitdt ist in Fig. 2 dargestellt. Die Phasenumwand-
lungen manifestieren sich durch sprunghafte Anderung der Magnetisierung als
Funktion der Temperatur. Es handelt sich somit um Phaseniibergénge 1. Ordnung.
Bei den Phaseniibergingen I/IT und II/III wird eine thermische Hysterese von
1 K bzw. 7 K beobachtet. Die entsprechenden Anomalien der spezifischen Warme
wurden von Todd gemessen [10]. Die in dieser Arbeit gefundenen Umwandlungs-
temperaturen liegen etwa um 8 K héher, was wahrscheinlich darauf zuriick-
zufiihren ist, daB Todd feines kommerzielles Pulver und nicht grobkérniges
rekristallisiertes Material verwendete. Beim Ubergang III/IV 148t sich eine
Hysterese nicht eindeutig feststellen; denn ein kleines Nachhinken der Proben-
temperatur (0,2 K) ist nicht ausgeschlossen.

In den Phasen I und II gehorcht die Suszeptibilitdt einem Curie-Weiss-Gesetz
x=C[(T —0).

Eine effektive Magnetonenzahl pery wurde aus den Messungen gewonnen mit
Hilfe der Beziehung C = N u} uZ;/3 k. Die angepaBten Werte von ueyr und 6
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Fig. 2. Molare Suszeptibilitdt von NaOz

betragen 1,97 und — 31 K bzw. 1,79 und 4 33 K. Die Abnahme von peer beim
Ubergang von der ungeordneten in die geordnete Pyritstruktur ist unerwartet.
Um dies einzusehen, mufl der g-Faktor des O -Molekiil-Tons im Kristallfeld
niher betrachtet werden [7]. Der minimale Wert der effektiven Magnetonenzahl
wird erhalten bei vollstindig gelsschtem Bahnmoment, namlich pesr = ]/§ Der
maximale Wert wird erhalten, wenn die Kristallfeldaufspaltung der Niveaus 217,
in 2]1% und 2[1Y gegen null geht. Der g-Tensor wird dann axial mit den Werten
Jzz = Jyy = 0, gz = 4. Die Mittelung iiber die Molekiilorientierungen ergibt
dann gerr = 2. In der Phase I ist die lokale Symmetrie des Kristallfeldes wegen
der Unordnung der Orientierungen der O -Molekiilachsen geniigend tief, dafl
eine teilweise Lischung des Bahnmomentes zu erwarten ist.

In der Phase IT sind die Molekiilachsen aber so geordnet, dafl das Kristallfeld
trigonal ist. Die Aufspaltung der Niveaus 21/, sollte verschwinden. Beim Phasen-
iibergang I — IT erwartet man also eine Zunahme des effektiven magnetischen
Momentes.

Die beobachtete Abnahme konnte damit zusammenhéngen, daf die geordnete
Pyritstruktur nur die mittlere Struktur ist. Tatsdchlich erwartet man wegen des
Jahn-Teller-Effektes eine Erniedrigung der lokalen Symmetrie [41].

Das Auftreten positiver und negativer Werte von 6 deutet an, daB in NaO,
der Austausch vorwiegend ferro- oder antiferromagnetisch sein kann, je nach
Struktur. Dies ist nicht erstaunlich; denn die magnetischen Wechselwirkungen
von Paaren von O in Alkali-Halogeniden sind ferro- oder antiferromagnetisch,
je nach gegenseitiger Anordnung [8].
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Die Temperaturabhingigkeit der Suszeptibilitit und die Magnetisierungs-
kurven in der Phase ITI weisen eher auf Antiferromagnetismus hin. Die Neutronen-
streuungsexperimente an Pulver aus rekristallisiertem NaOz und an einem Ein-
kristall kénnen diese Hypothese nicht ausschlieBen [30, 31]. Es ist auch méglich,
dal das magnetische Verhalten durch kurzreichweitige Ordnung bestimmt wird.
Ein Indiz dafiir wire die Abnahme der Intensitit der ESR-Absorption beim
Abkiihlen.

Die Abnahme der Suszeptibilitdt in der Phase IV unterhalb 43,3 K konnte ein
Hinweis fiir die Existenz einer langreichweitigen Ordnung sein. Unterhalb 18 K
nimmt die Suszeptibilitdt, gemessen mit der Faraday-Methode, wieder zu und
zwar etwa wie 1/7. Es scheint ein paramagnetischer Anteil vorhanden zu sein.
Wenn man paramagnetische Ionen mit einem magnetischen Moment von 1 ug
annimmt (g = 2, J = 1/2), ergibt sich aus der Curiekonstanten eine Konzen-
tration, die 19, der totalen O, -Konzentration betrigt. (Im kommerziellen Pulver
ist dieser paramagnetische Anteil viel gr6Ber). Durch mehrfache Rekristallisation
konnte der paramagnetische Anstieg nicht weiter vermindert werden. Dieser
paramagnetische Anteil 148t sich in hohen Feldern sittigen. Die verbleibende
Suszeptibilitat ist in Fig. 2 eingezeichnet. Bemerkenswert ist die sehr kleine Sus-
zeptibilitat fir 7' — 0.

2.2. Magnetisierung

Die Messungen der Magnetisierung in gepulsten Feldern wurden mit der Appa-
ratur von Herrn Dr. H. Rohrer im IBM-Forschungslaboratorium Riischlikon,
Schweiz, vorgenommen. Das hohe magnetische Feld wird durch Entladen einer
Kondensatorbatterie iiber eine im fliissigen He eingetauchte Feldspule erzeugt.
Der einer Sinus-Halbwelle entsprechende Feldpuls dauert 4 msec, und die maxi-
male Feldstiarke betrigt 225 kOe zwischen 1,3 K und 4,2 K bzw. 150 kOe ober-
halb 4,2 K. In der Feldspule befinden sich 2 Pick-up-Spulen nebeneinander, von
denen die eine die Probe und die andere ein Thermoelement enthalt. Die elek-
tronische Integration der Differenz der Signale beider Pick-up-Spulen ist ein Maf3
fiir die Magnetisierung. Geeicht wurde mit reinem Eisen [44 —46]. Fiir simtliche
Temperaturen ist die Magnetisierung eine stetige Funktion des Feldes und kann
wie folgt beschrieben werden:

M= y(T)-H+ MyBs(x), «=gusJHKT,

wobei My eine Konstante und Bjy(x) die Brillouinfunktion bedeuten. Der erste
Term beschreibt die nicht séttigbare Magnetisierung. y ist innerhalb der Me8-
genauigkeit (10%, von yx) unabhéngig von H bis zu den maximalen Feldern. Die
entsprechende Suszeptibilitat ist in Fig. 2 eingetragen. Der zweite Term entspricht
dem paramagnetischen Anteil. Die beschriankte MeBgenauigkeit erlaubt es nicht,
den Drehimpuls J aus dem Verlauf der Magnetisierung als Funktion des Feldes
zu bestimmen. Wenn man ein magnetisches Moment von 1 ug (9 = 2, J = 1/2)
annimmt, ergibt sich aus dem experimentellen Wert von M, eine Konzentration
von etwa 19, in Ubereinstimmung mit der Faraday-Methode und den Spin-
Resonanz-Experimenten (cf. Abschnitt 2.4).
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Fig. 3. Molwidrme von NaOgz

2.3. Spezifische Wirme

Die spezifische Warme wurde zwischen 1,8 K und 70 K mit einem adiabati-
schen Kalorimeter gemessen [14]. Die Kristalle wurden in einer Cu-Patrone bei
Zimmertemperatur eingeschlossen. Zur Herstellung des Wéarmekontaktes wurde
70 Torr He-Gas eingefiillt. Der Warmekontakt darf nicht durch Zusammen-
pressen der Kristalle erzwungen werden, da dadurch das Gitter dermaflen be-
schiadigt wird, daB ganz andere MeBwerte resultieren kénnen. (Bei KOy ver-
schwindet z.B. die Anomalie der spezifischen Warme bei 12 K.)

Die MeBergebnisse sind in Fig. 3 dargestellt. Es sind keine ausgeprigten
Anomalien vorhanden. Zwischen 1,8 K und 8 K gehorcht die spezifische Warme
einem 7'3-Gesetz. Beriicksichtigt man nur die translatorischen Freiheitsgrade
von Nat und O, , erhélt man eine Debye-Temperatur von 268 K. In diesem
Temperaturintervall sind die Vibrations- und Librationsfreiheitsgrade des Oy
noch eingefroren; denn die Streckfrequenz des Molekiil-Ions betragt 1164 em—1
und die Librationsfrequenzen sind von der Gré8enordnung 100 cm~1 [23, 24].

Ab 8 K wichst die spezifische Warme schneller an als einem 7'3-Gesetz ent-
spricht. Zu welchen Anteilen diese Abweichung durch translatorische Gitter-
schwingungen, Auftauen der libratorischen Freiheitsgrade und durch Anderung
der magnetischen Ordnung bedingt ist, entzieht sich unserer Kenntnis. Die auf
Grund der spektroskopisch bestimmten Librationsfrequenzen (126 cm~1 und
217 cm~1) berechnete Librationswérme ist in Fig. 3 eingezeichnet. Der Suszep-
tibilitdtssprung bei 43,3 K manifestiert sich nicht messbar in den kalorischen
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Messungen. Als obere Grenze einer Diskontinuitat der spezifischen Warme oder
einer latenten Warme kann 0,5 J/Mol K bzw. 1 J/Mol abgeschétzt werden.

2.4. Elektronen-Spin- Resonanz (ESR)

Im Jahre 1955 haben Benett, Ingram und Schonland [48, 49] ESR-Messungen
ausgefiibrt an polykristallinem NaOs, das als Verunreinigung in NagOgs vor-
kommt, und an KOz, das durch Oxydation des erhitzten Metalls gewonnen
wurde. Bei 90 K war die Absorption stark asymmetrisch und wurde in beiden
Alkali-Hyperoxiden interpretiert mit einem g-Tensor mit den Werten g, = 2,002,
g1 = 2,175. Dieselbe Absorption beobachten wir an kommerziellem NaQOz-Pulver.

Das Verhalten des rekristallisierten NaOg ist aber vollig anders. Sowohl eine
polykristalline Probe als auch ein Einkristall zeigen bei 77 K eine nahezu symme-
trische Linie, deren g-Faktor 2,11 betragt. Die Linienbreite (Abstand zwischen
den Extrema der Ableitung der Absorptionskurve) ist beim Einkristall von der
Orientierung des Magnetfeldes abhingig. Bei 77 K betrigt die minimale Linien-
breite fiir Hy in einer (100)-Ebene 920 Gaul} im @-Band und 560 Gaul im X-Band.
Diese Linie ist somit inhomogen verbreitert.

An einem Einkristall wurde weiter der g-Faktor, die Linienbreite und die
absolute Intensitdt als Funktion der Temperatur gemessen. Als Maf fiir die
Intensitdt wird in Fig. 4 der Bruchteil # der Anzahl Spins in der Probe, die zur
ESR-Absorption beitragen, angegeben. Die Bestimmung der Anzahl Spins, die
zur ESR-Absorption beitragen, erfolgte durch direkten Vergleich mit einer
geeichten DPPH-Probe. Anisotropie-Effekte der GroBenordnung Ag/g2 wurden
nicht korrigiert [50]. Die Linie, die bei 77 K sehr glatt ist, weist unterhalb 30 K
Struktur auf, und unterhalb 12 K kann man mindestens 20 aufgeléste Linien
unterscheiden, deren g-Faktoren zwischen 1,98 und 2,32 liegen. Diese Werte
sind fiir Oy -Molekiil-Tonen [7] und O—-Ionen [62] in Alkalihalogeniden typisch.
Die Summe der Intensititen aller dieser aufgelosten Linien bleibt unterhalb 20 K
konstant und entspricht dem Wert & = (1 4+ 0,3) - 10~2. Dieser Wert stimmt
iiberein mit dem aus Suszeptibilitit und Magnetisierung bestimmten para-
magnetischen Anteil.

Die Interpretation des ESR-Spektrums ist durch die Verzwillingung des
NaOz in der Markasitphase erschwert. Roéntgenographische Untersuchungen
haben gezeigt, daB unterhalb 200 K 12 verschiedene Orientierungen der Zwillinge
vorkommen [31].

Sehr wahrscheinlich ist die Zahl der Linien im ESR-Spektrum 24. Die Ver-
schiebungen der Linien, die beobachtet werden bei einer Drehung des Kristalls
im Felde Hy, zeigen tatsdchlich, daB sie von paramagnetischen Ionen herriihren,
deren g-Tensoren eine feste Beziehung zur Orientierung der Zwillinge haben, und
zwar kommen in jedem Zwilling die Ionen in zwei verschiedenen Orientierungen
vor. Da die O, -Molekiil-Tonen in der Markasitstruktur in zwei verschiedenen
Orientierungen vorkommen, ist es naheliegend anzunehmen, daf das para-
magnetische Ion, welches AnlaB gibt zum beobachteten ESR-Spektrum, den
Platz eines O -Molekiil-Tons einnimmt. Wahrscheinlich handelt es sich um O-,
d.h. die Zusammensetzung der im flilssigen Ammoniak geziichteten NaOo-
Einkristalle kénnte um ca. 1%, von der stochiometrischen Zusammensetzung ab-
weichen.
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Fig. 4. Intensitit der ESR Absorption von NaOg und entsprechende Suszeptibilitit. Die aus-
gezogene Kurve entspricht den Messungen nach der Faraday-Methode (cf. Fig. 2)

Beim Erwéirmen iiber 20 K nimmt die Anzahl der Spins, die zur ESR-Absorp-
tion beitragen, sehr stark zu (Fig. 4). Die entsprechende Suszeptibilitit ygsr
stimmt innerhalb 209, mit der nach Faraday bestimmten Suszeptibilitat iiberein.
Diese starke Zunahme hat nun mit der Abweichung von der stochiometrischen
Zusammensetzung nichts zu tun, sondern sie ist den O -Molekiil-Tonen im
NaOQg-Gitter zuzuschreiben. Da schon eine kurzreichweitige antiferromagnetische
Ordnung die ESR-Suszeptibilitit stark reduzieren kann [8], fithrt Fig. 4 zur Ver-
mutung, daB der Anstieg der Suszeptibilitat mit steigender Temperatur dem Auf-
brechen einer lokalen antiferromagnetischen Ordnung zugeschrieben werden
koénnte [51].

Die Linienbreite bleibt zwischen 20 K und 60 K konstant, AHy = 660 Gaul}
im @-Band und steigt dann rasch an. Der g-Faktor bleibt zwischen 20 X und
60 K konstant, g = 2,12, und scheint dann abzunehmen. Seine Bestimmung bei
héherer Temperatur ist infolge der Linienverbreiterung problematisch [52].

3. KO,
3.1. Suszeptibilitat (Faraday-Methode)

Die Proben bestanden aus vielen kleinen Kristallen mit einer typischen
Kantenlinge von ca. 0,1 mm. Die Phase I, oberhalb 395 K wurde nicht unter-
sucht. Eine massenspektrometrische Analyse von KOs-Kristallen hat folgende
Verunreinigungen gezeigt: C12: 2 - 103 ppm, Na23, Rb8 -+ Rb87, Cs133 je 100 ppm.
Ubrige Elemente sind mit weniger als 100 ppm vorhanden.

Die reziproke Suszeptibilitdt ist in Fig. 5 dargestellt. Die Phasenumwand-
lungen manifestieren sich auf verschiedene Arten. Beim Ubergang II/IIT &ndern
sich uerr und 0 (cf. Tabelle 2), eventuell ist noch ein kleiner Sprung der Suszep-
tibilitdt in der GroBenordnung von 0,5%, vorhanden. Beim Ubergang III/IV
findet ein Sprung der Suszeptibilitit statt. Beide Uberginge weisen Anomalien
der spezifischen Wirme auf, die von Todd [10] an kommerziellem Pulver ge-
messen wurden. Auch hier besteht eine kleine Diskrepanz in den Umwandlungs-
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Fig. 5. Inverse molare Suszeptibilitdt von KOz

temperaturen, die wahrscheinlich auf die verschiedenen Herstellungsverfahren
des Materials zuriickzufiihren ist. Beim Ubergang IV/V andert sich die Suszep-
tibilitdt sprunghaft um einen Faktor 2, und eine thermische Hysterese von 1,6 K
wird beobachtet. Der Ubergang V/VI bei 7 K entspricht nach Smith et al. [39]
dem Néel-Punkt. Unterhalb 7 K konnten diese Autoren Uberstruktur-Inter-
ferenzen in den Neutronenstreuexperimenten beobachten. Bei diesem Ubergang
ist die Suszeptibilitat stetig. Bei den zwei letzten Umwandlungen treten aus-
gepragte Anomalien der spezifischen Warme auf (cf. Fig. 11). Die Suszeptibilitat
der Phasen II und III kann durch ein Curie-WeiB-Gesetz beschrieben werden.
Die angepaliten Werte von pesr und 0 betragen 2,01 und — 18 K bzw. 2,10 und
— 44 K. Die Temperaturabhingigkeit der reziproken Suszeptibilitdt der Phase IV
weicht oberhalb 80 K von einer Geraden ab. Unterhalb 80 K gehorcht die Suszep-
tibilitdt wieder einem Curie-WeiB-Gesetz mit den Parametern perr = 1,76 und
0 = + 2,3 K. Die Suszeptibilitdt der Phase V scheint auch einem Curie-WeiB-
Gesetz mit Parametern yepr = 1,93 und 6 = — 16 K zu gehorchen. Unterhalb
des Néel-Punktes nimmt die Suszeptibilitdt noch leicht zu und durchlauft ein
sehr flaches Maximum bei 5 K. Praparate aus kommerziellem Pulver, oder aus
Pulver, das durch Oxydation von Kalium im fliissigen Ammoniak gewonnen
wurde, verhalten sich anders bei tiefen Temperaturen.

Die Zunahme des magnetischen Moments beim Ubergang II — III von der
tetragonalen Ca-Ca-Struktur zu einer Struktur mit tieferer Symmetrie [42] ist,
dhnlich wie beim Ubergang I/II des NaOz, im Rahmen einer statischen Kristall-
feldtheorie unverstandlich. Halverson vermutet, daB ein dynamischer Jahn-
Teller-Effekt die Rontgendaten von Abrahams et al. erkliren konnte [41]. Die
Werte des effektiven magnetischen Momentes sind unerwartet hoch. Dall sie
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groBer als 2 sind, ist ein weiterer Hinweis fiir die Unzuldnglichkeit einer statischen
Kristallfeldtheorie. Nach Ausweis der Massenspektren kann eine Vergréflerung
des magnetischen Momentes nicht durch eine chemische Verunreinigung erklart
werden.

Es ist denkbar, daB die Erh6éhung der effektiven Magnetonenzahl dadurch
zustande kommt, daf sich die magnetisch sehr anisotropen Oj -Molekiil-Ionen
unter der Wirkung des Magnetfeldes etwas aus der urspriinglichen Gleich-
gewichtsorientierung herausdrehen. Allerdings kénnte man auch Abweichungen
von der Stochiometrie in Betracht ziehen, z. B. Og assoziiert mit einer Kationen-
leerstelle.

3.2. Differentielle Suszeptibilitit und Magnetisierung bei tiefer Temperatur
3.2.1. Apparatur

Die adiabatische differentielle Suszeptibilitdt wurde mit einem feldmodulierten
Differentialmagnetometer gemessen. Die Probe besteht aus vielen kleinen Kristal-
len und wiegt 20 mg. Die Kristalle befinden sich dicht zusammengelegt (nicht
gepreBt) in einem Plexiglasr6hrchen. Dem statischen Magnetfeld wird ein kleines
Wechselfeld iiberlagert. Die differentiellen Anderungen der Magnetisierung
induzieren in einer Pick-up-Spule Signale, die mit Lock-in-Technik verstirkt
werden. Die Kompensation des Signals der Pick-up-Spule ohne Probe erfolgt
grob (10-3) mit einer zweiten Pick-up-Spule, und fein (3 - 10-6) durch variable
Spannungsteilung einer Kompensationsspule [47]. Die Fig. 6 zeigt die Anordnung
der Pick-up-Spulen. Mit dieser Anordnung wird eine sehr gute Stabilitdt des
Nullabgleichs fiir groBe Anderungen des Magnetfeldes und der Temperatur er-
reicht. Der Fehler der absoluten Messungen liegt unter 19, . Bei einer Pulverprobe
ist die Genauigkeit durch die Homogenitdt der Packungsdichte begrenzt. Die
Modulationsfeldstdrke betrug 4 Oeeer und die Modulationsfrequenz 116 Hz. Bei
der verwendeten Modulationsfrequenz (116 Hz) mift man die adiabatische
Suszeptibilitdit. Um zu entscheiden, ob Spins und Gitter im thermodynamischen
Gleichgewicht sind, wurden die ESR Daten herbeigezogen. Die Unmoglichkeit,
die ESR-Linien mit der verfiigbaren Leistung zu séttigen, setzt die obere Grenze
der Spin-Gitter-Relaxationszeit bei 71 << 10~4sec fest. In diesern Fall gilt
folgende Beziehung zwischen der adiabatischen differentiellen Suszeptibilitat

xs = (0M[0H)qs-o
und der isothermen differentiellen Suszeptibilitdt y7 = (0M /0H )ar—o

(o)
1 1 T \aT |y
Sl IR ety s - 8 I 1
Xs AT Tl xr W

Cyu bedeutet die spezifische Wirme bei konstanter Magnetisierung. Sie diirfte
sich nur wenig von der spezifischen Wirme des Gitters unterscheiden.

Im Bereich einer magnetischen Hysterese versagt die Feldmodulationstechnik
(cf. Fig. 7 und 9). Um die differentielle Suszeptibilitit zu ermitteln, dndert man
in einem solchen Fall das Feld monoton in einer Richtung. Bei geniigend lang-
samer Variation des Feldes ist dann die Spannung an der Pick-up-Spule pro-
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Fig. 6. Pick-up-Spulen mit Heizung und Modulation. A, B: Pick-up-Spulen, 2000 Windungen,
Cu @ 0,03 mm; C, D: Kompensationsspule, 4 Windungen, Cu @ 0,03 mm; E: Halter mit
eingegossenen Pick-up-Spulen und Kompensationsspule; F, G: Heizung, Wicklung: 1 Lage,
bifilar, Konstantan @ 0,1 mm; H, I: Modulationsspule, Linge 50 mm, Wicklung: 4 Lagen,
Cu @ 0,1 mm; J: Thermische Isolation. — Alle Spulenkérper, sowie der Halter sind aus
Plexiglas. Die Bohrung 1 enthélt das Thermometer, Bohrung 2 das Préparat

portional zur isothermen differentiellen Suszeptibilitdt. Im Experiment wurde
das Feld mit einer Geschwindigkeit von 60 Oefsec gedndert. Die induzierte
Spannung betrug dann 70 Nanovolt auBlerhalb der metamagnetischen Umwand-
lung. Der Nullabgleich ist wegen den unvermeidlichen Thermospannungen nur
auf etwa 15 Nanovolt stabil. Bei der metamagnetischen Phasenumwandlung
induzieren die sprunghaften Anderungen der Magnetisierung (cf. Abschnitt 3.2.2)
Spannungsspitzen, die von einem Gleichspannungs-Verstarker mit Unterbrecher-
eingang nicht richtig verarbeitet werden. Diese Fehlerquellen beschrinken die
Genauigkeit dieser Messungen auf 209,.

3.2.2. Ergebnisse

Die Fig. 7 zeigt die isotherme differentielle Suszeptibilitdt und die Fig. 8 die
entsprechenden Integralkurven. Ganz deutlich kommt eine metamagnetische
Phasenumwandlung mit einer groflen statischen magnetischen Hysterese zum
Ausdruck. Bei den meisten Metamagneten beobachtet man bei langsamer Feld-
variation keine Hysterese, z. B. FeClg, FeBrg, CoCle2 HO, DyAl-Granat [53 —59].
In gepulsten Feldern hingegen wird oft eine Hysterese beobachtet, z.B. FeCls,
CoCl22H50 [54, 57, 58]. Besonders merkwiirdig ist, daf} die differentielle Suszep-
tibilitat als Funktion des Feldes noch weit oberhalb der Néel-Temperatur (bei
steigender Temperatur bis zu 12 K = 1,7 Ty) ein Maximum durchléduft (Wende-
punkt in der Magnetisierungskurve). Ein dhnliches Verhalten wurde dem FeBr;
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Tig. 7. Molare isotherme differentielle Suszeptibilitiit von KOz als Funktion der magnetischen
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Fig. 8. Magnetisierung von KO, als Funktion der magnetischen Feldstéirke

und dem FeCly zugeschrieben, aber beim FeBrs beruhte es auf einer falschen
Festlegung der Néel-Temperatur und beim FeCl; ist es widerrufen worden [53,
55, 56]. Ein Wendepunkt bei einer Temperatur, die nur einige Prozente oberhalb
Ty liegt, wurde bei DyAl-Granat beobachtet. Dieses Verhalten entspriche
iibrigens der exakten Losung eines 2-dimensionalen dekorierten Ising-Modells [61].

Im Gebiet der metamagnetischen Umwandlung ist die differentielle Suszep-
tibilitdt mit starkem ,,Rauschen‘ behaftet, das durch sprunghafte Anderungen
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Fig. 9. Molare adiabatische differentielle Suszeptibilitit von KOz als Funktion der magne-
tischen Feldstarke

der Magnetisierung verursacht wird. Bei einer metamagnetischen Umwandlung
1. Ordnung ohne statische Hysterese kann sich die Magnetisierung infolge des
Entmagnetisierungsfeldes nicht sprunghaft dndern. Ist aber die statische magne-
tische Hysterese grofer als das maximale Entmagnetisierungsfeld, so wird ein
Magnetisierungssprung méglich. Dies trifft beim KOy bei 4,2 K zu. Die magne-
tische Hysterese betrigt 7,5 kOe, wihrend das Entmagnetisierungsfeld im
schlimmsten Fall 2,1 kOe betragen kann. Die Spriinge der Magnetisierung bei
einer langsamen Anderung des &uBeren Magnetfeldes konnten durch breit-
bandiges Verstarken des Signals der Pick-up-Spulen direkt beobachtet werden.
Eine Messung im gepulsten Feld zeigt, dall die Magnetisierung bei 4,2 K
zwischen 100 kOe und 225 kOe innerhalb der MeBgenauigkeit (3%,) konstant
bleibt und einem magnetischen Moment von 0,92 + 0,1 ug pro O; entspricht.
Die adiabatische differentielle Suszeptibilitdt ys ist in Fig. 9 dargestellt. Fiir
H = 0 erhalt man innerhalb 19, dieselben Werte der Suszeptibilitit wie mit der
Faraday-Methode (fir H = 0 gilt 47 = y, im para- oder antiferromagnetischen
Zustand, cf. Gleichung (1).) Bei dieser Messung zeigt sich eine weitere Anomalie
(Unstetigkeit in 0y,/0H) unterhalb 7 K bei Magnetfeldern von etwa 25 kOe.
Es fragt sich nun, wie sich yr verhilt. Leider sind die Messungen der differentiellen
Suszeptibilitit ohne Feldmodulation nicht genau genug zur quantitativen Be-
antwortung dieser Frage. Sie zeigen aber, dafl y7 immer positiv und beschrankt
bleibt. Aus dieser Tatsache und mit Hilfe der Gleichung (1) folgt, daB sich die
Feldabhéingigkeiten von y7 und y, qualitativ nicht unterscheiden. Somit findet
hier eine Phasenumwandlung 3. Ordnung statt, indem 0ys/0H springt. Die

19 Phys. cond. Matter, Vol. 17
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Temperaturabhingigkeit des Feldes H, bei welchem 9y,/0H eine Diskontinuitat
aufweist, ist im Phasendiagramm Fig. 12 eingezeichnet. Die Diskontinuitit ver-
schwindet bei 7 K (Néel-Punkt). Die Fig. 10 zeigt die reziproke adiabatische
differentielle Suszeptibilitit als Funktion der Temperatur fiir verschiedene
Magnetfelder. Fiir kleine Magnetfelder stimmt sie iiberein mit der nach der
Faraday-Methode gemessenen isothermen Suszeptibilitit, wie es Gleichung (1)
fordert.

3.3. Spezifische Wirme

Die Probe wiegt 400 mg und die Qualitdt der Kristalle ist dieselbe wie bei den
Suszeptibilitdtsmessungen. Die Fig. 11 zeigt die Temperaturabhingigkeit der
molaren spezifischen Warme. Die ausgeprigte Anomalie bei 7,1 4 0,1 K zeigt
keine Divergenz und ist dem Néel-Punkt zuzuordnen [39]. Die Spitze bei 12,3 K
entspricht der Phasenumwandlung IV/V, die mit einer kristallographischen
Strukturdnderung verkniipft ist [39]. Aus der thermischen Hysterese der Suszep-
tibilitdt und der Andeutung latenter Wirme schlieBft man auf eine Umwandlung
erster Ordnung.

Die MeBwerte lassen sich zwischen 14 K und 20 K durch folgende Beziehung
approximieren :

Cp=aT3+bT-2,

wobei @ = 4,3 - 10-4 J/Mol K4 und b = 120 JK/Mol. Man kann versuchen, den
ersten Term als Debye-Warme zu interpretieren. Im betrachteten Temperatur-
intervall sind die Streckschwingungen (v = 1150 cm~1) und die Librations-
schwingungen (» ~2 100 cm—1) der O; -Molekiile noch eingefroren, so daff nur die
translatorischen Freiheitsgrade beriicksichtigt werden miissen. Man erhélt eine
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Fig. 12. Phasendiagramm von KOs

Debye-Temperatur von 208 K. Der zweite Term konnte von der Anderung einer
kurzreichweitigen Ordnung herriihren.

Die totale Entropiezunahme zwischen 1,7 K und 7,1 K betrigt 0,40 R In 2.
Die totale Entropie bei 1,7 K wird auf 0,01 R In 2 geschitzt. Wenn das System
bei tiefer Temperatur sein thermodynamisches Gleichgewicht tatséchlich er-
reicht, miite man schlieBen, daf} die Phase oberhalb des Néel-Punktes noch eine
beachtliche magnetische Ordnung besitzt; darauf weisen auch die metamagne-
tischen Eigenschaften dieser Phase hin. Der Entropiezuwachs zwischen 9,9 K
und 13,7 K betragt 0,37 Rln 2, und bei 20 K betrigt die totale Entropie 1,10 R1In 2.
Eine Aufteilung der Umwandlungsentropie in einen magnetischen Anteil, in
Vibrationsentropie und einen Anteil aus einer kristallographischen Umwandlung

19 *
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ist wahrscheinlich nicht sinnvoll, da die magnetischen, elastischen und struk-
turellen Eigenschaften stark gekoppelt sind.

3.4. Phasendiagramm bei tiefer Temperatur

Die Phasengrenzen (Grenzlinien 1, 2 und 3) des H-T-Phasendiagramms
(Fig. 12) wurden durch Messung der differentiellen Suszeptibilitat als Funktion
des Magnetfeldes bei konstanter Temperatur und als Funktion der Temperatur
bei konstantem Magnetfeld bestimmt. Im Gebiet, wo beide Methoden anwendbar
sind, liefern sie dieselben Phasengrenzen. Die Grenzlinie 1 entspricht der Un-
stetigkeit von 0ys/0H (cf. Fig. 9). Die Grenzlinie 3 wird wie folgt erhalten: Der
Schnittpunkt des Weges A B mit der Grenzlinie 3 entspricht dem Maximum der
isothermen differentiellen Suszeptibilitit (Wendepunkt der Magnetisierungs-
kurve) bei zunehmendem Magnetfeld (cf. Fig. 7). Der Schnittpunkt des Weges CD
mit der Grenzlinie 3 entspricht der annihernd sprunghaften Anderung der adiaba-
tischen differentiellen Suszeptibilitdt bei zunehmender Temperatur (cf. Fig. 10).
LBt man nun das Magnetfeld bzw. die Temperatur abnehmen, erhdlt man nach
dem entsprechenden Verfahren die Grenzlinie 2.

Die beiden so konstruierten Grenzlinien berithren oder kreuzen sich nicht.
Unabhingig von der Richtung, in welcher die Grenzlinie iiberschritten wird,
tritt Hysterese auf, was auf eine Umwandlung erster Ordnung schlieBen 140t.
Bei H = 0 ist mit Hilfe der Neutronenbeugung eine kristallographische Struktur-
dnderung festgestellt worden. Das Phasendiagramm legt nahe, dall eine solche
auch auftritt, wenn man die Grenzlinien (2 oder 3) in einem beliebigen Punkt
itberschreitet. Diese Erscheinungen zeigen, daB die kristallographischen und
magnetischen Eigenschaften von KOy gekoppelt sind.

4. RbO;
4.1. Suszeptibilitat (Faraday-Methode )

Die Probe wiegt 35 mg und besteht aus vielen kleinen Kristallen mit einer
typischen Kantenlinge von 0,1 mm. Die Phase I oberhalb 420 K wurde nicht
untersucht. Die reziproke Suszeptibilitdt ist in Fig. 13 dargestellt. Zwei Phasen-
umwandlungen lassen sich eindeutig erkennen. Beim Ubergang II/TIII (7 = 194
4 10 K) dndert sich uesr und 6 (cf. Tabelle 2). Dieser Ubergang entspricht einer
kristallographischen Phasenumwandlung, die réntgenographisch [42] und mit
Neutronenstreuung [40] festgestellt wurde. Die entsprechende Anomalie der

Tabelle 2. Effektive magnetische Momente und Curie-Weiss-Temperaturen der Alkalihyper-
oxide. Zahl links: pesr (gemessen in uponr), Zahl rechts: 6 [°K]

Phase NaOg KOq RbOs Cs0q2

I 1,97, —31 — — _

11 1,79, -+ 33 2,01, — 18 2,05, — 12 1,92, — 7
111 — 2,10, — 44 2,11, — 26 2,00, — 28

v -~ 1,76, + 2,3 — _
\4 — 1,93, —16 —
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Fig. 13. Inverse molare Suszeptibilitdt von RbOz

spezifischen Warme (kleine Spitze in Cp bei 178,3 K) wurde von Pankov et al.
[11, 12] an Pulver gemessen, das durch Verbrennen von Rb in einem Gasgemisch
von Sauerstoff und Argon gewonnen wurde. Wiederum scheint die Umwandlungs-
temperatur des rekristallisierten Materials hoher als beim Pulver zu liegen. In
der Gegend von 15 K zeigen die Messungen der spezifischen Warme eine aus-
gepriagte Anomalie, die aus zwei Spitzen besteht: Die eine bei 15,1 K (Ubergang
ITI/IV), die andere bei 14,7 K (Ubergang IV/V) [11, 12]. Das scharfe Minimum
der reziproken Suszeptibilitat bei 15,2 4 0,2 K entspricht dem Ubergang ITI/IV.
Der Ubergang IV/V ist in der Suszeptibilitit kaum feststellbar. (In der 1/y(7')-
Kurve koénnte man eventuell eine kleine Anderung der Neigung herauslesen.)
Smith et al. [40] haben mit Neutronenstreuung eine Phasenumwandlung, die
moglicherweise magnetischer Natur ist, zwischen 78 K und 4,2 K festgestellt.
Der Verlauf der Suszeptibilitat als Funktion der Temperatur deutet auf Anti-
ferromagnetismus unterhalb 15 K hin. Ob ein eventueller Néel-Punkt bei 15,1 K
oder 14,7 K liegt, bleibt offen.

Die Suszeptibilitat der Phase IT und der Phase III oberhalb 50 K kann durch
ein Curie-WeiB-Gesetz beschrieben werden. Die angepaften Werte von perr und 6
betragen 2,056 und — 12 K bzw. 2,11 und —26 K. Die Zunahme des effektiven
magnetischen Momentes beim Ubergang von der tetragonalen CaCe-Struktur
(Phase IT) zu einer Struktur mit tieferer Symmetrie (Phase III), und auch die
Werte des effektiven magnetischen Momentes, die hoher als 2 sind, sind im
Rahmen einer statischen Kristallfeldtheorie wiederum unverstéandlich.

4.2. Adiabatische differentielle Suszeptibilitit und Magnetisierung

Die Fig. 14 zeigt den Verlauf von y, als Funktion des Magnetfeldes fiir ver-
schiedene Temperaturen. Bei Feldern von etwa 26 kOe tritt eine erste Anomalie
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Fig. 14. Molare adiabatische differentielle Suszeptibilicit von RbOg als Funktion der magne-
tischen Feldstérke

(Maximum) auf, die als Phasenumwandlung 3. Ordnung (Sprung in 0ys/0H)
klassifiziert werden kann (cf. Abschnitt 3). Diese Anomalie verschwindet zwischen
149 K und 15,4 K. Eine weitere kleine Anomalie (lokales Maximum) tritt bei
Feldern von etwa 34 kOe auf. Diese zweite Anomalie kénnen wir bei 14,5 K nicht
mehr feststellen. Die Temperaturabhéingigkeit der Felder, bei welchen ys Anoma-
lien aufweist, ist linear; fiir die erste Anomalie variiert das Feld von 24 kOe bei
4,2 K zu 29,4 kOe bei 14 K und fiir die zweite von 32 kOe bei 4,2 K zu 36,5 kOe
bei 12 K. Es scheint, daB diese Anomalien von y; und eine eventuelle antiferro-
magnetische Ordnung bei nahezu derselben Temperatur verschwinden, wie es beim
KOs der Fall ist.

Messungen in gepulsten Feldern bis zu 225 kOe zwischen 1,4 K und 42K
und bis zu 150 kOe oberhalb von 4,2 K haben gezeigt, daB innerhalb der MeS-
genauigkeit (39,) die Magnetisierung eine lineare Funktion des Feldes ist. Im
erfaften Feld- und Temperaturbereich konnte kein Anzeichen einer meta-
magnetischen Umwandlung beobachtet werden.

b. CSOz
5.1. Suszeptibilitit (Faraday-Methode)

Die Probe wiegt 23 mg und besteht aus vielen kleinen Kristallen mit einer
typischen Kantenlidnge von 0,15 mm. Die Phase I oberhalb 378 K wurde nicht
untersucht. Die reziproke Suszeptibilitit ist in Fig. 15 dargestellt. Bei 7' = 190
4 10K laBt sich eine Phasenumwandlung (Ubergang II/III) erkennen, in dem
sich petr und 0 dndern (cf. Tabelle 2). Dieser Ubergang entspricht einer kristallo-
graphischen Phasenumwandlung, die auch réntgenographisch festgestellt wurde
[42]. Bei tiefer Temperatur gehorcht die Suszeptibilitdit keinem Curie-Weil3-
Gesetz mehr. Bei 28 K durchlauft die Suszeptibilitit ein flaches Minimum und
bei 9,5 + 0,5 K ist ein Wendepunkt erkennbar.
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Fig. 15. Inverse molare Suszeptibilitit von CsOg

Die Suszeptibilitdt der Phasen IT und III oberhalb 100 K kann durch ein Curie-
WeiB-Gesetz beschrieben werden. Die angepaliten Werte von perr und 0 betragen
1,92 und — 7 K, bzw. 2,00 und — 28 K. Die Zunahme des effektiven magnetischen
Momentes beim Ubergang von der tetragonalen CaCs-Struktur (Phase II) zu einer
Struktur mit tieferer Symmetrie (Phase III), ist im Rahmen einer statischen
Kristallfeldtheorie wiederum unverstindlich.

5.2. Advabatische differentielle Suszeptibilitit und Magnetisierung

Der Verlauf der adiabatischen differentiellen Suszeptibilitit von CsOgz als
Funktion des Magnetfeldes bei konstanter Temperatur ist demjenigen bei RbO;
sehr dhnlich (cf. Fig. 14). Es tritt indessen nur ein Maximum auf bei Feldern von
etwa 28 kOe. Die Temperaturabhingigkeit des Magnetfeldes, bei welchem das
Maximum auftritt, ist zwischen 25,8 kOe bei 4,2 K und 31 kOe bei 9 K linear.
Das Maximum verschwindet bei 9,5 4 0,3 K, was sich mit der Temperatur, bei
welcher die isotherme Suszeptibilitit (Faraday) einen Wendepunkt aufweist,
korrelieren 143t.

Bei KOz und wahrscheinlich auch bei RbOg verschwinden die langreich-
weitige Ordnung und das Maximum der adiabatischen differentiellen Suszep-
tibilitat bei derselben Temperatur; wir vermuten, da8 dies auch fiir das CsOg zu-
trifft. Der Néel-Punkt von CsOs wire demnach bei 9,5 + 0,3 K. Die Anomalie
der spezifischen Wirme bei 9,58 K (cf. Fig. 16) scheint diese Vermutung zu
stutzen.

Messungen in gepulsten Feldern bis zu 225 kOe zwischen 1,4 K und 4,2 K
und bis zu 150 kOe oberhalb von 4,2 K haben gezeigt, daB innerhalb der Mef-
genauigkeit (39,) die Magnetisierung eine lineare Funktion des Feldes ist. Im
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erfaBBten Feld- und Temperaturbereich konnte kein Anzeichen einer metamagne-
tischen Umwandlung beobachtet werden.

5.3. Spezifische Wirme

Die Probe wiegt 800 mg und die Qualitat der Kristalle ist dieselbe wie bei den
Suszeptibilitiatsmessungen. Die Fig. 16 zeigt die Temperaturabhingigkeit der
molaren spezifischen Warme. Die Anomalie bei 9,58 K zeigt keine Divergenz und
entspricht wahrscheinlich dem Néel-Punkt (Ubergang ITI/IV).

Zwischen 1,7 K und 4 K lassen sich die MeBwerte innerhalb 3%, durch folgende
Beziehungen approximieren:

C=a-T3+0b-T,

wobei a = 3,7-10-3J/Mol K4, b = 8,0 - 10-3 J/Mol K2. Man kann versuchen,
den ersten Term als Debye-Warme zu interpretieren. Falls die Streckschwingungen
und die Librationsschwingungen des O, im betrachteten Temperaturintervall
noch eingefroren sind, wie es beim NaOy und KOz der Fall ist, entspricht der
erste Term einer Debye-Temperatur von 102 K. Der zweite Term, linear in der
Temperatur, kénnte dem magnetischen Anteil zugeschrieben werden.

Die totale Entropiezunahme zwischen 1,7 K und 9,58 K betragt 0,25 R In 2.
Die totale Entropie bei 1,7 K wird auf 0,003 R In 2 geschitzt. Bei 20 K betriagt
die totale Entropie 1,20 RIn 2. Wenn der Néel-Punkt tatséchlich bei 9,58 K
liegt, so besitzt die Phase oberhalb des Néel-Punktes noch eine beachtliche
magnetische Ordnung; die allmihliche Auflésung dieser Ordnung mit steigender
Temperatur liefert eine Erklirung fiir die Zunahme der Suszeptibilitat zwischen
9,68 K und 28 K. Ein ahnliches Verhalten der Suszeptibilitit ist z.B. fir
CuCl;2H0 bekannt und wurde von Nagai diskutiert [60].

6. Schluibemerkungen

Wie diese Arbeit zeigt, ist das Verhalten der Alkalihyperoxidkristalle sehr
komplex. Dies hingt mit folgenden Tatsachen zusammen:

1. Die O -Molekiil-Ionen konnen verschiedene Orientierungen einnehmen.

Cp
© [3/Mol-K]

: 5.<..1O.. .15.‘..20
Fig. 16 Molwérme von + CsOq
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2. Im trigonalen und tetragonalen Kristallfeld hat das Oz -Molekiil-Ton eine
Bahnentartung.

3. Die O, -Molekiil-Tonen sind paramagnetisch, und es bestehen magnetische
Wechselwirkungen zwischen ihnen.

Jeder dieser drei Punkte konnte schon fir sich allein zu einem kooperativen
Phinomen Anlaf geben. Es ist schon moglich, daB es unter den vielen beobach-
teten Phasenumwandlungen in den Alkalihyperoxiden solche gibt, welche priméar
auf eine der drei Tatsachen zuriickfithrbar sind. Man darf aber nicht vergessen,
daB die drei Effekte nicht unabhéngig sind. So ist z.B. die Zeeman-Aufspaltung
des Grundzustandes von Oy einerseits von der Orientierung der Molekiilachse und
andererseits von der Kristallfeldaufspaltung abhéngig. Es ist deshalb moglich,
daB mit der Magnetisierung dieser Substanzen eine Orientierungsénderung der
Molekiilachsen verbunden ist. Es sind insbesondere zwei Beobachtungen, welche
zu dieser Vermutung fithren:

1. Die effektiven Magnetonenzahlen sind in gewissen Phasen groBer als die-
jenigen, die bei fester Molekiilachse auftreten kénnen.

2. Bei KOg ist mit der metamagnetischen Umwandlung eine Strukturdnderung
verkniipft, bei welcher die Molekiile ihre Orientierung sehr wahrscheinlich d&ndern.

Uber die Strukturuntersuchungen an Einkristallen mit Hilfe der Streuung
von Rontgenstrahlen und Neutronen, sowie iiber optische und spektroskopische
Untersuchungen soll in einer spéteren Publikation berichtet werden.

Verdankung. Diese Arbeit wire nicht moglich gewesen ohne die tatkriftige Hilfe, die uns
von vielen Physikern gewdhrt wurde, und die wir hier verdanken:

Dr. H. Rohrer vom IBM-Laboratorium in Rischlikon fithrte uns in die MeBtechnik der
hohen gepulsten Magnetfelder ein und stellte seine Apparatur zur Verfiigung.

Im Laboratorium fiir Festkorperphysik der ETH fithrte Dr. J. Muheim die massen-
spektrometrischen Analysen durch, Dr. W. Stutius machte die ersten Messungen der spezifi-
schen Wirmen und stellte dann seine Apparatur zur Verfiigung; die Messungen der Suszep-
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Analytic Approximation for Elastic Waves in Anisotropic Cubic Crystals

It is shown that the frequencies w. (k) and the polarisation vectors eq (k) (x = 1, 2,3) of
the elastic waves in anisotropic cubic crystals can be described exactly as Taylor series in the
o111 — 012 — 2¢44

c12+ c4q
of these series include no elastic constants, ¢ is taken as the proper anisotropy parameter.
The series are converging very fast for almost all substances and may be broken off after the
third expansion term.

parameter § = for all wave number vectors k. As the expansion functions

Es wird gezeigt, dal die Frequenzen w. (k) und die Polarisationsvektoren e, (k) (x = 1, 2, 3)
der elastischen Wellen in anisotropen kubischen Kristallen sich exakt als Taylor-Reihen in

— — 2e¢
dem Parameter 6 = Ec—cﬁc—‘mfiir alle Wellenzahlvektoren k darstellen lassen. Da
12 44

die Entwicklungsfunktionen dieser Reihen keine elastischen Konstanten enthalten, wird §
als der wahre Anisotropieparameter gedeutet. Die Reihen konvergieren fiir fast alle Substanzen
sehr rasch und konnen dann nach dem dritten Entwicklungsglied abgebrochen werden.

L Einfiihrung

Die analytische Darstellung der Frequenzen und Polarisationsvektoren in ei-
nem elastischen Medium der Dichte ¢ mit kubischer Symmetrie bereitete lange
Zeit grofie Schwierigkeiten. Wihrend Goens (1937) [1] fir Wellenzahlvektoren k
ausgezeichneter Ebenen die Sékulargleichung des anisotropen Tensors 7'y (k) exakt
gelost hat — die analytische Gestalt der Losungen erweist sich schon in diesen
ausgezeichneten Ebenen als recht kompliziert —, haben Born und Karman (1913)
[2] die Sakulargleichung fiir |y | = |e/c11 — €44| < 1 untersucht. Die hierbei er-
zielten Ergebnisse sind auf Grund einer unzulédssigen Vernachlissigung eines Terms
der Sékulargleichung fehlerhaft und werden heute noch in der Literatur [3, 4] als
die Schallgeschwindigkeiten fiir nahezu isotrope Materialien gefiihrt (der Fehler
in den Schallgeschwindigkeiten ist von der GréBenordnung y und verschwindet fiir
den isotropen Fall ¢ = 0). Ein fiir alle Kristallsysteme und Kristallrichtungen
giiltiges Verfahren wurde von Fedorow (1968) [5] angegeben. Das Verfahren be-

1 Die Fedorowsche Minimalisierungsvorschrift lautet:
3 (T"31)2 = Sp.(7"2) 1 Min.
kil

d.h. die Summe der Quadrate aller Komponenten von 7" soll minimal sein.
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rubt auf der Minimalisierung! der Differenz T'(k) = T (k) — f‘(k), wobei der
isotrope* Tensor T'(k) die Form T(k) = d(k) k2 + b(k) kk hat (nur fiir kon-
stante d und b beschreibt f‘(k) ein isotropes Medium). Es zeigt fiir kubische
Kristalle eine rasche Konvergenz, die analytische Gestalt dieser Losungen ist je-
doch kompliziert, so daB der praktische Umgang mit diesen Losungen Schwierig-
keiten bereitet.

In der vorliegenden Arbeit wird ein einfaches Verfahren aufgestelit, das die
Losungen der Sikulargleichung als Reihenentwicklung nach einem Parameter

d= Es——c—z;; , der Abweichung von der Isotropie, liefert. Die Reihen sind kon-
vergent fiir § > — 1, und sie konvergieren fiir fast alle kubischen Kristalle sehr
schnell. Da die bei dem Parameter § stehenden Entwicklungsfunktionen keine
elastischen Konstanten enthalten werden, kann ¢ als der wahre Anisotropiepara-
meter angesehen werden, dessen Absolutwert die Stérke der Anisotropie wieder-
gibt. Mit Hilfe der nach & entwickelten Eigenwerte von T (k) werden dann durch
Losung der Eigenwertgleichung die Polarisationsvektoren ebenfalls als Entwick-
lung nach § angegeben.

IL. Theoretische Herleitung des Tensors T (k)

Die elastischen Wellen sind Losungen der Bewegungsgleichung fiir ein elasti-
sches Medium der Dichte g [6, 7]

0ii=3C im0 M)
1= klm oo,
v T 90X X
. 02 F : . . . .

wobei Cigim = —— die Entwicklungskoeffizienten der freien Energie sind
Ocik 0€im

und elastische Konstanten genannt werden:
F(T, ei) = Fo(T) + % D Citam (T) eir €1m + - - 2)

sklm
L(Gs | %) el a trischen V. tensor dar und
ek =5 3%, + 3x, S en symmetrischen Verzerrungstensor dar un

8(R) = (81, 82, 83) die Auslenkung des Punktes R. Die Losungen der partiellen
Differentialgleichung mit konstanten Koeffizienten sind

St = eqiXp[t (ER — wgt)] (x=1,2,3). (3)

Man erhélt mit diesem Ansatz aus der obigen Wellengleichung folgende Eigenwert-
gleichung:

> Tu(k) e (k) = ol (k) eq (k) mit Ty (k) = 1/o > Cuim ki km 4)
! km

als symmetrischem Tensor einer positiv definit quadratischen Form, den Quadra-
ten der Frequenzen w?(k) als Eigenwerten und den Polarisationsvektoren ey (k)
als Eigenvektoren. Da letztere Eigenvektoren eines symmetrischen Tensors sind,

miissen sie orthogonal sein:
eq (k) ey (k) = Ootor” - (5)
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Der Tensor der Elastizitdtsmoduln Ciyyp besitzt auf Grund folgender Sym-
metriebeziehungen — sie ergeben sich aus der Vertauschbarkeit der Differentiation
und der Symmetrie von g — statt 81 nur 21 verschiedene Komponenten

02F
- = Cimir = Cram = Cikmi - (6)

Cikim= 55—
Ocik Oeim

Die Symmetrie des Kristalls fithrt zu Relationen zwischen den einzelnen Kompo-
nenten des Tensors Cigp, 80 daB die Anzahl seiner unabhéngigen Komponenten
kleiner als 21 ist:
Cikim = 2 D Dx Dy D Coovrmy (7)
RV

wobei die Operationen D Symmetrieelemente des Kristalls sind.

Fiir den kubischen Kristall — die Symmetrieelemente sind die Operationen
D € Oh2 — erhilt man deshalb nur noch 3 unabhéngige Komponenten:

Cun=-cu, Cusr=ciz, Craz=cu.

Der Tensor 7' (k) nimmt fiir den kubischen Kristall dann folgende Gestalt an:

1
Tu(k)= ° [(c12 + caa) ke ki + caa k2 0p + e kZ 0ui)

=T (k) + L ek} du (e =1c11 — c12 —~ 2¢44) (8)
(1 g (] H

wobei T’ (k) der entsprechende Tensor des isotropen Mediums ist und aus 7 (k)
durch lim hervorgeht3.

g—>0

Die Eigenwerte und Eigenvektoren des isotropen Tensors T (k) sind einfach
und bekannt, man erhilt:

longitudinale Losung:

e1 (k) ol (k) = 3911 B = ke (92)

k
LI
und 2 unabhéngige transversale Losungen:

es(k) Lk, (k) = % k2= c2ke (9b)

(c1 ist hierbei die konstante Wellengeschwindigkeit oder auch Schallgeschwindig-
keit der longitudinalen, ¢; die der transversalen Wellen des isotropen Mediums.)

Wesentlich komplizierter sind die Frequenzen und Polarisationsvektoren eines
anisotropen Mediums; aus Gleichung (4) ist ersichtlich (wenn man das Verhaltnis

2 Die 48 Elemente D der Oh-Gruppe beschreiben eine beliebige Vertauschung der Ko-
ordinaten von R = (X3, X3, X3) sowie die Einfiigung eines beliebigen Vorzeichens:

DR=(+X;, +X,,+Xp) (EFy=+k).

3 Da im isotropen Medium alle Drehungen D € d3 (03 = unendliche Drehgruppe) Symme-
trieelemente sind, ergibt sich aus

Cirim = Ciim = 2 Dy Dk Du D Coriervvme
eine weitere Beziehung zwischen den elastischen Konstanten:
6=611—012—-2644=0.
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wq (k)/k als unbekannte GroBe einfithrt, hingen die Koeffizienten der Gleichung
nicht mehr von k ab), daB die Frequenzen die Form

wg=cye(®)k (x=1,2,3) (10)

— % = (%1, %, #g) ist der Einheitsvektor im Wellenzahlraum — haben werden,
wobei die Wellengeschwindigkeit ¢, (#) = wq (k)/k nicht von k abhingt.

III. Berechnung der Frequenzen und Polarisationsvektoren
Mit den Abkiirzungen
e=c11—Ci2—2¢sa, B=cia+cu (1)
lautet der Tensor T'(k) des anisotropen kubischen Kristalls
1
Tu (k) = E [B ki kl —|— (044 k2 —|— ek?) 611] . (2)

Seine Eigenwerte w?(k) (« = 1, 2, 3) erhilt man durch Loésung der Sdkular-

gleichung
det [T (k) — w? (k) E] = det [o T(k) — AE] =0

mit A= pw?(k)
die auf ein Polynom 3. Grades in A fithrt:

AB4+c1A2 4+l 4e3=0 (3)
mit 1= — k2[e + B + 3cu4],

Cg = k4[644(3644+2(8+B))+8(8+2B)x],
c3= — k8[c,(caa+ ¢+ B) + e(c¢ +2B)caay + (¢ + 3B) I'],

2,2 2,2 2.2 2,22
X =uns + wing +ugus, I =uindx;.

Die kubische Gleichung (3) kann jedoch durch die Transformation

A= Blzy—
= v—3

entscheidend vereinfacht werden ; durch sie wird einerseits der quadratische Term
der kubischen Gleichung eliminiert und andererseits, was sehr viel wichtiger ist,
hidngen die Wurzeln der Gleichung (4) nicht mehr von den 3 Parametern ¢, B, ca4
ab, sondern nur noch von einem einzigen Parameter §.

v+ px,0)v+q(x,0)=0 (4)
mit p%,0)=—3(1+0)2+62+ )y,
q®,0) = —FH(1+02+36(14+0)2+0)x—023+0) 1,
d=¢|B.

Es 148t sich zeigen (siche Anhang), dal die Losungen vy (%, d) der Sikulargleichung
fiir 6 > —1 in Taylor-Reihen nach § entwickelt werden konnen.

006, 8) = M vurm(®), Vs (6) = (1) o, 0) 5)

m=0
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Die Reihen konvergieren im allgemeinen (siehe Diskussion, IV) sehr rasch und
konnen nach dem Glied 63 abgebrochen werden, denn fiir fast alle kubischen
Kristalle liegt 6 im Intervall

0<1]d| =055 (6)
(siehe Tabelle 1).

Tabelle 1. Adiabatische Elastizitdtsmoduln fiir kubische Kristalle bei tiefen Temperaturen und
bei Zimmertemperatur (in 1012 dyn/cm2-Einheiten) [8, 9]

Kristall Tempe- ¢11 c12 Caa € é
ratur°’K
W 0 5,326 2,049 1,631 0,015 0,004
300 5,233 2,045 1,607 — 0,026 — 0,007
Ta 0 2,663 1,582 0,874 - 0,67 — 0,27
300 2,609 1,574 0,818 — 0,601 — 0,255
Cu 0 1,762 1,249 0,818 — 1,123 — 0,543
300 1,684 1,214 0,754 — 1,038 — 0,527
Ag 0 1,315 0,973 0,511 — 0,68 — 0,458
300 1,24 0,937 0,461 — 0,619 — 0,44
Au 0 2,016 1,697 0,454 — 0,589 — 0,273
300 1,423 1,631 0,42 — 0,548 — 0,267
Al 0 1,413 0,619 0,316 — 0,108 — 0,115
300 1,068 0,607 0,282 — 0,103 — 0,116
Pb 0 0,555 0,454 0,194 — 0,287 — 0,44
300 0,495 0,423 0,141 — 0,226 — 04
Ni 0 2,612 1,508 1,317 — 1,53 — 0,541
300 2,508 1,5 1,235 — 1,462 — 0,534
Pd 0 2,341 1,761 0,712 — 0,844 — 0,341
300 2,271 1,761 0,717 — 0,124 — 0,372
A% 0 2,324 1,194 0,46 0,21 0,126
300 2,28 1,187 0,426 0,241 0,149
Li 300 0,135 0,114 0,088 — 0,155 — 0,767
KCl1 4 0,483 0,054 0,066 0,297 2,474

Die Entwicklungskoeffizienten vy (%) erhdlt man durch fortgesetzte Diffe-
rentiation der Sdkulargleichung, es ergibt sich so folgende Rekursionsformel:

—qm — (?) P — (Z) PR — (0) ™ + 3ozl

(m) —
7}“ (x’ 0) 3,02 + p

6=0
(7

mit g™ =0 (m > 3).

Fiir « = 2, 3 ist die Rekursionsformel von der unbestimmten Form %, so daB}
die L'Hopitalsche Regel angewandt werden mufl. Man erhilt fiir die gesuchten
Frequenzen bis zur Ordnung 43 folgende Ausdriicke:

9 B Ca4
wl(k)=k2? 14— +0(1—29) + 8@+ 7 — 457

—53(5F—|—x—18Fx_8x2+16x3)+54... , (8)

20 Phys. cond. Matter, Vol. 17
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B cay
wﬁ(k):kz?['§+éKa—62La+63Ma+64---] (=23  (9)

mit
K= F 12— 3T,

4;53—%2—9]’%—}—211}

1
JE—— —_ 2
La—-—2[x 4% +3I1j: [x2—3]_1]1/2

1
Ma:§[16x3—8%2—18fx+5r+x

- (1616~8x5+x4—90Fx4+41Fx3—149—FZE

(=3I
1351242 — 99 Iy + 512 — 135'3)
e—3rpz

Die entsprechenden Polarisationsvektoren e, (k) ermittelt man aus demGleichungs-
system
[T(K) — w2 () E] ea(k) =0.

Nach duBlerst aufwendigen Rechnungen erhélt man fiir
e11(k) =n1[1 — (1 —»f — 2y) + 62{10(42 — 21

+ (1= —2y) —4(1 —ud) y + 161 + L (1 —5d) (323 — #3)}], (10)

e12(k) = en1(ka, ks, k1), ews(k) = ear(ks, k1, k2) .

Fir ey (k) (« = 2, 3) werden die Formeln komplizierter:

2
—G
(b = OS5

'MFauz ’
w2 %3 (#] — Gy)
eaz (k) = AR (11)
[”% ("% —Gy) + "g (”% —Gy) + 6("% — Gy) (”% — Gy)]
eaa(k) = — s

Foll?
mit
Fo = w3 (08 — Ga)® + 1355 (6 — G)?
+ [ (0 — Go) + 2306 — Go) + 0 (] — G) (5 — G2,
Ga: Ka— 6La+ 62Ma+ 63"' .

IV. Diskussion der Ergebnisse

Die Frequenzen und Polarisationsvektoren konnten als Taylor-Reihen in dem
Anisotropieparameter §, der Abweichung von der Isotropie, fiir das Gebiet § > —1,
das alle in der Praxis vorkommenden Substanzen enthilt (siehe Fig. 5), dargestellt
werden. Sie sind weiterhin analytisch in der Wellenzahlrichtung %, wobei lediglich
die Polarisationsvektoren eg/s(x) in den speziellen Richtungen der Achsen- und
Raumdiagonalen eine Ausnahme bilden. In diesen Richtungen wird die zweifache
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k, in 108 -Einheiten [cm-1]

A=(1,0,0) 4,56 7,75
k,in 108 - Einheiten [cm-1]
Fig. 1 Fig. 2

Fig. 1. Das sphirische Dreieck 4 BC stellt 1/48 der Einheitskugeloberfliche dar; es enthilt
alle nichtiquivalenten k-Werte. »( liegt im Zentrum von 4 ABC:

%0=;0/|;0I9 ;0=(1) l/2-_ 19 th_—‘ V-2_)
Fig. 2. Kurven konstanter Frequenz in der (ki1, kz)-Ebene fiir Pb (6 << 0) bei T' = 0°K:
wa(k) =1012Hz (a0 =1, 2, 3)

Frequenzentartung des isotropen Mediums wg (k) = w3 (k) durch die Anisotropie
(6 == 0) des Mediums nicht aufgehoben, d.h. die Polarisationsvektoren eg/s(x)
sind in diesen Richtungen unbestimmt.

Das Konvergenzverhalten der Reihe wird in der folgenden Tabelle 2 fiir die
stark anisotropen (siche Fig. 5) Substanzen Li (groter negativer Wert fiir
d: —0,767), KCl (groBter positiver Wert fiir §: 2,474) und Pb (§: — 0,44), einem
Metall mittlerer Anisotropie, veranschaulicht. Hierbei werden statt der Frequenz-

Tabelle 2. Normierte Schallgeschwindigkeiten in der Richtung %o fiir Pb, Li, KCl

4 — 0,44 — 0,767 2,474
¢1 (%03 0) 1,125 1,23 0,68
c1(%0; * 6) 0,99 0,97 0,96
Cc1 (Mo; b 62) 1,0 0,99 1,03
c1 (Mo; e 63) — 1,0 0,97
ca2(%o; 0) 1,08 1,1 0,85
c2 (Ko; . 6) 1,0 1,0 1,01
ca(xo; - - 6%) - - 1,001
ca(xo; - - + 6%) - - 1,007
¢3 (03 0) 1,34 1,56 0,74
¢3(%03 - ) 1,05 1,15 1,1
c3o; + + 62) 1,01 1,04 0,87
c3 (Mo; e (53) 1,0 1,0 1,09

4 cq(%o; ... 83) bedeutet die Schallgeschwindigkeit in der Richtung %o unter Beriicksichti-
gung der 3 ersten Entwicklungsglieder; die angegebenen Werte sind auf den entsprechenden
exakten Wert der Schallgeschwindigkeit normiert.

20 *
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Fig. 3. Kurven konstanter Frequenz in der (k1, ka)-Ebene fiir KCI (§ > 0) bei T = 0°K:
wa(k) = 1012Hz (@ =1,2,3)

Fig. 4. Anisotropieeffekt bei den Polarisationsvektoren: Die Drehung aus der isotropen Lage
(e1]| k, e2/s | k) ist bei verschiedenen Vorzeichen von J entgegengesetzt

werte die Werte fiir die Schallgeschwindigkeiten4 angegeben, und zwar fiir den
allgemeinen Wellenzahlvektor o (siehe Fig. 1); fiir Wellenzahlvektoren, die in
ausgezeichneten Ebenen liegen, ist die Konvergenz noch besser.

Anhand dieser extrem gewihlten Beispiele zeigt es sich, daBl fur fast alle
Materialien (siehe Fig. 5 u. Tab. 1) die exakten Frequenzwerte schon durch die
Reihe mit den 3 ersten Entwicklungsgliedern genau wiedergegeben werden. Fiir
6 > 2 (KCl) konvergiert die Reihe langsam, hier miilten noch hohere Potenzen
in 8 beriicksichtigt werden. Approximativ kénnte die Reihe schon nach dem
1. Entwicklungsglied abgebrochen werden, die Abweichung vom exakten Fre-
quenzwert wird dann fir wg(k) um 109, liegen. Fiir die Frequenzen w; (k), ws (k)
kann man generell die Reihe nach dem 1. Entwicklungsglied abbrechen, da die
vernachléssigten Korrekturen minimal sind.

Der Betrag des Anisotropieparameters gibt insofern die Stirke der Anisotropie
eines Materials an, als die Gro8e der Abweichung von der Isotropie in den Glei-
chungen fiir die Frequenzen und Polarisationsvektoren direkt proportional § ist.
Da hierbei der Anisotropieparameter ¢ sowohl positive wie negative Werte an-
nehmen kann — in der Fig. 5 sind die Materialien mit negativem §-Wert von jenen
mit positivem §-Wert durch die Gerade § = 0 getrennt —, sind die Frequenzen
zu einem Wellenvektor k im anisotropen Medium sowohl gréBer wie kleiner als die
zugehorigen isotropen Frequenzanteile (siehe Fig. 2 und 3). Entsprechend ist der
Anisotropieeffekt bei den Polarisationsvektoren (siehe Fig. 4): Je stirker die
Anisotropie, desto groBer ist die Drehung aus der ,,isotropen‘‘ Lage, und zwar ist
die Drehung bei verschiedenen Vorzeichen von 6 entgegengesetzt. In besonderen
symmetrischen Richtungen (Achsen, Flichen- und Raumdiagonalen) wird die
isotrope Lage beibehalten.
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Die infolge der Anisotropie auftretende Dispersion ¢y = const. (isotropes Me-
dium) — ¢4 (%) (anisotropes Medium) ist mit dem Anisotropieparameter J eng ver-
kniipft: Ein MaB fir die Dispersion ist der Gradient der Schallgeschwindigkeit
Vicq (), der infolge der Beziehung

vo (%) = Vi 0u (k) = ca(x) + £ Vica(x)
den Unterschied zwischen der Schallgeschwindigkeit cq(®) und der Gruppen-
geschwindigkeit vy (%) bestimmt. Mit Hilfe der abgeleiteten Formeln fiir die Fre-
quenzen (bzw. Schallgeschwindigkeiten) wird der Dispersionsterm in 1. §-Nahe-
rung

B fu(n)
kEVicq(®) = ?6 )

(f (%) enthilt keine elastischen Konstanten mehr und ist nur von » abhingig.)
Eine MaterialgroBe ist der dimensionslose Parameter

B 5 I (12)
Og = —
* 0 CZMax
. . 1s . . . Ve (%) — ca(n) . .
der ein MaB fir die relative Dispersion e ist und sich als die
o Max

maximale relative Abweichung der Schallgeschwindigkeitsquadrate interpretieren
1aBt:

I 2 2, a=1;

xMax ‘aMin 1 . 13

Og = 02 ’ To = 3 a=2> ( )
aMax %’ d.=3.

Da die Minimum- und Maximumwerte der Schallgeschwindigkeiten in den Sym-
metrierichtungen angenommen werden, ist es leicht, die Parameter o zu bilden.
Der Vergleich der 3 GroBen oy (x = 1, 2, 3) zeigt (siche Fig. 2 und 3), daBl o3 >02
>0y gilt, d.h. die relative Dispersion des Mediums macht sich bei der Schall-
geschwindigkeit c3(x) am stirksten bemerkbar. Der Parameter o3 erscheint da-
durch als ein geeignetes MaB fiir die Stirke der relativen Disperison eines Mediums:

€

-3 s 0 <0;
03 = cu (14)
&
Zeute 070

Tabelle 3 zeigt, daBl KCI trotz des 5—6fachen J-Betrages von Pb eine kleinere
relative Dispersion zeigt als Pb (siehe Fig. 2 und 3) und Li die stirkste von allen
Materialien. Allgemein 148t sich somit sagen, daB einem stérker anisotropen
Material (groBerer §-Wert) keineswegs auch eine stirkere relative Dispersion ent-
sprechen mulB.

Die in den Frequenzen auftretenden elastischen Konstanten kénnen natiirlich
nicht vollig beliebige Werte annehmen. Die Forderung wq (k) = ¢co (%) £ > O fiir
alle » ergibt folgende Einschrankungen fiir die elastischen Konstanten:

c11>0, ca>0, c11—c12>0, c11+2c12+4c44>0.3 (14)

5 Letztere Bedingung — eine Einschrinkung fiir negative ¢;2 — fehlt bei Dederichs und
Leibfried [10].
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Fig. 5. c12/cas gegen c11/caq fiir verschiedene Kristalle. Die Gerade 6 = 0 trennt die Materialien

€11 —¢

entsprechend dem Scherungsverhiltnis J;~-£—E' = 1. Der aus § Cixim &ix &im > 0 gewonnene
44

Stabilitdtsbereich wird durch die Geraden ¢i; = ¢12 und ¢11 = — 2¢12 begrenzt. Dynamisch

stabil (w« (k) > 0) sind die Materialien auch noch in dem gestrichelten Gebiet

Tabelle 3
Ag Al Au Cu KCl1 Li Ni Pb
é —0,46 —0,115 — 0,27 —0,54 2474 — 0,767 — 0,54 —044
o3 0,69 0,165 0,65 0,67 0,69 0,88 0,59 0,73

Diese Bedingungen gewinnt man aus den Hauptminoren der dynamischen Matrix
T (k), die wegen wq (k) > 0 positiv sein miissen.

Die Bedingungen (14) sind weniger einschrinkend (siehe Fig. 5) als jene, die
sich fiir die elastischen Konstanten aus der Stabilititsbedingung 1 Csxim ik €1m >0
[11] ergeben:

ca>0, c11—c12>0, c11+2¢12>0. (15)

Da die dynamische Matrix T'(k) nur fiir zeitabhingige Verschiebungs- bzw.
Verzerrungsfelder, die sich aus den Eigenschwingungen wy (k) +=0 des Mediums
zusammensetzen lassen, definiert ist und somit statische Verzerrungen (wq (k) = 0)
wie die Kompression nicht beriicksichtigt, miissen die aus T'(k) gewonnenen Ein-
schrankungen fiir die elastischen Konstanten schwicher sein als die der Stabili-
tatsbedingung, die Verzerrungen jeglicher Art zuldBt. So erlaubt die schwichere
Bedingung ¢11 + 2¢12 + 444> 0, dall der Kompressionsmodul K =1} (c1142¢12)
negativ werden kann.
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V. Anhang
Im folgenden soll die Behauptung aus Abschnitt ITT bewiesen werden, daB die
Losungen vy (%, 8) (« = 1, 2, 3) der Sikulargleichung v3 4 p(%, ) v + ¢(®, 6) = 0
fir 6 > —1 in Taylor-Reihen nach dem Anisotropieparameter é entwickelt wer-
den konnen.

Beweis:
Entwickelt man die Funktion

F(v,0) =v3+ p(x, 0)v + g%, 0) (1)
um die Werte vg und do mit F (vg, do) = 0, so gilt:

F(v,6) = [3v5 + p(x, do)] - (v — o) + [P’ (%, do) w0 + ¢ (3, d0)] - (0 — o)
+ 3vo(v — v0)2 + }[P” (3, bo) vo + g” (%, d0)] (6 — d0)% + P’ (%, bo) (2)
* (v — o) (6 — o) + (v — v0)® + §q' (%, do) (0 — J0)® + % p” (%, do)
« (v —wo) (6 — 00)2.
Ist F (v, 8) die Sikulargleichung, d.h. F (v, ) = 0, und setzt man §o = 0, so folgt
fir vo aus F (vg, do) = 0:
a=1

vo = Ve (%, 0) = =23

= cofro

Aus Gleichung (2) ergeben sich dann fiir die Losungen vy (%, ) der Sikularglei-
chung die folgenden Darstellungen in Abhéngigkeit von ¢:

w1 = v1(x, §) — v1(x, 0)
=2y =30+ ¢ —3x+30N0%—2ud+2(}3 — p) w16 — w} (3)
+@F—3x+ 1)+ (G — ) 02w
und fiir ¢« = 2, 3:
= [va (%, 0) — va (%, 0)]?
=(—4+5x—80R2+(—3+20wad +wz+ (—dFr+ix— 1)+ (4)
+(_%+X)62wa-

Da p(x, 6) und ¢ (%, ) Polynome in § sind, kénnen die Losungen vy (%, §) keine
Unendlichkeitsstellen besitzen; der Term v3 der Sikulargleichung wiirde dort
stirker gegen Unendlich streben als ihre iibrigen Terme, d.h. in der Summe konn-
ten die Terme der Sékulargleichung an einem Unendlichkeitspunkt von vy (%, 6)
nicht Null ergeben. Da weiterhin § = 0 kein Verzweigungspunkt sein kann, denn
die Darst;ellungen
(%, ) = zé”/"‘wa,,(x, 0), «a=1,23.
y=1

(meA,m =2 und we,o(®, 0) = we (%, 0) = 0 nach Definition) sind mit den Dar-
stellungen (3, 4) nicht vertraglich, miissen wy (%, 6) und demnach vy (%, §) bei
0 = 0 analytisch und dort in Taylor-Reihen nach ¢ darstellbar sein:

©o v

vo (%, 0) = > é—v(”)(x, 0, «a=1,2,3. (5)

v=0"7
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Den Giiltigkeitsbereich der Taylor-Reihen entnimmt man dem folgenden Satz [12]:
Es sei F (v, d) eine in der Umgebung der Werte vo und d¢ analytische Funktion

. 0F (vo, o) - . . .
mit F (vg, dp) = 0. Ist B =+ 0, so existiert eine Funktion v = f(§) mit
vo=f(do), die der Gleichung F (v, §) = 0 geniigt und bei do analytisch ist.

. ., 0F (v, do) . e

(Fir dp = 0 und vp = v1(x, 0) ist B T +0, so daB} die Taylor-Reihe fiir
v1(%, §) aus diesem Satz unmittelbar folgt; dagegen kénnen die Reihendarstellun-
gen fiir « = 2, 3 aus dem Satz nicht gefolgert werden, da fir do = 0 und vy =

) . 0F (v, do) .

v2 (%, 0) = v3(%, 0) die Ableitung BT verschwindet.)

Den Konvergenzbereich der Taylor-Reihen von vy (%, 6) um é = 0 findet man
iber die §-Werte, die den Gleichungen

F(v,0)=v3+p 0)v+q(0) =0, (6)
oF (v, 0)
ov

=302+ p(x,0)=0

geniigen. Aus dem angegebenen Satz folgt dann die Giiltigkeit der Reihen in den
Gebieten, welche diese 5-Werte nicht enthalten. Andererseits konnen die Reihen
selbst fir diese §-Werte existieren, wie der Fall § = 0 zeigte. Durch Kombination
der Gleichungen (6) erhdlt man als Bestimmungsgleichung fir die gesuchten
0-Werte:

2(%, 0 3(x, 0

bzw. 02(ag 0t + a3 83 + ag62 +a16 +ag) =0

mit ag=4y2—121",
ay=1242—3248 — 4014+ 108y I,
as =13 42 — 4843 — 481" 198y ' — 24312,
a3=06(y2— 43 —4I'+ 184" —271"2) = 6ay.
Die J-Werte, die neben 6 = 0 der Gleichung (7) geniigen, sind Loésungen der
Gleichung 4. Grades a40% + a363 + @262 + a16 + ag=0. Durch Substitution
0 = 8 — 1 kann gezeigt werden, daB fiir diese Losungen 6, < — 1 (v =1, 2, 3, 4)

gelten muB:
by 0% 4 b3 6% + 302 4 516 + bo=0

mit bo=4y3— 108172,
by=843—36y 1"+ 10812,
bo= 42— 18414 8112,
63=2a4, b4=a4.
Da die Koeffizienten b,>0 sind (lediglich in den Richtungen der Achsen und
Raumdiagonalen verschwinden sie), folgt:
=<0 bzw. 6 <-—1, (8)
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d.h. die Taylor-Reihen der Loésungen vg(x, §) der Sakulargleichung existieren
mindestens fiir § > — 1, wie behauptet wurde. (Die Richtigkeit der Reihen in
den Richtungen der Achsen und Raumdiagonalen kann leicht durch Bestimmung
der Eigenwerte des Tensors T (k) mit dem Wellenzahlvektor k in diesen speziellen
Richtungen gezeigt werden.)

QU W=

=2
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Photoemissionsmessungen an Europiumchalkogeniden
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Laboratorium fiir Festkorperphysik, ETHZ, Honggerberg, Ziirich
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Photoemission- Measurements on Europium-Chalcogenides

From new photoemission measurements from EuO we show that the existing discrepancy
between photoelectric- and optical results can be eliminated. The measurements on cleaved
single crystal surfaces show sharper structure than measurements on evaporated films. The
energy difference between the center of the 4f-levels and the maximum of the valence band
density of states can be read directly from the energy distribution curves. This energy dif-
ference decreases with increasing lattice constant from 2.8 eV for EuO to 1.6 eV for EuSe.
However the two substances exhibit similar structure in the valence band.

1. Einleitung

Die magnetischen Isolatoren EuO, EuS, EuSe und EuTe kénnen wegen ihrer
magnetischen, kristallographischen und chemischen Einfachheit als Modellsub-
stanzen fiir das Studium magnetischer Wechselwirkungen betrachtet werden.
Hieraus wie aus der Grofzahl neuer magnetischer, magneto-optischer und elek-
trischer Effekte erklart sich das anhaltende Interesse, das diese Substanzen ge-
funden haben [1, 11].

Diese vielfiltigen Eigenschaften werden durch die elektronische Struktur be-
stimmt, die am direktesten mit Hilfe optischer — und photoelektrischer Methoden
untersucht werden kann. Eine umfassende Darstellung der aus optischen Mes-
sungen gewonnenen Information ist in [1] zu finden. Uber Messungen der Photo-
emission hingegen ist nur vereinzelt berichtet worden [2, 3, 15, 16]. Ubereinstim-
mend ergeben die Photoemissionsmessungen, daB die das magnetische Moment
tragenden, lokalisierten 4 f-Elektronen des Europium-Ions die héchsten besetzten
Zusténde bilden. Die zweiwertigen Europiumchalkogenide zeigen also eine einzig-
artige elektronische Struktur, da sie inhidrente, lokalisierte Zustinde besitzen, die
in der Energieliicke liegen. Allerdings ergaben bisherige Photoemissionsmessungen
im Bereich des Vakuumultravioletten keine Ubereinstimmung mit optischen Mes-
sungen in der relativen Lage der verschiedenen Energiezustinde.

Durch die vorliegenden Messungen kann erstens diese Diskrepanz beseitigt
werden und damit die Tauglichkeit der Photoemission fiir die Untersuchung der
elektronischen Struktur der Europiumchalkogenide nachgewiesen werden. Zweitens
sind die nun aus der Quantenausbeute erhaltenen Werte der Ionisierungsenergie
konsistent mit den aus den Energieverteilungskurven bestimmten Werten.

2. Theorie

Die Photoemissions-Spektroskopie stellt eine neuerdings viel gebrauchte und
viel diskutierte Methode zur Untersuchung der elektronischen Struktur von Fest-
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korpern und Fliissigkeiten dar. Dabei wird meist die Energieverteilung der durch
Einstrahlen von monochromatischem Licht emittierten Elektronen analysiert.
(Im folgenden abgekiirzt als EDC bezeichnet.)

Die allgemeinste theoretische Behandlung der Photoemission aus kondensierter
Materie findet man bei Asheroft und Schaich [5]. Aber auch der auf die Naherung
unabhéngiger Teilchen vereinfachte Ausdruck in obiger Arbeit ist bis jetzt nur in
einfachen Fillen explizit berechnet worden, nimlich fiir das Modell der freien
Elektronen, das Kronig Penney Modell und das Goodwin Modell [5]. Diese Be-
handlungen zeigen, daBl insbesondere in Metallen Oberflichenanregungen mog-
licherweise nicht vernachléssigbar sind.

In den hier untersuchten Europiumchalkogeniden diirften diese Effekte von
geringerer Bedeutung sein, weil in Halbleitern und Isolatoren grofere Austritts-
tiefen zu erwarten sind als in Metallen.

Eine vereinfachte Behandlungsweise der Photoemission, die einen direkten
Zusammenhang zwischen den gemessenen Energieverteilungskurven und der elek-
tronischen Bandstruktur vermittelt, wurde von Spicer [6] und Kane [7] diskutiert
und an verschiedenen Substanzen erfolgreich angewendet. In diesem Drei-Stufen-
Modell der Photoemission werden die optische Anregung, der Transport zur Ober-
fliche und der Austritt ins Vakuum als unabhéngige Prozesse behandelt. Dabei
ergibt sich folgender Ausdruck fiir die Energieverteilung N (E) der bei Einstrahlung
von monochromatischem Licht der Energie Ao emittierten Elektronen:

N (B, hvo) = C(vo, B) [dk3|Mis|28(Es(k) — Eo(k) — hvo)8(E — Ey(k)). (1)
if BZ
Die Summe erstreckt sich iiber alle besetzten Binder ¢ und unbesetzten Béander f.
Die Integration ist iiber die ganze Brillouinzone auszufiithren. M;; ist das Matrix-
element fiir den optisch induzierten Ubergang zwischen dem Anfangszustand E; (k)
und dem Endzustand Ey(k). Der Faktor C (vo, E) enthélt die Wahrscheinlich-
keiten fiir den Transport eines angeregten Elektrons zur Oberfliche und fiir den
Austritt durch die Oberfliche. Berechnungen zeigen, dafl C (o, E) fiir Endenergien,
die mehr als 1 bis 2 eV iiber dem Vakuumniveau liegen, nur schwach energie-
abhéngig ist. Dies ist auf die gegenldufige Wirkung von Transport- und Austritts-
wahrscheinlichkeit zuriickzufiihren. Der Ausdruck (1) kann in der folgenden Form
besser interpretiert werden:

dl| | Mis|?
N(E,hvo)=0(vo,E)z/ | 1] . 2)
i7) | ViEr(k) X Vilis(k)|
Das Linienintegral erstreckt sich iiber die Schnittlinie der beiden Flachen
Es(k) — Ey(k) = hvo und E;(k)=E.

Maxima in der Energieverteilung sind, abgesehen von den Einfliissen durch
die Matrixelemente, unter den folgenden Bedingungen zu erwarten (7):

1. Endzustand gehort zu optischem kritischem Punkt:
Vi(Eyr(k) — Ei(k))=0.
2. Endzustand gehort zu zweidimensionalem kritischem Punkt:

Vi(Er(k) — aE;(k)) =0 a Konstante.
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3. Anfangs- oder Endzustand zeigen kritischen Punkt in Zustandsdichte
ViEi(k)=0 oder V,Esk)=0.

Der Typ einer experimentellen Struktur kann oft anhand der Abhingigkeit von
der Photonenergie bestimmt werden [6. 7]. Zum Beispiel ist fiir ein Maximum der
EDC, das auf Grund eines Maximums in der Zustandsdichte der Anfangszustéande
Vi E (k) = O entsteht, zu erwarten, daB sich diese Struktur in der EDC bei Ande-
rung der Photonenergie um Ahv um denselben Energiebetrag AE verschiebt.
Diese Zuordnung ist um so eindeutiger, je grofier der Photonenergiebereich ist,
in dem diese GesetzméBigkeit nachgewiesen werden kann. Wird keine k-Erhaltung
vorausgesetzt, so sind in den Energieverteilungskurven nur noch Maxima des
Typs 3) zu erwarten.

3. Experiment

Die vorliegenden Messungen wurden im Ultraviolett- und Vakuum-Ultra-
violett-Gebiet durchgefiihrt (allgemein als UPS bezeichnet).

Als Lichtquelle dient das Hy Spektrum einer modifizierten Hintereggerlampe,
welche durch einen McPherson Monochromator des Seya Namioka Typs spektral
zerlegt wird. Um in der MeBzelle Ultrahochvakuum zu erreichen, wurde ein LiF
Fenster im Strahlengang eingebaut. Dadurch wird die maximale Photoenergie
auf 11,0 eV begrenzt.

Im Unterschied zur konventionellen Technik wurde in unserem System ein
zusatzlicher, toroidaler Spiegel eingebaut, der den Austrittspalt des Monochroma-
tors auf die Probe abbildet und dort einen relativ kleinen Lichtfleck erzeugt.
Damit konnen auch Messungen an kleineren Einkristall-Proben vorgenommen
werden, als bei der sonst iiblichen direkten Einstrahlung des den Monochromator
verlassenden Lichtes.

Vier Einkristall-Proben sind in einem drehbaren Halter eingespannt und kén-
nen an den verschiedenen Préiparations- und MeBstationen vorbeigefiihrt werden.
Nach dem Spalten im Ultrahochvakuum kann die Austrittsarbeit nach der Kelvin-
Methode bestimmt werden. Ferner erlaubt eine Cs-Quelle, monoatomare Schichten
kontrollierter Dicke aufzutragen.

Die Energieverteilung wird nach einer modifizierten Retardierungsmethode,
der Methode des abgeschirmten Emitters, gemessen (8]. In dieser Anordnung ist
der Kollektor als Halbkugel ausgebildet, so dafl iiber alle Emissionsrichtungen
integriert wird. Dies vereinfacht die Interpretation insofern, als keine weiteren
Auswahlregeln beriicksichtigt werden miissen, wie dies bei der Messung unter
einem kleineren Raumwinkel der Fall sein kann. Neue Messungen an Gold [9]
haben gezeigt, daB sogar an polykristallinen Proben von Gold eine starke Aniso-
tropie in der Winkelverteilung der emittierten Elektronen auftritt.

Das Auflésungsvermdgen wurde durch Messungen an einem metallischen Emit-
ter gepriift. Fiir die Breite der Fermikante zwischen 109, und 90%, der Gesamt-
hohe wurde experimentell ein Energieintervall von 0,18 eV beobachtet. Dies ist
etwa 0,08 €V mehr als die thermodynamische Breite. Daraus ergibt sich im be-
trachteten Energiebereich ein energetisches Auflgsungsvermégen von ca. 0,1 eV.

Eine fundamentale Bedingung fiir Untersuchungen der Photoemission ist die
atomare Reinheit der emittierenden Probenoberfliche. Deshalb wurden die Ein-
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kristall-Proben im Vakuum von 1-10-10 Torr gespalten und gemessen. Beim
Spalten der Kristalle wird eine sehr geringe Gasmenge frei, die zu einem starken
Druckanstieg, verursacht durch den ,,memory effect* [21] der Tonengetterpumpe,
fithren kann. Durch spezielle Vorkehrungen konnte diese sekundére Druckzunahme
vermieden werden, so daBl der Druck auch kurzzeitig nach dem Spalten nie iiber
den 10-10 Torr Bereich steigt. Massenspektroskopische Untersuchungen ergaben,
daB die Restgase sich zu 98,59, aus Wasserstoff und Edelgasen zusammensetzen.
Der Partialdruck von Op und HO liegt unterhalb 10-13 Torr. Innerhalb eines
Tages nach der Spaltung konnten keine Verdnderungen festgestellt werden, die
auf eine Kontamination der Probenoberfliche hinweisen.

Die Energieverteilungskurven wurden durch elektronische Differenzierung [10]
der Strom-Spannungskurve erhalten und direkt mit einem x-y Schreiber auf-
gezeichnet.

4. Ergebnisse an Eu0 und EuSe und Diskussion
a) Quantenausbeute

In der ersten Figur ist der Verlauf der Quantenausbeute (Anzahl emittierter
Elektronen pro eingestrahltem Photon) als Funktion der Photonenergie fiir EuO
und EuSe dargestellt. Der starke Anstieg der Kurve fiir EuO in der Umgebung
von 2 eV ist typisch fiir das Verhalten von Halbleitern und Isolatoren knapp
oberhalb der Schwellenenergie. Er befolgt das hier iibliche Gesetz:

y=c(hy — E)® (c Konstante). (3)
T T T T T
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Fig. 1. Spektrale Abhiingigkeit der Quantenausbeute
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Fiir die Jonisierungsenergie E1 erhdlt man an EuO 1,7 4 0,1 eV. Die Messung
der Austrittsarbeit nach Kelvin liefert innerhalb der MefBgenauigkeit etwa den-
selben Wert. Ein weiterer starker Anstieg der Kurve zeigt sich in der Umgebung
von 3 eV. Versuchsweise kann hier eine zweite Ionisierungsenergie Es bestimmt
werden, unter der Annahme, da die Beziehung gilt:

y=clhy — E1)3 4 c'(hv — E3)3 (¢’ Konstante).

Der erste Summand wird aus dem niederenergetischen Teil der Quantenausbeute-
kurve erhalten. Er ist klein und spielt deshalb bei der Bestimmung von Ej keine
groBe Rolle. Die auf diese Art erhaltene zweite Ionisierungsenergie betrigt etwa
2,7 eV. Die Bedeutung der beiden Ionisierungsenergien kann im Zusammenhang
mit den Energieverteilungskurven interpretiert werden (im nachsten Abschnitt).
Es scheint, daB Eastman [3] nur diese zweite Ionierungsenergie bestimmt hat.

Die zweite Kurve in Fig. 1 zeigt fiir EuSe einen einfacheren Verlauf. Die
Tonisierungsenergie nach Gleichung (3) bestimmt, betragt: 4,5 4- 0,05 eV. In der
Arbeit [3] wurde dafiir ein Wert von 2,8 4 0,3 eV erhalten. Im Unterschied zur
vorliegenden Arbeit wurde jener Wert an Filmen, die Emission aus Verunreini-
gungszustinden zeigen, gemessen. Die Uberlegenheit von gespaltenen Einkristall-
Oberflachen gegeniiber diesen Filmen zeigt sich auch in der Schérfe der Strukturen
in den Energieverteilungskurven.

b) Energieverteilungskurven

In der zweiten und dritten Figur sind gemessene Energieverteilungskurven fiir
EuO und EuSe fiir verschiedene Photonenergien als Parameter aufgezeichnet. Die
Anzahl emittierter Elektronen (willkiirliche Einheiten) ist hier als Funktion ihrer
Energie aufgetragen. Angegeben ist nicht die kinetische Energie E der emittierten
Elektronen, die direkt gemessen wurde, sondern die Energie der Elektronen vor
ihrer optischen Anregung. Als Nullpunkt wurde das Ferminiveau gewéhlt.

Die Lage des Ferminiveaus wurde wie folgt bestimmt: An einem metallischen
Emitter, der in elektrischem Kontakt mit der Probe steht, wird gleichzeitig mit
der Messung an der Probe (bei gleicher Photonenergie) eine Energieverteilungs-
kurve aufgenommen. Die Energie der am metallischen Emitter beobachteten
Fermikante (bei 509, der Gesamthéhe) wurde sodann als Referenz gewihlt. Diese
Lage ist wegen der experimentellen Verbreiterung der Kante durch endliches Auf-
16sungsvermdgen mit einem Fehler von etwa 0,1 eV behaftet.

Die Normierung der Energieverteilungskurven beziiglich der Energie der ur-
spriinglichen Zustéinde erweist sich als zweckmiBig, da — wie sich im folgenden
zeigen wird — die Strukturen in den Energieverteilungskurven im wesentlichen
durch entsprechende Strukturen in den besetzten, also noch nicht angeregten
Zustanden, bestimmt werden. Die Energieverteilungskurven erstrecken sich mit
zunehmender Photonenergie nach immer tieferen Energien, da mit héheren Photon-
energien auch energetisch tiefer gelegene Zusténde zur Photoemission beitragen
kénnen.

Die Energieverteilungskurven in Fig. 2 und Fig. 3 zeigen bis zu drei Maxima.
Auffallend ist die von der Photonenergie unabhéngige Lage der beiden hoch-
energetischen Maxima von Fig. 2. Diese Strukturen werden den 4f- bzw. Valenz-
zustdnden zugeordnet [2], [3]. Das Maximum niedrigster Energie in Fig. 2 und



312 P. Cotti und P. Munz
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Fig. 3. Energieverteilungskurven gemessen an EuSe

Fig. 3 ist erst bei Photonenergien oberhalb 9 eV deutlich ausgeprigt. Ob es sich
auch hier um eine von der Photonenergie unabhingige Struktur handelt, kann
mit den zur Verfiigung stehenden Photonenergien nicht abgeklirt werden. AuBler-
dem konnen gestreute Elektronen in diesem Energiebereich einen wesentlichen
Beitrag zur EDC liefern.
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¢) 4f-Zustinde

Das bei der grofiten Energie liegende Maximum in Fig. 2 und Fig. 3 bei
—2,0eV bzw. —1,6 eV wird der Emission aus 4f-Zustdnden zugeschrieben. Es
ist relativ schwach ausgeprigt, in Ubereinstimmung mit Erwartungen fiir die
Wahrscheinlichkeit optischer Anregungen der 4f-Zustédnde. Deshalb wurde diese
Struktur noch mit vergréBerter Empfindlichkeit gemessen und dargestellt. Es
zeigt sich, dafl die in einer fritheren Arbeit [2] gemessene Stationaritdt dieses
Maximums in EuO auch im Bereich der Photonenergie von 6,5 ¢V bis 10,5 eV
weiterbesteht. Die Breite dieser Struktur bleibt iiber den ganzen Bereich der
Photonenergie ungefihr konstant. Dies zeigt, daf fiir das Entstehen dieser
Struktur die Anfangszustinde verantwortlich sind. Im Einelektronenbild ist dieses
Verhalten gemifl Gleichung (3) aus Abschnitt IT als Maximum in der Zustands-
dichte der besetzten Zustiande zu interpretieren. Der Schwerpunkt der 4 f-Zustdnde
liegt fiir EuO 2,0 eV und fiir EuSe 1,6 eV unterhalb des Ferminiveaus.

Die 4 f-Zustinde werden aber als sehr lokalisiert betrachtet, denn ihre Wellen-
funktionen befinden sich innerhalb des Xe-Rumpfes des Eu-Ions [11]. Die Photon-
energien der Vakuumultraviolett-Photonemissionsspektroskopie geniigen im all-
gemeinen nicht, um Emission aus lokalisierten Atomniveaus zu beobachten, wie
dies zum Beispiel mit der ESCA-Technik moglich ist. Die 4f-Elektronen zeigen
als Besonderheit eine geringe Bindungsenergie wegen der starken Coulomb-Ab-
stoBung zwischen den Elektronen dieser Schale [11]. Da die 4f-Elektronen unter-
einander stark in Wechselwirkung stehen, darf deren Verhalten nicht bedenkenlos
im Einelektronenbild interpretiert werden. Es mufl zumindest die Totalenergie &
der 4f-Elektronen betrachtet werden. Es gilt dann

EK—’I/P+¢= 5’S711—37FJ+¢:

wobei Ex die kinetische Energie des emittierten Elektrons und e&sg,, und &5,
Anfangs- bzw. Endzustand der 4f-Elektronen bezeichnen. Auch wenn &sg,, als
scharfe Energie zu betrachten ware, kann Ex wegen der Spin Bahn-Kopplung
des "Fy Multipletts in einem gewissen Energiebereich variieren. Ex — hy + ¢
ist bei der Emission aus 4f-Zustdnden keine eigentliche Einelektronen-Energie
der 4f-Zustéinde, kann aber beim Vergleich mit optischen Messungen als quasi
Einelektronen-Energie betrachtet werden. Ex — hv ist die erste Ionisierungs-
energie fiir diese Zusténde.

Die 4f-Struktur zeigt bei EuO eine Halbwertsbreite von etwa 1,1 eV. Das
7Fy Multiplett besitzt im Atom eine Breite von 0,63 eV [12]. Neben dem Multiplett
und der experimentellen Verbreiterung miissen noch andere Effekte, wie z.B.
Gitterrelaxationen um das 4f-Loch, zur Breite der 4f-Struktur beitragen. Auch
an Metallen zeigen Photoemissions- [13] und ESCA-Messungen [14] breite 4f-
Strukturen. Eine quantitative Erklarung dieser Tatsache ist vorldufig noch nicht
bekannt.

In letzter Zeit sind verschiedene weitere Arbeiten erschienen, die nachweisen,
daB die obersten besetzten Zustinde im reinen EuO, EuS und EuSe 4f-Charakter
besitzen:

Einen direkten Beweis liefert die neue Methode der Messung der Spinpolarisa-
tion von Photoelektronen von Siegmann et al. [15].

21 Phys. cond. Matter, Vol. 17
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Eastman [16] hat iiber die Energiecabhingigkeit der Matrixelemente den 4f-
Charakter dieser Zustinde nachgewiesen.

Eine OPW Bandberechnung wurde von Lendi [17] durchgefiihrt. Sie zeigt,
daB die 4f-Zustdnde in der Energieliicke liegen miissen.

Neueste Messungen der optischen Konstanten von EuS bei tiefen Temperaturen
von Giintherodt [20] zeigen im ersten Absorptionspeak sechs Strukturen, die dem
7F; Multiplett zugeordnet werden konnen.

d) Valenzzustinde

Die zweite, mit p bezeichnete Spitze in den Energieverteilungskurven der
Fig. 2 und 3 wird den Valenzzustdnden zugeschrieben. Im Gegensatz zu anderen
Messungen [3] erscheint diese Struktur in EuO im betrachteten Photonenergie-
bereich an der gleichen Stelle. Dieser Unterschied scheint daher zu riihren, daf3
in der Messung [3] vor allem bei niedrigen Photonenergien starke Verschmierungen
vorliegen, was sich vor allem an der zu groBen totalen Breite der Energievertei-
lungskurve zeigt. (Breite der EDC grofer als hy — Ey, E; Schwellenenergie.)
Nach der in Abschnitt IT dargelegten Theorie scheint diese Struktur p in Fig. 2
und 3 durch eine entsprechende Spitze in der Zustandsdichte der Valenzbénder
verursacht zu sein. Diese Interpretation steht in Einklang mit optischen Mes-
sungen [18]. Diese liefern energetische Abstinde von 2,9 eV und 1,5 eV zwischen
dem Maximum in der Zustandsdichte des Valenzbandes und dem Schwerpunkt
der 4 f-Zustinde.

Aus den Energieverteilungskurven in Fig. 2 und Fig. 3 lassen sich die ent-
sprechenden Werte von 2,8 bzw. 1,6 eV herauslesen. Fiir beide Substanzen findet
man also eine Ubereinstimmung zwischen der Photoemission und optischen Mes-
sungen innerhalb 0,1 eV. Der Abstand zwischen den 4 f-Zustéinden und dem Maxi-
mum in der Zustandsdichte des Valenzbandes nimmt dementsprechend von EuO
nach EuSe, also mit zunehmender Gitterkonstanten, ab. Beide Bandberechnungen,
nach der APW Methode [19] und nach der OPW Methode [17], zeigen eine solche
erhéhte Zustandsdichte am oberen Valenzbandrand.

Interessant ist der Vergleich von Energieverteilungskurven, gemessen an EuSe
zwischen Schichten Fig. 1 in [3] und an gespaltenen Einkristall-Oberflichen in
vorliegender Arbeit: Die Einkristallmessungen zeigen deutlich schirfere Struktur.
Die 4f-Spitze ist hier innerhalb des gesamten Photonenergiebereichs sichtbar,
wihrend im Fall der Filme [3] fiir Photonenergien grofer als 6,5 eV diese Struktur
héchstens noch als Schulter feststellbar ist.

Anhand der Energieverteilungskurven erklart sich die Bedeutung der ersten
und zweiten Yonisierungsenergie, die photoelektrisch an EuO gemessen wurde
(siehe a). Bei sehr stark erhéhter MeBempfindlichkeit zeigt sich in den Energie-
verteilungskurven von EuO ein Auslidufer besetzter Zustinde mit der Breite von
etwa 1 eV oberhalb der 4f-Zustinde. Diese sehr schwache Struktur ist Nicht-
stochiometrie und Verunreinigungen zuzuschreiben. Erwartungsgemifl hingt
diese Struktur vom Probenexemplar ab, wihrend der Rest der Kurven reproduzier-
bar ist. Bandkriimmungseffekte scheinen keine wesentlichen Stérungen;zu’ver-
ursachen. Die erste Ionisierungsenergie von 1,7 eV stellt also den Abstand:des
oberen Randes dieser Zustinde vom Vakuumniveau dar. Entsprechend bestimmt
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die zweite Ionisierungsenergie von 2,7 eV die Lage des oberen Randes der 4f-Zu-
stdnde in bezug auf das Vakuumniveau.

¢) SchlufBfolgerungen

Es zeigt sich, daB fiir die Europiumchalkogenide mit Hilfe der Photoemissions-
spektroskopie Resultate erhalten werden, die, wo vergleichbar, in Ubereinstim-
mung mit optischen Messungen sind. Dies deutet darauf hin, daB der Emissions-
prozeB vor allem durch Volumeneigenschaften bestimmt wird. Im betrachteten
Photonenergiebereich konnen die Energieverteilungskurven im Wesentlichen
durch die Zustandsdichte erklart werden. Die Photoemission kann also, zumindest
im Falle der Europiumchalkogenide, als Erginzung zu rein optischen Messungen
detailliertere, zusatzliche Information liefern.

Zum Schlu8 méchten wir Herrn Prof. Dr. G. Busch, dem Vorsteher des Laboratoriums
firr Festkorperphysik der ETHZ, fiir die Anregung zu dieser Arbeit und fir viele helfende
Hinweise herzlich danken. Die Arbeit wurde durch den,,Schweizerischen Nationalfonds zur
Forderung der Wissenschaftlichen Forschung® finanziell unterstiitzt.
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