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1. Introduction

Variational inequalities constitute one of the most vibrant branches of applied mathematics that have
been extended in a multitude of directions. While the classical variational inequalities deal with the
models with monotone process, the hemivariational inequalities involve nonmonotone relations described
by nonconvex subdifferential, which have evolved significantly in relation to multivalued, nonmonotone,
nonconvex optimization, and structural analysis (see, e.g. [1]). In the early 1980s, Panagiotopoulos first
introduced hemivariational inequalities in [2,3], which related to Clarke’s development of the generalized
gradient of a locally Lipschitz function. Hemivariational inequalities have been shown to be useful in a
wide range of phenomena, including nonsmooth mechanics, engineering, physics as well as economics. As
a result, a large number of applications lead to mathematical models expressed in terms of hemivariational
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inequalities. The theory of nonlinear inclusions and hemivariational inequalities with emphasis on contact
mechanics can be found in the monographs [4], in the extensive works [5—10] and in references cited therein.

The notion and study of differential hemivariational inequalities were first introduced in [11], for a new
type of hemivariational inequalities containing derivatives. This problem has progressed in a number of ways
recently, see [12-15]. Liu, Zeng and Motreanu initially proposed the idea of the differential hemivariational
inequality (DVHI) in [16], which is formulated by a hemivariational inequality and a nonlinear evolution
equation. A feedback iterative approach and backward Euler difference scheme were then introduced by
Migérski and Zeng [17] to investigate an abstract DHVI in the context of an evolution triple of spaces for
hemivariational inequalities. DHVIs can also serve as a powerful and useful mathematical tool to model-
reality problems like frictional quasistatic contact problem for viscoelastic materials with adhesion [18,19]
or dynamic frictionless viscoplastic contact problem [20,21].

To precisely state the problem under consideration, let (X, | - ||x) and (E, || - ||g) be two Banach spaces.
Let (U, || - ||u) be another Banach space, let U* refer to the dual of U with the corresponding dual pairing
(-,-). Suppose that H is a Hilbert space such that the embedding U C H C U* forms an evolution triple of
spaces. We consider a system which consists of a historical-dependent evolution equation problem combined
with a parabolic hemivariational inequality as follows:

2/ (t) = Az(t) + (Rz)(t) + F(t,z(t), u(t)), ae.tel:=][0,b], (1.1)

(/' (t),0) + (B, u(t), v) + JO(t, 2(t), Mu(t); Mv) > {g(t, x(t), u(t)), v), (1.2)

forae. tel, forallveU,
2(0) = x(b), u(0) = u(b), (1.3)

where A : D(A) C X — X is the infinitesimal generator of a Cy-semigroup {S(¢)}+>0 on X. The history-
dependent function R : L?(0,b; X) — L?(0,b; X) and the functions F : [ x X x H - X, M : H — E,
B:IxU —U* g: IxX xH — H are given which will be specified in the next sections. For (t,z) € I x X,
the notation JO(¢,z,- ; -) represents the generalized directional derivative of the locally Lipschitz mapping
J:IxXxE—R

Let us briefly discuss the above system. When R = 0, (1.1)—(1.2) was studied in [22]. The authors
discussed the solvability and properties of solution sets, then they treated the long time behaviour of
solutions by proving that there are pullback attractors for multivalued processes associated with DHVIs.
The history-dependent operators appearing in (1.1) allow us to express the dynamical systems combining
with the previous state. Results on history-dependent differential variational-hemivariational inequalities
were investigated in [23], and several kinds of evolutionary differential variational-hemivariational inequal-
ities were discussed in [15]. For further application of differential hemivariational inequalities involving
history-dependent terms, we refer to [24].

It turns out that studying the periodic problem plays a crucial role in many applications and various
processes coming from reality-phenomena in various mechanical models. In theoretical problems, periodicity
is a common important feature of many dynamical systems. The existence of periodic solutions of dynamical
systems, differential variational inequalities and some related forms has been studied in [25-29]. To the best
of the authors knowledge, up to now, in the literature, there still has not been any study on periodic solutions
for the differential hemivariational inequalities (1.1)—(1.2), and that is the main motivation of our paper.

The approach used in this work is in the spirit of techniques in variational analysis (surjectivity lemma),
in some fixed point arguments and in the theory of measure of noncompactness (which is very useful tools
and widely used in fixed point theory). The results on the existence of periodic solution for parabolic
hemivariational inequalities as well as for differential hemivariational inequalities are established.
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This article is structured as follows. First, we recall some basic definitions and fundamental properties
of generalized Clarke directional derivative and generalized gradient of a nonlocal Lipschitz functions, the
variational-constant formula for the solutions to Cauchy problem via the theory of semigroup in Section 2.
In Section 3, we state and prove the results on solvability to initial value problem and periodic problem
for the parabolic hemivariational inequality. Section 4 shows the existence of mild solutions and Section 5
provides results on periodic solutions for (1.1)—(1.2). In the last section, we discuss a contact problem in
solid mechanics under the impact of temperature.

2. Preliminaries
2.1. Generalized directional derivative and generalized gradient

Now we recall the notations and some facts about generalized gradient (see, e.g. [1]). It is known that
the generalized gradient is a replacement for the derivative. It can be defined for a very general class of
functions. Generalized gradient has an important role as the essential need to grapple with non-smoothness
as well as with absence of convexity appearing in many reality theories and applications such as optimization
and control problems, the viscosity solutions and optimal design, variational methods, etc.

For a Banach space E, a function J : E — R is called to be locally Lipschitz, that means, for each u € E,
there exist a neighbourhood N(u) of w in E and a constant L,, > 0 such that

|J(’U,1)—J(U2)| SLuHul —UQ”E, Yuq, us EN(U)

Let J°(u;v) be the generalized (Clarke) directional derivative of J in the direction v € E at the point u € E
defined by
J(z+ M) — J(z)

J%(u;v) = limsup 3

A—=0T, z—u

The generalized gradient of J: E — R at u € F, denoted 0J(u), is a subset of E* given by
dJ(u) = {y € E*| J°(w;v) = (,v), Vv € E}.

The following proposition formulates some results concerning the characteristics of the generalized gradients
and the Clarke directional derivatives for locally Lipschitz functions.

Proposition 2.1. Let J: E — R be a locally Lipschitz function. Then, the following statements hold:

(i) For each u € E, the function E > v — J%u;v) € R is positively homogeneous, subadditive, and the
estimate
|J(u;v)| < Lu|v||g, Yv € E

holds, where L, > 0 stands for the Lipschitz constant of J near u.
(ii) The function E x E > (u,v) — JO(u;v) € R is upper semicontinuous.
(iii) For any v € E, one has J°(u;v) = maz{(u*,v)|u* € 8J(u)}.

2.2. Monotone operator and surjectivity result

Let U be a Banach space with its dual U*. We introduce the following definition for a single-valued
mapping from U to U*.

Definition 2.1. A single-valued operator B : U — U* is called:
3
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(i) monotone if
(Bu — Bv,u —v) >0,
for all u,v € U,
(ii) strongly monotone if there exists a constant Mp > 0 such that

(Bu — Bv,u —v) > Mpl|lu —v||?,

for all u,v € U,
(iii) pseudomonotone if B is a bounded operator; moreover, for all sequence {u,} C U with u,, — u weakly
in U and lim sup{Buy, u, —v) < 0,Yv € U, then

(Bu,u — v) <liminf(Buy,, u, — v),

(iv) demicontinuous, if the mapping u — (Bu,v) is continuous for all v € U, i.e., B is continuous as a
mapping from U to U* with weak topology in U*.

Definition 2.2. The multimap B : U — P(U*) is called pseudomonotone associated to D(L) (so-called
L-pseudomonotone), where the operator £: D(L) C U — U* is linear, closed, densely defined, and maximal
monotone, if

(i) for each u € U, the set Bu is nonempty, closed, bounded and convex in U*;

(ii) B is an upper semicontinuous mapping from any finite-dimensional subspace of U to U* endowed with
the weak topology;

(iii) for any sequence {u,} C D(L) and any sequence {u}} C U* with the followings:

U, — u weakly in U,
Lu, — Lu weakly in U™,
uy € Bu, for all n in N,
uy — u* weakly in U*,

lim sup,, _, oo (u, u, —u) <0,

we have v* € Bu and lim,, oo (U}, un) = (u*, u).
We now state the surjectivity result that will be used in the next section.

Lemma 2.2.  Suppose that U is a reflexive, strictly convex Banach space, L : D(L) C U — U* is a
densely defined linear mazimal monotone operator and T : U — 2U" is bounded, coercive and L-generalized
pseudomonotone, then

Range(L +T) =U*.

The proof of Lemma 2.2 can be found in [30, Corollary 1, p. 610] for T single-valued and in [16] for T
multivalued.

2.8. The Cauchy problem generated by the (unbounded) linear generator

Let X be a Banach space, a family of operators {S(t): X — X}, is said to be a one-parameter
semigroup if the following statements hold:

(i) S(0) = Id where Id is the identity operator on X;
(if) S(t+s) = S(t)S(s) for all t,s > 0.
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The semigroup {S(t)},5, is a Co-semigroup (strongly continuous) on X if for each € X, we have
lim,_,o+ [|S(t)z — 2| x = 0. The semigroup {S(t)},5 is called to be:

(a) exponentially stable if there are positive numbers P, such that
1S)lzx) < Pe " for all t > 0;

(b) compact if for each t > 0, S(t) is a compact operator.

The operator A : D(A) C X — X is called to be a generator of the strongly continuous semigroup {S(¢) }+>0
on X if

1
Az = lﬁ% E(S(h):r — )

which its domain
D(A) = {z € X : the map t — S(t)x is differentiable}.

Now we examine the linear Cauchy problem as follows

a'(t) = Ax(t) +g(1),
z(0) = zo.

Then the variational-constant formula for the solutions to (2.1) is given by

t
x(t) = S(t)xo +/ S(t— s)g(s)ds.
0
The well-known Schauder fixed point theorem which the original proof can be found in [31] reads as follows.

Lemma 2.3. Let D be a nonempty compact convex subset in a Banach space E. Then the continuous
mapping F : D — D has a fized point.

2.4. Measure of non-compactness

In this subsection, we briefly review basic notation and results of the theory of measures of noncompact-
ness in Banach spaces which are needed in the paper. For more details, we refer to the monographs [32].
Let E be a Banach space and we define:

B(E)={B € P(F) : B is bounded}.

We first recall definitions and properties of measures of noncompactness.

Definition 2.3. A function 3 : B(E) — R™ is called a measure of noncompactness (MNC) in E if
B(eof?) = (£2) for every 2 € B(E),

where ¢of? is the closure of the convex hull of 2. An MNC f is called

(i) monotone if {2y, £ € B(E), £ C {2, implies 5({%) C S(f21);

(ii) nonsingular if 8({a} U 2) = B(£2) for any a € E, 2 € B(E);

(iii) invariant with respect to union with compact set if S(K U 2) = 3(£2) for every relatively compact set
K C Fand 2 € B(E);

(iv) algebraically semi-additive if for any 2y, 4 € B(E) we have 5(£20 + 1) < () + B({);

(v) regular if 3(£2) = 0 is equivalent to the relative compactness of 2.

5
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Well-known examples of measures of noncompactness satisfying all of the above properties are the
Hausdorff MNC and the Kuratowski MNC, defined by

x(£2) = inf{e : 2 has a finite € — net},
a(f2) = inf{e : 2 admits a partition into a finite number

of sets whose diameters are less than e},

respectively.
We recall the following statement (see [33, Proposition 2.5]) for the estimates related to the Hausdorff
MNC.

Proposition 2.4. Let D C L*(0,T; E) such that
(1) |€@)|| < v(t), for all § € D and for a.e. t € [0,T],
(2) X(D(®) < q(t) for a.c. t € 0,7

where v,q € L'(0,T;R). Then . .
W[ D@as) <4 [ a(s)as,
0 0

3. The initial value problem and periodic problem for the parabolic hemivariational inequality

herefOtD( sf{fo s)ds : £ € D}.

In this section, we study the existence and uniqueness of the solutions and the continuous dependence of
solutions to abstract hemivariational inequality problem on the time interval [0,b] with given initial data.
To get this purpose, we establish the following conditions imposed on the functions B, J, M, g as follows:

H(B) B :[0,b] x U — U* satisfies:

2) B(t,-) is pseudomonotone and demicontinuous for a.e. t € [0, b];
3) there are a positive number ap and a positive function np € L%(]0,b]; Ry) such that

(B) B
(1) B(+,u) is measurable on [0, ] for all u € U;
(
(
| B(t,v)||lvx < np(t)+ ag|v||ly, forall t€0,b] and v € U;
(4) B(t,-) is strongly monotone for a.e ¢t € [0, 0], that is, there exists a constant S5 > 0 such that
(B(t,u) = B(t,v),u —v) > Bpllu—v|E,
for all t € [0,b] and for all u,v € U.
H(J) J:[0,b] x X x E — R is such that:

(1) J(-,2z,v) is measurable for all z € X,v € F and J(¢,-,-) is continuous in X X F;
(2) J(t,z,-) is locally Lipschitz continuous for all (¢,z) € [0,b] x X;
(3) there ex1st ay >0 and n; € L*(0,b;R,) satisfying

10 (t, 2, v) ||+ < ns(8) + szl x + [0l 2),

for all (¢,z,v) € [0,b] x X x E.
(4) there exists a constant ; > 0 such that

(€1 — &, v1 —v2) > =By(lvr — v2llh + |1 — @2l x [lv1 — v2lE),

for every & € 0J(t,x1,v1),8& € OJ(t, x2,v2), 21,22 € X,v1,v2 € E.
6
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H(M) M is a bounded linear continuous operator from H to E (M € L(H, E)), we use the notation ||M||
referring to the norm of the operator M.

H(g) g:[0,b] x X x H— H is measurable w.r.t. the first variable, continuous w.r.t. the second and third
variables. Moreover, there is a positive constant oy satisfying

lg(t,z1,v1) — g(t, 22, v2) | < ag(lvr — va|g + [[71 — 22||x),

for all z; € X,v; € H (i = 1,2), and |g(-,0x,0m)||zr == 74(-) € L*(0,b;R,), where Ox and Op stand for
the zero elements of X and H, respectively.

H(0) Bp > max{(as||M| + ay)¢? (Bs||M]||? + ay)¢?}, where £ stands for the embedding constant from U
into H.

Let z € C(]0,b]; X), ug € U be given, we consider the following hemivariational inequality:
(W (t),0) + (B(t, u(t),v) + JO(t, a(t), Mu(t); Mv)

> (g(t,x(t),u(t)),v), Yo € U, for a.e t € [0,],
u(0) = up.

—
N =
NN

We have the existence result for (3.1)—(3.2).

Lemma 3.1.  Suppose that the hypotheses H(B),H(J),H(M),H(g) and H(0) hold. For each x €
C([0,0]; X), the problem (3.1) and (3.2) admits at least one solution. The solution is unique. Moreover, there
are two positive numbers 3, p > 0 with 8 = Bp — (Bs||M||* + ay)0? and p = B;||M| + a4 such that

Jur (t) — w2 (t)| 7 < €7 |ur (0) — u2(0)] + P/O e P |y (5) — 22(s)| xds, (3.3)

where uy and us are the unique solutions to the problem (3.1)—(3.2) with respect to the given input continuous
functions 1 and xo on the time interval [0,b].

Proof. We divide the proof into several steps as follows.

Step 1: The existence of a solution with the initial condition.

This statement can be proved by using the surjectivity result. We introduce the following functional
spaces:

U = L*0,b;U),
H = L*0,b; H) = A,
w* = L*(0,b,U*),
W o={weUw €U},

then we get the following inclusions
WU CH=H"CU".
We denote ((-,-)) the pairing between % and % *. Let % : % — % * defined by:

B(u)(-) = B(t,u(-) +uo) — g(-, (), u(-) + uo),
(B(u)(t),v) = (B(t,u(t) + uo) — g(t, z(t), u(t) + uo), v),

The function J can be stated by:

._7:%—)2%*,
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J(w)={veH: vt)e M OJ(t,x(t), Mu(t) + Mug)}.
Put

T U —27"
T(u) = Bu+ Ju,
L DL CU = u,
Lu=1,
D(&)={ue v e€%* and u(0)=0}C ¥,

Then the system (3.1) and (3.2) can be read as:
ZLu+Tu>0.

We have the basic properties of T listed below:

(i) T is bounded;
This is evident based on the boundedness of the operator & : % — % * and the multivalued mapping
J from % to 2%,

(ii) T is coercive;
Let uw € % and u* € J(u), we get

—((u*,w)) < T°(u; —u)
< max{((w, —u))|w € 9F (v)}

b
< max {/ (w(t), —u(t)) o+ adtlw € 0J(u)}
0

b
S/O [u(@) [ M| (. (8) + s (2 ()l x + [[w®)]z))dt
< IM|[CPaylullg, + 1M (asllzleqosx) + 1151 z205) lull 2.
Hence, J is subcoercive. Moreover, by using H(B) and H(g), one has
(B(u) — Bv,u—v)) > (B — agl?)||u—v|%, Yu,v € %.

Then, it follows from the condition B > (ag + || M||as)¢? that B + J is coercive.

(iii) 7 is a .Z- generalized pseudomonotone operator.
Because J has nonempty, convex and weakly compact values of % *, it is straightforward to get that
Tu is nonempty, convex and weakly compact in % * for each u € % .
The mapping J has a sequentially closed graph in % with weak-% topology. Taking in mind that
it is also locally relatively weakly compact map in [34, Lemma 7.10], we have that J is also upper
semicontinuous in this topology. Therefore, from H(J) it follows that T is upper semicontinuous from
every finite-dimensional subspace of % into Z* with weak topology.
Now let y,y, C D(Z) such that

Yn — y weakly in %,

L (yn) — £ (y) weakly in %*,
Y € Byn + T (yn),

Y — y* weakly in % .

8
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and we assume that limsup,, ((y5, yn)) < ((y*,y)). Then,
Y = Uy + wy with uy, = By, w; € T (yn)-

Since the embedding % C 2 is compact, then y,, — y in % . Moreover, from the boundedness of the
map J, we pass (up to a subsequence, if necessary) to assume that there exists w* € Z* such that

w; — w* weakly in 2.
Since J has the sequentially closed graph, there is w* € J(y) such that

lim sup((uy,, yn)) + {(w”, y)) = limsup{{uy, yn)) +lim{(wy, yn))

= limsup((u,, + w;;, yn)) < ((¥*, ¥))-

n

Then,
lim sup((u},, yn)) < ((u*,y)),

n

here u* = y* — w*. Furthermore, we have

Uy =Yy, — Wy, = Y —w* =u* weakly in %*.

By hypothesis H(B), % is £-generalized pseudomonotone, u* = %Ay and one obtains that

(Wn>yn)) = (wry yn)) + (un, yn))
= ((w*, ) + ((u,9)) = (", v))-

So, T is a generalized pseudomonotone operator with respect to D(.Z).

Moreover, % is linear and maximal monotone [35, Proposition 32.10 ]. Then based on Lemma 2.2, there
exists u € # such that:
Lu+Tu>0.

Step 2: The uniqueness of solutions.
Now we shall verify that the system (3.1)—(3.2) possesses a unique solution. Given x(-) € E, let u;(i = 1, 2)
be solutions of the problem (3.1)—(3.2) with u;(0) = ug. Therefore, we deduce that

ui(t) + Bt ui(t)) + M*&i(t) = g(t, x(t), ui(t),

where &;(t) € dJ(t, z(t), Mu,(t)). For t € [0, b], we subtract the above two identities, then multiply the result
by w1 (t) — ua(t) to have

2 fur() — us(0)% + / (B(s, ua(s)) — Bs, ua(s)), ua(s) — uz(s))ds
+ / (M*€1(5) — M*€a(s), 1 (5) — ua(s))ds
- / (9(5, 2(5), ur(5)) — g(5, 2(5), u(5)), s (5) — wa(s))ds.

Based on the monotonity of the operator B w.r.t second variable and the assumption H(g), we obtain that

(0 = ua(t)y = B [ 1Mus () = Mua(o) s < [ fun(s) = wa(o)ly .

9
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which implies that ,
ur (t) — ua(t)[; < 2085 MIJ* + o) / Jur (5) — ua(s)[7; ds.
0

It follows from Gronwall inequality that u;(¢) = uz2(t) on [0, b].
Step 3: The continuous dependence on initial values ug and the given function z.
We take w;(-),i = 1,2 are the unique solutions to system (3.1)—(3.2) corresponding to x;(-) €
C([0,0]; X),i = 1,2, that is,
uy (t) + B(t,ui(t)) + M*&1(t) = g(t, 21 (t), ur(t)), &1(t) € I (¢, 1 (L), Mus(t)),
uy(t) + B(t,ua(t)) + M*Ea(t) = g(t, 2(t), ua(t)), &2(t) € OJ (¢, wa(t), Mua(t)).

Let us multiply the above two equations by w1 (t) — u2(t) to have

1d
5 5 b (0) — wa ) + 2 () — w0

= BlIM|? [ur(t) — ua ()3 = Bl M|z (t) — w2(8)l|x |ur () — ua(t)|

< {uy(t) —un(t), ur(t) — ua(t)) + (Bt ur(t)) — B(t, ua(t)), ur(t) — ua(t))
+ (M*&(t) — M™&(t), ur(t) — ua(t))

= (g(t, x1(t),ur(t)) — glt, w2(t), uz(t)), ua (t) — uz(t))

< agur () = ua(8)| % + agller (t) = wa(8)l|x |ur () — ua(t)]  »

which implies that

g lm® - us ()| < =B lua(t) — ua(t)[3; + pllza(t) — 22(t) | x lur (t) — ua(t)lp »
where
_ BB 2
§= "2~ (B MIP +ay) >0

p=|IM|Bs+ ag>0.
Thus, it follows from the latter inequality that
d d
ST un (1) — uat)}) = 2862 ur (1) — wa(8)[} + ¢ L s (8) — wa(8)}
< 20”7 Ju () — ua(t) |y 21 () — w2(1)|x,

By integrating this inequality from 0 to ¢, we yield
S (0) — wal0) < 3 s (0) — wa(0)
+ P/Ot e |la1(s) — w2(s) || x [ua(s) — uz(s)ly ds.
This allows us to infer that
(€ Jur (1) = ua(t)] )? < Jur (0) = uz(0)3
0 [ L) = wats) s () — sl s
This inequality together with [36, Lemma A.5, P. 157] leads that
P ur9) (0l < s (0) — a0+ [ o)~ aalsl

which deduces that the continuous dependent estimate is true. The proof is complete. [

10
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Now it turns into the periodic problems for the hemivariational inequality as follows: Let = € C([0, b]; X)
be given satisfying x(0) = x(b), we find the solution u(-) such that

(' (),v) + (B(t,u(t)), v)

v +

JO(t, x(t), Mu(t); Mv)
(g(t,z(t),u(t)),v), Vv € U, for a.e. t € [0,b],
u(b).

u(0)

The following facts hold in our consideration.

(Hp) Assumptions H(J), H(B), H(M), H(g) and H(0) satisfy. In addition, the maps B, J, g are periodic in
time with period b. That means:

B(0,u) = B(b,u), Yu e U,

J(0,z,u) = J(b,z,u), Ve e X,ueU;
g(o’m’ u) :g(b’ z,“)? vx 6 X'

Then we obtain the following results on the existence of a periodic solution to (3.4)—(3.5).

Theorem 3.2. Let H(B),H(J), H(M), H(g), H(0) and (Hy) hold. Then the problem (3.4)—(3.5) has a unique
solution. Moreover, we have the following estimates:

b
[u1(0) — u2(0)| 5 < Ti_m;/o e P9 |2y (s) — wa(s)| x ds, (3.6)

where ui(+), us(+) are solutions of (3.4)—(3.5) corresponding to the given input functions x1(-), x2(-). Further-
more, we have

e Bp b b—s
lu1 (t) — u2(t)| g < 7_51;/ e 7|21 (s) — wa(s)||xds
0

< T
t
i / ePE=9) |z, () — o (s) | xds, (3.7)
0
for allt €[0,0].

Proof. Similarly as the proof of Lemma 3.1, we set

A - D($1) CU — %*,
Lv=1,
D(A)={veW v0)=uv()}

It follows from Proposition 32.10 of Zeidler [35] that . is a densely defined maximal monotone function.
By surjectivity lemma, we can obtain the existence of solutions to (3.4)—(3.5). Let u1 (-), uz2(+) be the periodic
solutions to (3.4)—(3.5) with respect to input functions z1(-),z2(-) € C([0,b]; X). Then it follows from the
estimate (3.3) and the periodic conditions u(0) = uy(b), u2(0) = uz(b) that

b
41 (0) = u2(0)| ;7 < €™ *[ur (0) — ua(0)| 7 + ,0/0 e P21 (s) — wa(s) | xds,

which implies (3.6). A straightforward argument by using (3.3) again implies that (3.7) holds. The proof is
complete. [

11
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4. Mild solutions to initial value problems for DHVIs

In this section we consider the following problem:

2/ (t) = Az(t) + (Rz)(t) + F(t,z(t),u(t)), for a.e. t >0, (4.1)
(W' (t) + B(t,x(t), u(t)), v) + JO(t, a(t), Mu(t); Mv) > {g(t, z(t), u(t)), v), (4.2)
forall ve U, fora.e. t>0,

z(0) =z, u(0) = uo, (4.3)

for given (xg,ug) € X x U. We add the condition for the linear operator A as follows:

H(A) A is a generator of a Cy-semigroup {S(t)}i>0 on X.
H(F) F:[0,b] x X x H— X satisfies that

) F
(1) F(-,z,u) is measurable on (0, b);
(2) There are the nonnegative functions mp(-),nr(-) € L*(0,b) such that

[F(t,z,u) = F(t,y,v)lx <mp(t)|z—yllx +npt)|u—oly,
forallt €[0,b],z,y € X and u,v € U.
H(R) R: L?(0,b; X) — L?(0,b; X) is a history-dependent operator, that is, there is cg > 0 such that
t
[(Rz)(t) — (Ry)(t)]x < CR/O |z(s) — y(s)llxds,
for all z,y € L?*(0,b; X), a.e. t € (0,b).

Definition 4.1. A pair of functions (z,u) € C([0,b]; X) x L?(0,b;U) is called a mild solution to DHVI
(4.1)—(4.3) if and only if the following facts hold:

z(t) = S(t)xo + /0 St —s)[(Rx)(s) + F(s,z(s),u(s))]ds (4.4)
(0 (8) + B(t, 2(8), u(t)), o) + JO(0, 2(8), Mu(t); Mo) > {g(t,a(t), (1)), v), (15)
forall veU, fora.e. t>0,

Theorem 4.1. Suppose that H(A), H(B), H(F),H(R), H(J), HM), H(g) and H(0) hold. Then there exists at
least one mild solution for the problem (4.1)—(4.3). Moreover, this solution is unique.

Proof. Initially, we consider the system:

(/' (t) + B(t, z(t),u(t)),v) + JO(t, x(t), Mu(t); Mv) > (g(t, z(t), u(t)),v), (4.7)
forall veU, fora.e t>0,
u(0) = up, (48)

Based on Lemma 3.1, the latter system has a unique solution u(-) € % and we have the estimate (3.3). We
denote by SOL(x, ug) the solution of (4.7)—(4.8) with respect to the initial datum ug and the given function
2(+). Then we can rewrite (4.4)—(4.6) by
¢
x(t) = S(t)zo + / S(t — s)[(Rx)(s) + F(s,z(s), SOL(z,up)(s))]ds, (4.9)
0

12
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u(t) = SOL(z,ug)(t). (4.10)
Let us be fixed zq, up, we consider the solution map by
G: C([0,0]; X) = ([0, b); X),
G(x)(t) = S(t)zo + /Ot S(t — s)[(Rx)(s) + F(s,z(s), SOL(x,up)(s))]ds.
Then we have the following estimates:

1 (s, 2(s), SOL(x, u0)(s))l| x < mp(s)|z(s)llx +nr(s)[SOL(z,u0)(s) 5
+ ”F(O’ 0, O)HX

< me(@)le@)ls +ne(E) e il +p [ loo)lxds)
1F(0,0,0)1x

< me(@)la(o)lx + ne(s)o [ o)l xdr
T np($)luol g + 1F(0,0,0)1x,

thanks to H(F'). Moreover, it follows from H(R) that
[(Rz)(s)]|x < CR/O ()l xdr + [|(RO)(s)[|x-

Combining the above estimates, we get:

6Ol < Plaollx + 7 [ (en [ le)llxar + 100G ) s
w2 [ (metootolx 4o [ lexar) as
7 [ el + FO.0.0)]x) ds
< Plaollx + Poer [ e)lxcs + P [ 1006 ]xds
+P/nw wunu@+Pg/nF /nz|u¢
7 [ el + 1FO.0.0)]x) ds

< [ mig(s)la(e)xds + mag )

where
P = sup [[S()|cx),
te[0,b]
mig(s) = P(bcr + mp(s) + pllnell p1(op);
mag(t) = P(||zollx + (RO L1(0.4) + w0l InFllLr(0,)) + PLIF(0,0,0)]| x.
Denote

Dy = {x € C([0,b; X) : [lz(t)llx < =(t)},

13



N.T.V. Anh, N.M.Q. Nghi and T.T. Chuc Nonlinear Analysis: Real World Applications 73 (2023) 103919

where @ (-) is the solution of the following integral inequality:

¢
w(t) < / mig(s)w(s)ds + mag(t).
0
Then it is obvious that Dy is a closed, convex subset of C([0,b]; X) and
G(Do) C Dy.

Set
Djy1 = c0G(Dy),k =0,1,2,...

here, the notation ¢o refers to the closure of the convex hull of a subset in C([0,]; X). It is easy to see that
Dy is closed and convex. Furthermore,

Dy+1 C Dy, for all k€ N.

Let D = (p—y Dk, we have that D # (. Indeed, we will begin to prove that p;(¢) == xx(Dx(t)) — 0 as
k — o0, here xx stands for the Hausdorff measure of noncompactness on X.

If {S(t)} is compact, then ug(t) = 0,Vt > 0. On the other side, we use the estimate regarding to MNC
as follows:

mra(f) < xx ( /0 St = s)(RDk)(S)dS)
+Xxx (/O S(t — s)F(s, Di(s), SOL(Dx, Uo)(S))ds)
< 413/0 XX(RDk)(S)ds+4P/(J Xx (F(s,Dy(s), SOL(Dy, u)(s)))ds,

thanks to Proposition 2.4. Let x,y € C([0,b]; X), then,

| F(s,2(s), SOL(z,u0)(s)) — F(s,y(s), SOL(y,u0)(s)) | x < mr(s)l|lz(s) —y(s)lx
+ np(s)[SOL(x,u0)(s) — SOL(y, uo)(s)|

< mr(s)es) ~ sl + pne(s) | "B () — y(r) | br
< mr(s)es) ~ sl + pne(s) | la(r) — y(r)] g

Moreover, s
G (RDL(s) < dee | xx(Dulr))dr,
0

Therefore,
Xx (F (s, Di(s), SOL(Dy, uo)(s))) < mp(s)xx (Dr(s)) + 4pnr(s) /08 xx (Dy(7))dr,
which implies that
/O x (RDy)(s)ds + /0 x (F(s,Dy(s), SOL(Dy, o) (s)))ds
< A (mp(s) + 4CRb)Xx(Dk(S))d$ + 4/)/0 TLF(S) /)S Xx(Dk(T))deS

t
< [ (mr(s) +deb + dplinel 0. xx(Di(s))ds,
0

14



N.T.V. Anh, N.M.Q. Nghi and T.T. Chuc Nonlinear Analysis: Real World Applications 73 (2023) 103919

due to Proposition 2.4 again. Thus,

t
pra(t) 4P [ (mis) + dend-+ el ) xx (Puls)ds.
0
It is equivalently .
s (6) AP [ (mi(s) +denb+ aplnel o) e (5)ds.
0

Putting f1e0(t) = limg o0 k() and passing to the limit, we obtain

t
poelt) 4P [ (mr(s) + b+ dplnel o ) o (5)ds:
0

It can be deduced from the Gronwall inequality that pe(t) = 0 for all t € (0,b). Now, we prove that
D # 0. Let x3, € Dy, k > 1 as follows
Zo =0 € Dy,
z1 = G(&o),

Tpy1 = G(k).

Then, we have

Xx({xk(t) ke N}) = Xx({l‘k(t) ckeN k> N}),VN e N,

xx({xx(t): keNk>N}) < xx(Dn(t)) >0 as N — oo.
Thus,

xx({zg(t) : k e N}) =0.

On the other hand, {z}} is integrably bounded in view of the integrable boundedness of Dy. Then, based
on [25, Proposition 3.5], the set

{/t S(t — s)(Rxy)(s)ds + /t S(t— s)F(s,xx(s), SOL(xk,ug)(s))ds: k> 1}
0 0

is relatively compact in C([0,d]; X). We deduce that
t
G({zk : k e N}) = S(t)xo + {/ S(t — s)(Rxk)(s)ds
0

Jr/o St —s)F(s,xr(s), SOL(xk,up)(s))ds: k> 1}

is also relatively compact. Hence, by taking a subsequence of {zj}r>1, without generality, assume that
xp — x* as k — oo in C([0,b]; X). Thus z* € D, so D # 0.
It is easily seen that D is a closed convex subset of C'([0,5]; X) and the relation

Gg(D)cD

holds. Moreover, by the aid of the growth property of F' then for each k > 1, F'(s,D(s), SOL(D, up)(s)) is
integrably bounded. Thus, D is an integrably bounded set.

As pio(t) = 0 for all ¢ € [0,b], we obtain that D(¢) is relatively compact for all ¢ € [0,b]. By [25, Proposition
3.5], { J; S(- = s)F(s,D(s), SOL(D, ug)(s))ds} is a relatively compact subset in C([0,8]; X). Then G(D) is
also relatively compact in C([0, b]; X).

15
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Denote

O =G (D).

It can be easily seen that O is a nonempty compact convex subset of C([0,T]; X) and G(O) C O because
G(0) = G(eG(D)) € G(D) C G (D) = O.

We now consider the mapping G : O — O. In what follows, we prove G is a continuous map. Let =, € O
with z, — z* and y, = G(x,) with y,, — y*. Then

Yn(t) = S(t)zo + /0 S(t—s)(Rxyn)(s)ds + /0 S(t— s)F(s,xn(s), SOL(zy,uo)(s))ds.

By the continuity of F' and the condition H(R) we can pass to the limit to get that

(1) = S(t)o + /O S(t — 8)(Ra*)(s)ds + /0 S(t — 8)F(s, 2" (s), SOL(z", uo) (s))ds.

Taking in mind Lemma 2.3, the preceding Lemma 2.3, one obtains that G admits a fixed point x.
Let u(-) = SOL(x,uq), we assure that (x,u) is a mild solution for (4.1)—(4.3). The uniqueness result is
followed from the Lipschitz type condition of the perturbation F. [

From the compact embedding U CC H, if ug € H then there exists a sequence {u,o} C U such that
Uno — Up in H. By Lemma 3.1, for each z € C([0,b]; X), there is a sequence {u,} such that wu, is the
solution of (3.1)—(3.2) with initial condition u,o and {u,} converges to u € C([0,b]; H). Moreover, u is
unique for all possible choices of sample sequence u,g. In this case, for (zo,ug) € X x H, we can prove that
the system (4.1)—(4.3) has a unique mild solution and the estimate (3.3) is also valid.

5. Mild solutions to periodic problems for DHVIs

In this section we shall investigate the existence of mild solution to the problem (1.1)—(1.3). We replace
H(A) by H(A*) and we add the condition H} as follows:

H(A*) A satisfies H(A) and the semigroup S(t) is exponentially stable with exponent ~:
1Sl zx) < e 7,V > 0.

(Hf) The hypothesis H;, satisfies and F(0,z,u) = F(b, z,u) for every z € X,u € H.

For given xg,y0 € X and ug,vg € H, we consider the problem finding the mild solutions (z(),u(-)) and
(y(+),v(-)) of the following systems:

'(t) = Az(t) + (Ra)(t) + F(t, x(t), u(x)(t)), (5.1)

(u'(t) + B(t, u(t)),v) + JO(t, x(t), Mu(t); Mv) > (g(t, z(t),u(t)),v),Yv € U, (5.2)

z(0) = 2o, u(0) = uy, 5.3
and

a'(t) = Ax(t) + (Ro)(t) + F(t,2(t), u(z)(t)), 5.4

(' (t) + B(t,u(t)),v) + JO(t, x(t), Mu(t); Mv) > {g(t, z(t),u(t)),v),Yv € U, (5.5)

2(0) = yo, u(0) =1 5.6
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For t € [0,b], we have the following estimates:
[z(t) —y(®)llx < 1St (xo — yo)llx + /Ot 15(t = s)[(Rz)(s) — (Ry)(s)]|| x ds
+ /Ot 1St — 8)[F(s,x(s), u(s)) — F(s,y(s), v(s))ll| xds
< e "o — yollx + /Ot eI (Ra)(s) — (Ry)(s) ]| xds
+ /OtBW(ts)llF(S’I(S)’U(S)) — F(s,y(s),v(s))l xds
<o =l -+ [ e [ fotr) - o)l xards
+ /Ot e mip|la(s) = y(s)llx +ngluls) = v(s)|)ds
< o —llx -+ (i be) [ 16) — y(s)lxds
#np [ uls) — o) s
where mj. = supg ) mr(t) and nj = supyg ;) nr(t). Moreover, one has
lt) = o0l <o = vl +p [ ¢ a(s) — o(6) s
Then combining the latter inequalities to obtain that
() = y(®)llx + [ult) = v(t) 7 < e (lzo — yollx + [uo — vol )
[0 = wl6)x + ) w6,
where k := max{m} +bcg +p; ny} and ¥ := max{~y; S}. Inspired by Gronwall-Bellman inequality, we have

() = yOllx + [ult) = v(®)]5 < e (llzo = yollx + [uo — voly)

t
4 / e (120 — yollx + |0 — vol y)re 9 ds
0

= e "(||zo — yollx + |uo — voly)

+ et (o — wollx + |uo — vo| 57) (1 — e~ )t
Y+ kK H
19677%+ e (I x +| )

= _— _— o — U — U .
I+ r 94k ) IF0T Yollx T T Yol

Theorem 5.1. Assume that assumptions H(A*), H(F), H(R), H(B),H(F), H(R), H(J), H(M), H(g), H(0) and
(H}) are fulfilled. Then the history-dependent DHVI (1.1)~(1.2) has a unique mild periodic solution with period

b, provided that:
k(0 + ke — Je — k)

Y+ K

swi=e 0 4 < 1. (5.7)

Proof. Since the existence and uniqueness results stated in Theorem 4.1, we can put

G:XxH—XxH;
17
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G(wo,uo) = (2(b), u(b)),

where (2(+),u(-)) is the (unique) mild solution of the problem (1.1)—(1.3) with initial condition z(0) =
Zo, u(0) = ug.
We can prove that G is a contraction mapping in X x H. In fact, we have

ﬁb(

1G (0, u0) = G(yo,vo)lxxmr < e ([[xo = yollx + [uo — vol )

b
+ H/O (Iz(s) = y(s)llx + [u(s) = v(s)ly)ds

< e (|lzo — yollx + |uo — voly)

sl + o ol [ (25 2 Y gy
o T ¥ollx Tito = ola) [\ 9k Ttk

< x(||lzo — yollx + [uo — volg)-

Taking into account 0 < s < 1, then G is a contraction mapping. Then it follows from the Banach fixed-point
theorem that G has a unique fixed point (z*,u*), namely G(z*, u*) = (*,u*). This fixed point is the initial
value from which the mild b-periodic (z(-),u(-)) solution of the problem (1.1)—(1.2) starts. The proof is
complete. [

6. Applications

In this section we apply our previous results to consider the periodic problems to a contact problem in solid
mechanics under the impact of temperature, which lead to a history-dependent differential hemivariational
inequality. Let {2 be a bounded domain in R? (d > 2) with C2-smooth boundary df2. The boundary 912 is
composed of three subsets 'y, I's and I's with the mutually disjoint relatively open sets Iy, I's, I's such
that meas(I1) > 0.

Here and below we are boldface letters for vectors and tensors. The notation v denotes the outward
unit normal on I" and i,j = 1,d. We also denote the partial derivative with respect to the corresponding
component of the spatial variable by the comma indicates, and sometimes omit the dependence of variable
x for simplicity. Moreover, we denote the space of second order symmetric tensors on R? by S, and the zero
element of R? and S? by 0. We introduce the inner product and norm on R% and S? by

u-v=uvj, |u=(u- u)% for all u = (u;),v = (v;) € RY,

o =0ymiy, ol = (@ o)} forall o = (o), = (7ij) € 5",

Also, the deformation operator € and divergence operator Div are formulated as follows

1 0 0
eij(w) = 5 (uij +uja), wig = 5 vy, uj = 5 —ui,
i J
e(u) = (ij(u)),

Dive = (Uij,j)'

Furthermore, the indices v and T represent normal components and tangential parts of vectors and tensors.
The normal and tangential components of:

18
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(i) a vector w on I' are formulated by v, = u - v and u, = u — u,v;
(ii) a tensor o on I" are formulated by ¢, = ov - v and o, = ov — o, V.

We consider the contact problem with normal compliance driven by a history-dependent dynamical system
stated in the following.
Find a displacement field w : [0,b] x 2 — R%, a stressfield o : [0,b] x 2 — S and a temperature
0 :0,b] x 2 — R such that

o(t)=Z(t,e(u(t))) inx € N2, t € (0,b), (6.1)
u'(t) + Diveo(t) = f(t,0(t) inx € 2, t € (0,b), (6.2)
u(t) =0on I'1,t >0, (6.3)

ot = ( Jon Iy, t €(0,b), (6.4)
—0y(t) € 0 (t,0(t), u (t)) on I3, t € (0,b), (6.5)
o.(t)=0o0n I3, t €(0,b), (6.6)

0'(t) — A0(t) = f(t,0(t),u(t)) +x/0t9(s)ds; inx € 2,te(0,b), (6.7)
O(t) =0o0n0f2, t >0, (6.8)

0(0) = 0(b), u(0) = u(b). (6.9)

We now present a short description of the equations. First, Eq. (6.1) is the viscoelastic constitutive law
for elastic materials in which % represents the elasticity operator, e(u) denotes the linearized strain
tensor. Eq. (6.2) represents the motion equation in which f, represents the density of the body forces
being impacted on temperature 6. Conditions (6.3) and (6.4) represent the classical displacement-traction
boundary conditions. They show that the body is fixed on I} and surface tractions of density f, act on I,
respectively. The inclusion (6.5) represents the contact law with normal compliance under the influency of
temperature 6, in which 07, denotes the Clarke subdifferential of a given function j,. It is to emphasize that
this condition models the contact with a deformable foundation. Finally, the relations (6.7)—(6.9) represent
the temperature 6 as well as the periodic conditions of our system, where x is a given positive number.
In order to investigate the above system, we establish the following hypotheses.

(Hz) The elasticity operator F : 2 x R x S — S? satisfying
(i) there exists Lz > 0 such that for all 1,e5 € S% a.e. x € 2,1 > 0,
|7 (z,t,e1) — F(x,t,€2)|| < Lz|e1 — eaff;
(ii) there exists mg > 0 such that for all €1,e5 € S%,a.e. © € 2,t > 0,
[F (x,t,61) — F(x,1,€3)] : (€1 — €2) = mzer — &2

(iii) for allt > 0,e € S, .7 (-, t,€) is measurable in 2 and for a.e. (x,t) € 2 x R, F(z,t,-) is continuous;
(iv) Z#(x,t,0) =0 for a.e. x € 2.
)

(v) Z(x,0,€) = F(x,b,€) for all x € 02,e € S°.

) For the densities of body forces f, and fo which f, depends on the temperature, fo: 2 xR xR — R%,
we assume

(i) fo(-,r,8) € L2(12,R?) for every r,s € R;

(ii) fo(x,-,-) is a continuous function in R? for every x € 2. Moreover, f(x,0,r) = fy(x,b,r) for all
x e ,reR,

v

(H
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(ili) || fo(x,t,y) — fo(x,t, 2)|la < a1ly — 2| for all x € 2,t > 0,y,z € R for some a1 > 0.
(iv) fo(t) € L3(Iy,RY),t > 0 satisfies:

1&(t,y) = B(L,2)[la < azly — 2],

forallt>0,y,z € R for some ag > 0.
(Hj,) jv: s x R xR xR — R is such that

(i) 4.(-,+,q,7) is measurable on I's x (0,b) for all ¢, € R,
(ii) ju(x,q,7, ) is locally Lipschitz on R, for each x € 2,q,7 € R.
(iii) |9, (z,t,q,7)| < K, (2, t)+K1|q|+r2|r| for some function rj, € L*(I'3x (0,b); RT) and for constants
K1 > 0,Kk2 >0,
(iv) the following estimate holds

(v1 —v2)(r1 — 1) > —PB4Im —7"2|2 — Bolr1 — r2llgr — o,

forall x € I's and t,q;,r; € Ryi=1,2,v; € Ijp(x,t,q5,7i),0 = 1,2,
(vi) ju(x,0,q,7) = ju(x,b,q,7) for all x € 2,q,r € R.

(H}) The function f: 2 xR xR x R? — R satisfying

(i) f(x,-,-,-) is continuous function on R x R?, for all x € 12,
(i) £(p,q,%) € L3(82), for all p,q € R, & € R,
(iii) there are nonnegative constants vy, ve such that

‘f(wapacbé) - f(w7p7/r7:':7>| < V1|q—’l"| +V2||i _@H’

forall x,y € 2.p,q,r € R, &, 9 € R
(iv) f(x,0,p, &) = f(x,b,p, &) forall x € 2,p € R, & € S°.

The abstract spaces given by the followings:

X =L*(N);

U={uec H(2,RY)u=0 ae onl};
H = L*(2,R%);

E = L*(I'5,R%);

U*=H ' (2,RY).

Since meas(I'1) > 0, it follows from the Korn and Poincare inequalities that U endowed with the inner
product and the norm

(u,v) = /Qs(u) ce(v)de, Yu,v e,
lullo = /Qe(u) ce(u)de, Yu e,
is a Hilbert space. Moreover, H is a Hilbert equipped with the inner product:
(o, T)y = /Q o(x): T(x)dx, Yo, T € H.
We introduce the following operator:

A= Ap;
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D(A) = H*(2) N HL(2).

It is known that from [37], the semigroup S(t) = €'/ generated by A is compact and exponentially stable,
namely,
”S(t)”[,(X) < eiAlta vt > 0,

where \; is the first eigenvalue of the Laplacian operator in the Dirichlet boundary condition. In this case,
~v = A1 and the condition H(A*) holds.

Let v € U, using the Green formula, then we split the surface integral on three integrals on I'1, I's and
I's and we use the identities (6.2), (6.4) to deduce that

/ u' - vdr + / o-(e(v) —e(u))dx = / Fo(t,0(t)) - (v—u)de —l—/ ov - (v—wu)dl
0 0 o rn
fa(t) - (v —w)dl +/ ov - (v—u)dl.
I’y I's
In view of the following identities

v—u=0 a.. on I,

ov-(v—u)=0, (v —u;)+o0,(v, —u,) ae on Iy,

/Qu’-'vdw—i-/Q (e(v) —e(u d:c—/fotet))

A fQ(t).(v_u)err/Fg oo (v dF—s—/Fd or - (vr — w, )T, (6.10)

we deduce that

On the other hand, it follows from the contact boundary condition (6.5) and the definition of the Clark
subdifferential that
ou(vy, —uy,) <32t 0(t),u,(t);v, —u,) a.e. on I,

therefore,

/ oy(vy, —u,)dl > 7/ 3ot 0(t), uy, (t); v, — w,)dl  a.e. on Is.
I's I's

We now combine the equality (6.10) with the latter inequality to get
/ u' - vdx —|—/ o (e(v) —e(u))de +/ 3O, 0(t), u, (t); v, — u,)dl
Q Q I

> / Fot,0(t) -vdx + [ fy(t) (v —u)dl. (6.11)
Q I

Finally, we substitute the constitutive law (6.1) in (6.11) to obtain the following variational formulation of
the system (6.1)—(6.5).
Find a displacement field w € U such that

u' - vdx v) —e(u))de M uy, (t); v, — Uy
/Q dz + / F(te(w)) : (e(v) — e(u))dz + / JOE 0(1), u (1) dr

I's

/ Folt,0(t)) - (v —u)dx + : fa(t) - (v—w)dl, (6.12)

forallveU.
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We define that

B: RxU—=U%
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wmwmzéy@mmw@m

J: IxXxFE—R,

Tty = [ v @yf@).u(w) da

feur, (fv)=

F: RxX xU— X;

Jo - vdl;

F(t,y,u)(w) = f(a:,t,y(m),u(w)),

R: L*0,b; L*(2)) — L?(0,b; L*(2));

(RO)(t) = X/ot 6(s)ds, 0 € L*(0,b; L*(02)).

M : H — E is the trace operator with the norm || M|,

g: RxXxH—H,

(g(t,y,u),v>:/ Folt,y(t)) - vde + fo(t) - vdlteR,y € X, u,veH.
n I’y

Then, we can verify that the abstract hypotheses H(B), H(J), H(M), H(g), (H}), H(A*) and H(R) hold with

the following constants:

my =V2u1, 0 =V 20,

B =mg,ap = Lg,

ay = kK2, By = B,

Qg = a1 + @,

CrR = X-

It is trivial to check the conditions H(M), H; and H(R). The hypotheses H(J), H(M), H(g) could be testified
by some standard computation similar to [17,20]. For H(F), we have the following estimates:

VF(t o) — F(t,2,0) 1 x = ( [ 1Pt - P z,v><w>|2dx) ’

= </Q (2, y(2), u(z)) - f(w,tvz(w),v(w))Ide>

< ([ mlvt@) - zal + mllute) - o(o)az)’

[N

< Vanlly =zl x + vV2veu = via.

This fact together with the continuity of f lead that all conditions in H(F) have been verified.
By using Theorem 5.1, we have the existence result of periodic solution to (6.1)—(6.9) given by the

following theorem.
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Theorem 6.1. Suppose that (H.z), (Hy), (H;, ), (H}) hold. Then the problem (6.1)~(6.9) has a unique mild
solution provided that:

mg > max { (B1]| M|]* + a1 + a2) 0% (k2| M||? + a1 + a2)?},
k(0 + ke — Pe™ % — k)

—9b
<1
S I+ kK ’
where
K = max {\/§V1 +bx + [|M||f1 + a1 + a; \/iug} ,
m
¥ = max {é—f — (BL||IM|]? + a1 + ozg);*yl} )
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