
IIEP-BAIRES, Universidad de Buenos 
Aires and CONICET, Buenos Aires, 
Argentina

Correspondence
Gabriel V. Montes-Rojas, Instituto 
Interdisciplinario de Economía Política, 
Facultad de Ciencias Económicas, 
Universidad de Buenos Aires and 
CONICET, Av. Córdoba 2122, C1120, 
Ciudad Autónoma de Buenos Aires, 
Argentina.
Email: gabriel.montes@fce.uba.ar

Abstract
This paper constructs a unified framework to evaluate the 
Marxian transformation models, where the exploitation 
rate is an endogenous variable determined within value and 
price of production systems. All different procedures are 
based on two different value-price invariance equations. 
These could be chosen among either two aggregate prod-
uct equations (gross or net output) or three capital invariant 
equations (total, variable or constant). Different combina-
tions of invariance equations result in most Marxian solu-
tions developed in recent decades. The solution does not 
imply that one model (prices) is logically prior to the other 
(values), but that in fact that the joint solution is needed.
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1  |  INTRODUCTION

The so-called Marxian transformation problem is at the core of the labor value theory. This relates 
to the conceptual and analytical map to transform labor values into prices of production. The 
problem arises as some value and price aggregates cannot hold simultaneously (see, for instance, 
Mohun, 1994 and Mohun and Veneziani,  2017). The Sraffian model (Sraffa,  1960) appears as an 
alternative consistent scheme of prices of production where prices, wages and the profit rate can be 
obtained without reference to the labor value system (see, e.g., Steedman, 1977), except for the fact 
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that exploitation is necessary for positive profits (a property defined as the Fundamental Marxian 
Theorem, Morishima, 1973).

This paper constructs a typology of the transformation problem solutions for the case where 
exploitation, surplus value and necessary labor are determined endogenously from a Sraffian prices 
of production simple reproduction scheme. Endogenous here means that the solution is not based on 
a subsistence or real wage bundle (as in the standard neo-Ricardian approach to the transformation 
problem), but it is solved jointly with the price variables. The analysis presented here is framed within 
Mohun and Veneziani's (2017) analysis of a classical long-period analysis and the dualist approach, 
in which there is both a value system and a price system. All the solutions are based on two different 
invariance equations, each of which equalizes two aggregates, one in values to another in prices. Each 
of the invariance conditions contains one price aggregate magnitude and a value aggregate magnitude 
on each side of the equality. Following Mohun and Veneziani's (2017) framework these equations are 
implicitly defining the value of money, units of labor time per unit of money, such that both sides of 
the equalities are expressed on the same measure. These could be chosen among either two aggregate 
product equations (gross or net output) or three capital invariant equations (total, variable or constant). 
Different combinations of invariance equations result in different Marxian solutions in the dualist 
approach. As a result, this paper proposes to frame the different solutions to the transformation prob-
lem in a unified framework that uses the value and price systems.

The proposed model follows Garegnani (1984) who claims that Sraffa-type equations strengthen 
Marx's model. This paper proposes to evaluate different so-called solutions of the transformation 
problem in terms of two specific dimensions. First, in terms of the Fundamental Marxian Theorem 
(FMT1) of Morishima (1973) that relates the profit rate to the surplus value. In a weak form, it states 
that there is profit only if there is exploitation. Second, in terms of an alternative comparison of value 
and price systems in terms of the necessary labor and wage, which will be defined as FMT2. In a weak 
form FMT2 would state that the necessary labor is positive only if the wage is positive.1

Moreover, the studied framework also explores if the Marxian system strengthens the Sraffian one, 
by proposing that the wage-profit curve indeterminacy in Sraffian models can be explained by the use 
of the additional labor value category from a joint model. The solution does not imply that one model 
(prices) is logically prior to the other (values), but that in fact that the joint solution is required for 
determining all the variables. This approach is thus motivated by Marx's original program of explain-
ing profit rates as a derivation of labor exploitation, and as such, it suggests that Marxian model also 
strengthens the Sraffian model. This is because we can focus on labor value categories (i.e. surplus 
rate) to explain variation along the wage-profit curve in the Sraffian framework.

The main idea to treat the Marxian exploitation rate or surplus value as an endogenous parameter 
coming from prices is taken from the ‘New Interpretation’ (NI), see, for instance, Foley (1982, 1986, 
2000), Duménil (1983), Glick and Ehrbar (1987) and other related papers. The central feature in the 
NI is that workers in a capitalist society are paid in money wages, and thus exploitation and surplus 
value should be analyzed in terms of the proportion of value added (in prices) that goes to workers. 
The NI is a special case where the value-price invariance in variable capital and in net output are used. 
It should be noted, however, that the NI is not a dualist approach.

Following the spirit of the NI, we argue that distributive value categories are not given a priori, and 
they need to be deduced ex post. Nevertheless, the NI is only one possible transformation procedure.2 
Other frameworks, such as Loranger (2004), are specifically designed to obtain an equivalence in the 
profit rate, although at a cost of having an endogenous wage rate. As noted in Montes-Rojas (2017) 

1 I am grateful to an anonymous referee for this conceptualization.
2 See Moseley (2000) and Fine, Lapavitsas and Saad-Filho (2004) for a critical discussion of the NI solution.
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this is in fact the result of two invariance equations based on gross output and total capital. Wolff, 
Roberts and Callari (1982) postulate the value-price invariance of constant capital in labor values and 
prices. Montes-Rojas (2017) evaluates a capital invariant solution based on both constant and variable 
capital invariance equations.

Eatwell (1975), Roberts (2009) and Araujo (2019) among others study the particular case of the 
use of the Sraffa's Standard Commodity where the equivalence of both price and value systems is 
maintained. Their specific model is based on the neo-Ricardian framework using a worker's consump-
tion bundle. We argue that this is yet another potential solution based on the list of invariance condi-
tions above, although it produces two independent systems where only with production based on 
a given proportionality (that of the Standard Commodity) can the solution be obtained without 
incompatibilities.3

The rest of the paper is organized as follows. Section 2 presents the main analytical framework. 
Section 3 proposes a set-up for the price and value solutions, while Section 4 explores the analytical 
derivations of all the cases involved. Section 5 presents a summary of the typology, while Section 6 
applies the latter to a numerical example. Section 7 concludes.

2  |  A UNIFIED VALUE AND PRICE FRAMEWORK

2.1  |  Labor value system

An economy is characterized by a Leontief input-output 𝐴𝐴 𝐴𝐴 × 𝑛𝑛 matrix, 𝐴𝐴 𝑨𝑨 with elements 
𝐴𝐴 𝐴𝐴𝑖𝑖𝑖𝑖 ≥ 0, 𝑖𝑖𝑖 𝑖𝑖 = 1, . . . , 𝑛𝑛 , that specifies the quantity of commodity i required to produce one unit of good 

j, and a 𝐴𝐴 1 × 𝑛𝑛 vector � ≫ 0 specifying labor units required to produce one unit of each commodity, 
��, � = 1, . . . , � . We assume that 𝐴𝐴 𝑨𝑨 is indecomposable and thus 𝐴𝐴 (𝑰𝑰 −𝑨𝑨)

−1 is positive, and the system 
is productive.

The labor values are given by a 𝐴𝐴 1 × 𝑛𝑛 vector 𝐴𝐴 𝝀𝝀 ≫ 0 that solves the following equation,

�� + � = �,� (1)

that is,

� = �(� −�)−1.� (2)

A key feature in Marxian labor value theory is the surplus value rate. This determines the ratio of 
the amount of value that is appropriated by capitalists as opposed to what is paid (in value) to workers. 
For the vector of labor components, � , we will decompose it in (1 − � + �)� for 𝐴𝐴 𝐴𝐴 ∈ [0, 1] , where 𝐴𝐴 𝐴𝐴 
is the portion of labor that is appropriated by capitalists (defined as the appropriation rate here for 
convenience) and 𝐴𝐴 1 − 𝛼𝛼 is the portion of labor that goes to the workers. Thus, we have �� is the vector 
of surplus labor and (1 − �)� is the vector of necessary labor. Then, we have 𝐴𝐴 𝐴𝐴 = 𝛼𝛼∕(1 − 𝛼𝛼) as the 
surplus value rate. A central feature of the analysis in this paper is that 𝐴𝐴 𝐴𝐴 is an endogenous parameter 
(and therefore 𝐴𝐴 𝐴𝐴 also is) to be determined within the model, and jointly with the Sraffian prices of 
production system. That is, this rate will be determined ex post, together with prices and distributive 

3 As argued by Sinha (2000), the Standard Commodity measure shifts the study from the appropriation of labor to the 
distribution of net product. See also the discussion in Patniak (1989).
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variables.4 This approach is in contrast to the neo-Ricardian approach where this rate is implicitly 
determined by the value of a given bundle of goods. Thus, we use the following equation,

�� + (1 − � + �)� = �.� (3)

Using the terminology of Pasinetti (1977) the labor value system will be defined as the Marxian 
system.

2.2  |  Price system

Consider now the price system, the so-called prices of production framework, which corresponds to 
the long-period analysis (see Kurz and Salvadori, 1995). We will denote this model as the Sraffian 
framework. Let these prices be given by a 𝐴𝐴 1 × 𝑛𝑛 vector 𝐴𝐴 𝒑𝒑 , together with a uniform profit rate 𝐴𝐴 𝐴𝐴 and wage 

𝐴𝐴 𝐴𝐴 (wages are advanced to workers rather than paid after production), such that

(�� +��)(1 + �) = �.� (4)

For positive price solution, 𝐴𝐴 𝒑𝒑 ≫ 0 , the profit rate 𝐴𝐴 𝐴𝐴 lies in the segment 𝐴𝐴 [0, 𝑅𝑅] where 𝐴𝐴 1∕(1 + 𝑅𝑅) is 
the maximum left eigenvalue of the matrix 𝐴𝐴 𝑨𝑨 , which under the assumption of being indecomposable 
is positive and less than 1.

Solving the price system requires to fix one distributional variable and a price invariance equation. 
For simplicity we assume that the variables depend on 𝐴𝐴 𝐴𝐴 , such that we will use the notation 𝐴𝐴 𝒑𝒑(𝑟𝑟) and 

𝐴𝐴 𝐴𝐴(𝑟𝑟) . We then have for 𝐴𝐴 𝐴𝐴 𝐴 𝐴𝐴 ,

�(�) = �(�)�
(

(1 + �)−1� −�
)−1

.� (5)

Then note that 𝐴𝐴 𝒑𝒑(0) = 𝑤𝑤(0)𝝀𝝀 , the labor value vector in Equation (2). Moreover, for 𝐴𝐴 𝐴𝐴 = 𝑅𝑅 , we have 
that 𝐴𝐴 𝐴𝐴(𝑅𝑅) = 0 , and

(𝒑𝒑(𝑅𝑅)𝑨𝑨)(1 + 𝑅𝑅) = 𝒑𝒑(𝑹𝑹),� (6)

where 𝐴𝐴 𝒑𝒑(𝑅𝑅) is the left eigenvector of 𝐴𝐴 𝑨𝑨 that is associated with the maximum eigenvalue.

2.3  |  Quantity system

For the invariance equations below we require to specify the aggregate output in this economy. 
Rather than the scale, what is important is how output is distributed among sectors. In particular, 
the invariance equations depend on either the gross or net product. Define the former as the 𝐴𝐴 𝐴𝐴 × 1 
vector, 𝐴𝐴 𝑸𝑸 , that contains each sector's gross product, and the latter as 𝐴𝐴 𝒒𝒒 = (𝑰𝑰 −𝑨𝑨)𝑸𝑸 . Labor values 
satisfy            �� = �(� −�)−1(� −�)� = �� .

4 As noted by an anonymous referee, according to Marx's (1993) definitions in Capital Volume 1 (Penguin ed.), surplus value 
(p. 251, 320), constant and variable capital (pp. 317, 320) and profit (understood as a subset of surplus value, pp. 328–29) 
are price magnitudes, while necessary labor and surplus labor (p. 325) are value magnitudes. Correspondingly, the rate of 
surplus value is a ratio of price terms, surplus value and variable capital (324, 326), while the degree of exploitation is a ratio 
of value terms (which corresponds to σ here), surplus labor and necessary labor (326–7, 668–69). We follow the framework 
of Morishima (1973) and Pasinetti (1977) where surplus value is defined as a value magnitude. All the categories defined in 
this section are in value terms.
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Condition 0. We adopt the normalization 𝐴𝐴 𝝀𝝀𝝀𝝀 = 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 𝐿𝐿 = 1 which applies to both the value 
system of Section 2.1 and the price system of Section 2.2. Since in both systems labor is the only 
non-produced input, this imposes an exogenous constraint on the production level.

The profit rate, as measured in values, is

𝑟𝑟
𝜆𝜆
=

𝛼𝛼

𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼)
=

𝛼𝛼∕(1 − 𝛼𝛼)

𝒄𝒄∕𝒗𝒗 + 1
=

𝜎𝜎

𝒄𝒄∕𝒗𝒗 + 1
,� (7)

where 𝐴𝐴 𝐴𝐴∕𝑣𝑣 = 𝝀𝝀𝝀𝝀𝝀𝝀∕(1 − 𝛼𝛼) is the value composition of capital. Note that if we have a constant appro-
priation rate, 𝐴𝐴 𝐴𝐴 , the profit rate in values depends on the ratio of 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀 to �� = 1 . This differs from the 
price system where the profit rate does not depend on the production distribution and allocation of 
labor across sectors.

Using Equation (5), �(�) = �(�)�
(

(1 + �)−1� −�
)−1 , for all 𝐴𝐴 𝐴𝐴 𝐴 𝐴𝐴 , we obtain

�(�)� = �(�)�
(

(1 + �)−1� −�
)−1� = �(�)�(�),� (8)

where for further reference we define the function

�(�) = �
(

(1 + �)−1� −�
)−1�.� (9)

3  |  VALUE-PRICE SYSTEM SOLUTIONS

Now consider a joint system, where both values and prices are considered. Note that in this system 
there are 𝐴𝐴 2𝑛𝑛 + 3 unknowns: 𝐴𝐴 𝐴𝐴 labor values, 𝐴𝐴 𝐴𝐴 prices, α, the appropriation rate defined above, the profit 
rate 𝐴𝐴 𝐴𝐴 , and wage 𝐴𝐴 𝐴𝐴 . The main feature of this paper is to produce a typology of transformation proce-
dures based on the additional invariance equations needed to obtain an analytical solution.

Note that the commodities' values 𝐴𝐴 𝝀𝝀 can be obtained independently using Equation (2). Moreover, 
as it is well known in the Sraffian model, if a distributive variable is fixed the other variable and the 
rest of the price-system variables can be obtained. The latter, however, requires an additional invari-
ance condition. As a result, we only require two additional equations.

We will consider models that will be based on aggregate production invariance conditions, A1 or 
A2, and capital invariant conditions, C1, C2 or C3.5

For the former we have:

Condition A1. Aggregate gross product is invariant in prices and values, 𝐴𝐴 𝝀𝝀𝝀𝝀 = 𝒑𝒑𝒑𝒑 .
Condition A2. Aggregate net product is invariant in prices and values, 𝐴𝐴 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸 .

For the latter:

Condition C1. Aggregate capital in value equals aggregate capital in prices, 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼) = 𝒑𝒑𝒑𝒑𝒑𝒑 + 
𝛼𝛼) = 𝒑𝒑𝒑𝒑𝒑𝒑 +𝑤𝑤.

Condition C2. Aggregate variable capital in value equals aggregate variable capital in prices,

(1 − 𝛼𝛼) = 𝑤𝑤𝑤�

5 These are different combinations of Seton (1957) invariance conditions and of Axioms 3 (Aggregate Proportionalities) and 4 
(Aggregate Equalities) in Mohun and Veneziani (2017, p. 11).
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Condition C3. Aggregate constant capital in value equals aggregate constant capital in prices,

𝝀𝝀𝝀𝝀𝝀𝝀 = 𝒑𝒑𝒑𝒑𝒑𝒑.�

There is, of course, a well-known special case where all conditions are satisfied if 𝐴𝐴 𝝀𝝀 ∝ 𝒑𝒑 , that is, 
labor values are proportional to prices of production This particular case is achieved when the value 
composition is the same across sectors. We will not assume this special case.
Although we will use those 5 conditions above, there is an additional condition that is traditionally 
assumed to be a key invariance equation in the transformation problem, that aggregate surplus value 
equals aggregate profits. This could be written as
Condition A3.  Aggregate surplus is invariant in prices and values, 𝐴𝐴 𝜶𝜶 = 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸 −𝒘𝒘 .

Note that A3 is redundant with any other condition. For instance, if we assume A1 and A3, then 
𝐴𝐴 𝜶𝜶 = 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸−𝒘𝒘 = 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸+ (𝝀𝝀− 𝒑𝒑)𝑨𝑨𝑨𝑨−𝒘𝒘 = 1− (𝝀𝝀− 𝒑𝒑)𝑨𝑨𝑨𝑨−𝒘𝒘 a condition that could be 

achieved by A1 and C1. If we assume A2 and A3, C2 can be trivially obtained. If we assume A3 and 
C1, then this implies A1, and so on. As a result we will consider A3 as a result to be checked for any 
model.
If A1 is assumed then, using Equation (8), we obtain

𝑤𝑤(𝑟𝑟) = 𝝀𝝀𝝀𝝀(𝜑𝜑(𝑟𝑟))
−1
,�

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = 𝝀𝝀𝝀𝝀
1 − (1 + 𝑟𝑟)(𝜑𝜑(𝑟𝑟))

−1

1 + 𝑟𝑟
,�

���.������� = ��
(

1 −
1 − (1 + �)(�(�))−1

1 + �
− (�(�))−1

)

= �� �
1 + �

,�

���.������� = ��
(

1 − (1 + �)(�(�))−1

1 + �
+ (�(�))−1

)

= �� 1
1 + �

.�

If A2 is assumed then also from Equation (8),

𝒑𝒑(𝑟𝑟)𝑸𝑸 = 1 + 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = 𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟),�

(𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟))𝑟𝑟 = 1 −𝑤𝑤(𝑟𝑟).�

From the former 𝐴𝐴 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = 𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟) − 1, while from the second, 𝐴𝐴 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = (1 −𝑤𝑤(𝑟𝑟))∕𝑟𝑟 −𝑤𝑤(𝑟𝑟)  =  
1−� (�) − ��(�)

�  , such that 𝐴𝐴 𝐴𝐴𝐴𝐴(𝑟𝑟)𝜑𝜑(𝑟𝑟) − 𝑟𝑟 = 1 −𝑤𝑤(𝑟𝑟) − 𝑟𝑟𝑟𝑟(𝑟𝑟) .6 Therefore,

𝑤𝑤(𝑟𝑟) =
1 + 𝑟𝑟

1 + 𝑟𝑟 + 𝑟𝑟𝑟𝑟(𝑟𝑟)
,�

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 =
1 + 𝑟𝑟

1 + 𝑟𝑟 + 𝑟𝑟𝑟𝑟(𝑟𝑟)
𝜑𝜑(𝑟𝑟) − 1 =

(1 + 𝑟𝑟)𝜑𝜑(𝑟𝑟) − 1 − 𝑟𝑟 − 𝑟𝑟𝑟𝑟(𝑟𝑟)

1 + 𝑟𝑟 + 𝑟𝑟𝑟𝑟(𝑟𝑟)
=

𝜑𝜑(𝑟𝑟) − 1 − 𝑟𝑟

1 + 𝑟𝑟 + 𝑟𝑟𝑟𝑟(𝑟𝑟)
,�

���.������� = 1 −�(�) =
1 + � + ��(�) − (1 + �)

1 + � + ��(�)
=

��(�)
1 + � + ��(�)

,�

6 Another way of seeing it is using these two equations: Then, 𝐴𝐴 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = 𝑤𝑤(𝑟𝑟)

(

𝜑𝜑(𝑟𝑟)

1+𝑟𝑟
− 1

)

= 𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟) − 1, which implies that  
𝐴𝐴 𝐴𝐴(𝑟𝑟)

(

𝜑𝜑(𝑟𝑟)

1+𝑟𝑟
− 1 − 𝜑𝜑(𝑟𝑟)

)

= 𝑤𝑤(𝑟𝑟)

(

𝜑𝜑(𝑟𝑟)−1−𝑟𝑟−𝜑𝜑(𝑟𝑟)−𝑟𝑟𝑟𝑟(𝑟𝑟)

1+𝑟𝑟

)

= −1.
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���.������� = �(�)�(�) − 1 +�(�) = �(�) 1 + �
1 + � + ��(�)

−
��(�)

1 + � + ��(�)
=

�(�)
1 + � + ��(�)

.�

Note that the two models, A1 and A2, imply different wage rates, and therefore they produce an 
overdetermined system unless in the very special case of the Standard Commodity (see next section).

4  |  DIFFERENT TRANSFORMATION PROCEDURES

4.1  |  A1 and C1: The total capital invariant condition

The invariance conditions for this model can be summarized as

𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼) = 𝒑𝒑𝒑𝒑𝒑𝒑 +𝑤𝑤𝑤�

𝝀𝝀𝝀𝝀 = 𝒑𝒑𝒑𝒑,�

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 1.�

The gross aggregate condition together with the total capital invariant conditions implies that

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟) = 𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼(𝑟𝑟)) =
𝒑𝒑(𝑟𝑟)𝑸𝑸

1 + 𝑟𝑟
=

𝝀𝝀𝝀𝝀

1 + 𝑟𝑟
,�

then,

(𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼(𝑟𝑟)))(1 + 𝑟𝑟) = 𝝀𝝀𝝀𝝀 = 𝝀𝝀𝝀𝝀𝝀𝝀 + 1.�

From these equations we obtain the total variable capital measured in values (that is equal to the 
necessary labor),

1 − 𝛼𝛼(𝑟𝑟) =
𝝀𝝀𝝀𝝀

1 + 𝑟𝑟
− 𝝀𝝀𝝀𝝀𝝀𝝀 =

1 − 𝑟𝑟𝝀𝝀𝝀𝝀𝝀𝝀

1 + 𝑟𝑟
,�

and aggregate surplus value (and the appropriation rate),

𝛼𝛼(𝑟𝑟) = 1 + 𝝀𝝀𝝀𝝀𝝀𝝀 −
𝝀𝝀𝝀𝝀

1 + 𝑟𝑟
=

𝑟𝑟𝝀𝝀𝝀𝝀

1 + 𝑟𝑟
=

𝑟𝑟(1 + 𝝀𝝀𝝀𝝀𝝀𝝀)

1 + 𝑟𝑟
.�

A simple result from this model is that

Agg.surplus = �(�) = ���
1 + �

=
��(�)�
1 + �

= Agg.profits�

Therefore, as noted in Montes-Rojas (2017), 𝐴𝐴 𝐴𝐴 = 𝑟𝑟
𝜆𝜆 , which is the profit rate invariant condition in 

Loranger (2004). Note, however, that this is achieved without imposing a uniform value composition 
across sectors.

The appropriation rate 𝐴𝐴 𝐴𝐴 is a non-negative monotonic increasing function of 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴(𝑟𝑟) , with 𝐴𝐴 𝐴𝐴(0) = 0 

and 𝐴𝐴 𝐴𝐴(𝑅𝑅) =
𝑅𝑅𝝀𝝀𝝀𝝀

1+𝑅𝑅
 , a value that is achieved by the maximum rate of profits. Note that 𝐴𝐴 𝐴𝐴 𝐴=< 𝑟𝑟 depend-

ing on whether 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀 >=< 𝑟𝑟 . This function also satisfies that 𝐴𝐴 0 ≤ 𝛼𝛼(𝑟𝑟) ≤ 1 .
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Lemma 1.   Assume conditions 0, A1 and C1, and that 𝐴𝐴 𝑨𝑨 is a non-negative indecomposable matrix. 
Then, 𝐴𝐴 𝐴𝐴(𝑟𝑟) ≤ 1 .

Proof   Suppose that 𝐴𝐴 𝐴𝐴(𝑅𝑅) > 1. From the price equations we have 𝐴𝐴 (𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼(𝑅𝑅)))(1 + 𝑅𝑅) = 𝝀𝝀𝝀𝝀 = 𝒑𝒑(

𝑅𝑅) = 𝝀𝝀𝝀𝝀 = 𝒑𝒑(𝑹𝑹)𝑸𝑸 and 𝐴𝐴 𝒑𝒑(𝑹𝑹)𝑨𝑨𝑨𝑨(1 +𝑅𝑅) = 𝝀𝝀𝝀𝝀 = 𝒑𝒑(𝑹𝑹)𝑸𝑸 . This then implies that 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀 ≥ 𝒑𝒑(𝑹𝑹)𝑨𝑨𝑨𝑨 . Note 
however that 𝐴𝐴 𝝀𝝀 = 𝒑𝒑(0) , that is, the price vector that would result when the profit rate is 0. Standard 
results in the Sraffian model determines that 𝐴𝐴 𝒑𝒑(𝑟𝑟)𝜽𝜽 is an increasing function in 𝐴𝐴 𝐴𝐴 for any non-negative 
dimensional vector 𝐴𝐴 𝜽𝜽 , except for the invariant price equation, which in this case is 𝐴𝐴 𝝀𝝀𝝀𝝀 = 𝒑𝒑(𝒓𝒓)𝑸𝑸 . Thus 
this is a contradiction. QED

This determines that this model can obtain the appropriation rate 𝐴𝐴 𝐴𝐴(𝑟𝑟) , and then we can define the 
necessary labor, 𝐴𝐴 1 − 𝛼𝛼(𝑟𝑟) , which is a non-negative number less or equal to 1, and the surplus rate, 

𝐴𝐴 𝐴𝐴(𝑟𝑟) = 𝛼𝛼(𝑟𝑟)∕(1 − 𝛼𝛼(𝑟𝑟)) , which satisfies that 𝐴𝐴 𝐴𝐴(𝑟𝑟) is monotonically increasing in 𝐴𝐴 𝐴𝐴 and that it satisfies  
𝐴𝐴 𝐴𝐴(0) = 0 and 𝐴𝐴 𝐴𝐴(𝑅𝑅)  =  𝐴𝐴 𝐴𝐴(𝑅𝑅)∕(1 − 𝛼𝛼(𝑅𝑅)) . Moreover, we have that 𝐴𝐴 𝐴𝐴(𝑟𝑟) = 𝝀𝝀𝝀𝝀𝝀𝝀 − 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 + (1 − 𝛼𝛼(𝑟𝑟)) ≤ 1 − 𝛼𝛼( 
𝛼𝛼(𝑟𝑟)) ≤ 1 − 𝛼𝛼(𝑟𝑟). Note that in this case, wages are lower than the corresponding labor values. As a result we 

could have that 𝐴𝐴 𝐴𝐴(𝑅𝑅) = 0 < 1 − 𝛼𝛼(𝑅𝑅) . In other words, the necessary labor is positive even when wages 
are zero, which is a negative result.7

4.2  |  Conditions A2 and C1: The total capital invariant condition with net 
product

The net aggregate condition together with the total capital invariant conditions implies that

𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼) = 𝒑𝒑𝒑𝒑𝒑𝒑 +𝑤𝑤𝑤�

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸,�

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 1.�

Now, expressing everything as a function of the profit rate, 𝐴𝐴 𝐴𝐴(𝑟𝑟) = 1 + 𝝀𝝀𝝀𝝀𝝀𝝀 − 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 −𝑤𝑤(𝑟𝑟) . 

Since �(�) = 1+ �
1+ �+ ��(�) and �(�)�� = �(�) −1− �

1+ �+ ��(�) , then

𝛼𝛼(𝑟𝑟) = 1 + 𝝀𝝀𝝀𝝀𝝀𝝀 −
𝜑𝜑(𝑟𝑟)

1 + 𝑟𝑟 + 𝑟𝑟𝑟𝑟(𝑟𝑟)
,�

1 − 𝛼𝛼(𝑟𝑟) =
𝜑𝜑(𝑟𝑟)

1 + 𝑟𝑟 + 𝑟𝑟𝑟𝑟(𝑟𝑟)
− 𝝀𝝀𝝀𝝀𝝀𝝀.�

However, this model does not satisfy the equality in the profit rates, because

𝑟𝑟 =
𝒑𝒑(𝒓𝒓)(𝑰𝑰 −𝑨𝑨)𝑸𝑸 −𝑤𝑤(𝑟𝑟).

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
=

1 −𝑤𝑤(𝑟𝑟)

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
,�

𝑟𝑟
𝜆𝜆
(𝑟𝑟) =

𝛼𝛼(𝑟𝑟)

𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼(𝑟𝑟))
=

𝝀𝝀𝝀𝝀𝝀𝝀 − 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 + 1 −𝑤𝑤(𝑟𝑟)

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
=

(𝝀𝝀 − 𝒑𝒑(𝒓𝒓))𝑨𝑨𝑨𝑨 + 1 −𝑤𝑤(𝑟𝑟)

𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
.�

7 Moreover, there may exist an interval 𝐴𝐴 𝐴𝐴 ∈ (𝑅𝑅𝑅𝑅𝑅′] , such that 𝐴𝐴 𝐴𝐴(𝑟𝑟) ≥ 0 , 𝐴𝐴 𝐴𝐴 (𝑅𝑅
′
) = 0 , and 𝐴𝐴 𝐴𝐴(𝑟𝑟) < 0 , positive exploitation with 

negative wages. This, however, should be discarded if prices are to be non-negative and for this 𝐴𝐴 𝐴𝐴 ≤ 𝑅𝑅 .
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This requires that 𝐴𝐴 (𝝀𝝀 − 𝒑𝒑(𝒓𝒓))𝑨𝑨𝑨𝑨 = 0 , or that the constant capital is valued in the same way in both 
the labor value and price system. For this case, 𝐴𝐴 𝐴𝐴

𝜆𝜆
(𝑟𝑟) ≤ 𝑟𝑟 and ��(�) = 1+���−1∕�

1∕� = �(1 + ���) − 1 .8

Moreover, as in the previous case, 𝐴𝐴 𝐴𝐴(𝑟𝑟) ≤ 1 − 𝛼𝛼(𝑟𝑟) given that 𝐴𝐴 1 − 𝛼𝛼(𝑟𝑟) = 𝑤𝑤(𝑟𝑟) + (𝒑𝒑(𝒓𝒓) − 𝝀𝝀)𝑨𝑨𝑨𝑨 . 

Note that 𝐴𝐴 𝐴𝐴(0) = 1 − 𝛼𝛼(0) and 𝐴𝐴 1 − 𝛼𝛼(𝑅𝑅) =
1

𝑅𝑅
− 𝝀𝝀𝝀𝝀𝝀𝝀 ≥ 0.

As noted by an anonymous referee this model may violate FMT1. Consider the case of 𝐴𝐴 𝐴𝐴 = 0 (no 
exploitation). Then define the following function

�(�) = �(�)�� +�(�) − �� = �(�)
[

1 + �
(

(1 + �)−1� −�
)−1��

]

− ��,�

that follows from the invariance conditions and Equation  (5), �(�) = �(�)�
(

(1 + �)−1� −�
)−1

. 
For this case 𝐴𝐴 𝐴𝐴(0) = 0 , which means that zero profits are compatible with no exploitation. However, 
given  that 𝐴𝐴 𝐴𝐴(𝑟𝑟) is a nonlinear function it could have more than one zero, that is, 𝐴𝐴 𝐴𝐴(𝑟𝑟) = 0 for 𝐴𝐴 0 < 𝑟𝑟 𝑟 𝑟𝑟 . 
Consider the following example,

� =

⎡

⎢

⎢

⎢

⎢

⎣

0.7 0.1 0.7

0.01 0.3 0.01

0.06 0.1 0.1

⎤

⎥

⎥

⎥

⎥

⎦

, � =
[

0.2 0.5 0.3
]

, � =
[

1 1 1
]′
,�

for which we obtain that 𝐴𝐴 𝐴𝐴(𝑟𝑟 = 0) = 0 = 𝑔𝑔(𝑟𝑟 ≈ 0.16) and R = 0.303.

4.3  |  Conditions A2 and C2: The New Interpretation

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸,�

(1 − 𝛼𝛼) = 𝑤𝑤𝑤�

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 1.�

The ‘New Interpretation’ (NI) uses the aggregate net product, Condition A2, rather than gross 
product because it interprets capitalist exploitation as appropriation of value added (see Rieu, 2006).

Note that Condition A2 implies that 𝐴𝐴 𝒑𝒑𝒑𝒑 = 𝝀𝝀𝝀𝝀 = 1 . This result then produces 
𝐴𝐴 𝐴𝐴𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 + (1 + 𝑟𝑟)𝑤𝑤(𝑟𝑟) = 1 such that

𝑟𝑟 =
1 −𝑤𝑤(𝑟𝑟)

𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
,�

𝑟𝑟
𝜆𝜆
(𝑟𝑟) =

𝛼𝛼(𝑟𝑟)

𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼(𝑟𝑟))
=

1 −𝑤𝑤(𝑟𝑟)

𝝀𝝀𝝀𝝀𝝀𝝀 +𝑤𝑤(𝑟𝑟)
.�

In this case, aggregate surplus equals aggregate profits because 𝐴𝐴 𝐴𝐴(𝑟𝑟) = 1 −𝑤𝑤(𝑟𝑟). Note that 
𝐴𝐴 𝐴𝐴 ≠ 𝑟𝑟

𝜆𝜆 unless 𝐴𝐴 (𝝀𝝀 − 𝒑𝒑(𝒓𝒓))𝑨𝑨𝑨𝑨 = 0 , which is not satisfied in general. Moreover, 𝐴𝐴 𝐴𝐴
𝜆𝜆
(𝑟𝑟) ≥ 𝑟𝑟 because            

𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 ≥ 𝝀𝝀𝝀𝝀𝝀𝝀.

8 Note that 𝐴𝐴 𝒑𝒑(𝑅𝑅)𝑨𝑨𝑨𝑨(1 +𝑅𝑅) − 𝒑𝒑(𝑅𝑅)𝑨𝑨𝑨𝑨 = 𝒑𝒑(𝑹𝑹)𝑸𝑸 − 𝒑𝒑(𝑅𝑅)𝑨𝑨𝑨𝑨 = 1 , then 𝐴𝐴 𝒑𝒑(𝑅𝑅)𝑨𝑨𝑨𝑨 =
1

𝑅𝑅
.
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4.4  |  Conditions A1 and C2: The New Interpretation with aggregate gross 
output

Consider now a variation of the former NI solution but using aggregate gross product (Mohun, 2004, 
discuss this extension and compares to standard NI):

𝝀𝝀𝝀𝝀 = 𝒑𝒑𝒑𝒑,�

(1 − 𝛼𝛼) = 𝑤𝑤𝑤�

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 1.�

This result implies that 𝐴𝐴 𝐴𝐴𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 + (1 + 𝑟𝑟)𝑤𝑤(𝑟𝑟) = 𝒑𝒑(𝑟𝑟)𝑸𝑸 − 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = 𝝀𝝀𝝀𝝀 − 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 , then            
𝐴𝐴 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 = (1 + 𝑟𝑟)

−1
𝝀𝝀𝝀𝝀 −𝒘𝒘(𝒓𝒓) = (1 + 𝑟𝑟)

−1
𝝀𝝀𝝀𝝀 − 𝝀𝝀𝝀𝝀(𝜑𝜑(𝑟𝑟))

−1

𝑟𝑟 =
𝒑𝒑(𝒓𝒓)𝑸𝑸 − 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 −𝑤𝑤(𝑟𝑟)

𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
=

𝝀𝝀𝝀𝝀 − 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 − 𝝀𝝀𝝀𝝀(𝜑𝜑(𝑟𝑟))
−1

𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟)
,�

𝑟𝑟
𝜆𝜆
(𝑟𝑟) =

𝛼𝛼(𝑟𝑟)

𝝀𝝀𝝀𝝀𝝀𝝀 + (1 − 𝛼𝛼(𝑟𝑟))
=

𝝀𝝀𝝀𝝀 − 𝝀𝝀𝝀𝝀𝝀𝝀 − 𝝀𝝀𝝀𝝀(𝜑𝜑(𝑟𝑟))
−1

𝝀𝝀𝝀𝝀𝝀𝝀 + 𝝀𝝀𝝀𝝀(𝜑𝜑(𝑟𝑟))
−1

.�

In this case, aggregate surplus equals aggregate profits because 𝐴𝐴 𝐴𝐴(𝑟𝑟) = 1 −𝑤𝑤(𝑟𝑟). Note that 
𝐴𝐴 𝐴𝐴 ≠ 𝑟𝑟

𝜆𝜆 unless 𝐴𝐴 (𝝀𝝀 − 𝒑𝒑(𝒓𝒓))𝑨𝑨𝑨𝑨 = 0 , which is not satisfied in general. Moreover, 𝐴𝐴 𝐴𝐴
𝜆𝜆
(𝑟𝑟) ≥ 𝑟𝑟 because 

𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨 ≥ 𝝀𝝀𝝀𝝀𝝀𝝀. Moreover, 𝐴𝐴 𝐴𝐴
𝜆𝜆
(0) = 0.

4.5  |  Conditions (C1 and C2) or (C1 and C3) or (C2 and C3): The capital 
invariant condition

𝐴𝐴 (1 − 𝛼𝛼) = 𝑤𝑤 and/or 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀 = 𝒑𝒑𝒑𝒑𝒑𝒑 and/or ��� + (1 − �) = ��� +�,

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 1.�

Montes-Rojas (2017) considers the case of two invariant conditions based on both constant and 
variable capital, together.

In this case, the denominator of both 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴
𝜆𝜆 coincide. However, they differ on the numerator, 

being 𝐴𝐴 𝒑𝒑(𝑟𝑟)(𝑰𝑰 −𝑨𝑨)𝑸𝑸 −𝑤𝑤(𝑟𝑟) for prices and 𝐴𝐴 𝐴𝐴(𝑟𝑟) = 1 −𝑤𝑤(𝑟𝑟) for values.
Consider the following aggregate profit equation, 𝐴𝐴 (𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟))𝑟𝑟 = 𝒑𝒑(𝑟𝑟)𝑸𝑸 − 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 −𝑤𝑤(𝑟𝑟), 

then, 𝐴𝐴 (𝝀𝝀𝝀𝝀𝝀𝝀 +𝑤𝑤(𝑟𝑟))(1 + 𝑟𝑟) = (𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟))(1 + 𝑟𝑟) = 𝒑𝒑(𝑟𝑟)𝑸𝑸. Now using Equation  (9), 𝐴𝐴 𝒑𝒑(𝑟𝑟)𝑸𝑸 = 𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟)

𝒑𝒑(𝑟𝑟)𝑸𝑸 = 𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟), and replacing 𝐴𝐴 (𝝀𝝀𝝀𝝀𝝀𝝀 +𝑤𝑤(𝑟𝑟))(1 + 𝑟𝑟) = 𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟).

Then,

1 − 𝛼𝛼(𝑟𝑟) = 𝑤𝑤(𝑟𝑟) =
𝝀𝝀𝝀𝝀𝝀𝝀(1 + 𝑟𝑟)

𝜑𝜑(𝑟𝑟) − 1 − 𝑟𝑟
,�

𝑟𝑟 =
𝑤𝑤(𝑟𝑟)𝜑𝜑(𝑟𝑟) − 𝝀𝝀𝝀𝝀𝝀𝝀 −𝑤𝑤(𝑟𝑟)

𝝀𝝀𝝀𝝀𝝀𝝀 +𝑤𝑤(𝑟𝑟)
,�

𝑟𝑟
𝜆𝜆
(𝑟𝑟) =

𝝀𝝀𝝀𝝀 − 𝝀𝝀𝝀𝝀𝝀𝝀 −𝑤𝑤(𝑟𝑟)

𝝀𝝀𝝀𝝀𝝀𝝀 +𝑤𝑤(𝑟𝑟)
.�
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For this case, 𝐴𝐴 𝐴𝐴
𝜆𝜆
(𝑟𝑟) ≥ 𝑟𝑟 ,9 where 𝐴𝐴 𝐴𝐴

𝜆𝜆
(0) = 0 and 𝐴𝐴 𝐴𝐴

𝜆𝜆
(𝑅𝑅)  = 1/ 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀 .

4.6  |  Conditions (A1 and A2), (A1 and C3) or (A2 and C3): Standard 
Commodity

Consider now the following conditions:

�� = �� �� �(� −�)� = �(� −�)�,�

𝝀𝝀𝝀𝝀𝝀𝝀 = 𝒑𝒑𝒑𝒑𝒑𝒑,�

𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 1.�

A1 and A2 conditions are equivalent because if we consider Condition A1, 𝐴𝐴 𝒑𝒑𝒑𝒑 = 𝝀𝝀𝝀𝝀 and 
𝐴𝐴 𝒑𝒑𝒑𝒑𝒑𝒑 = 𝝀𝝀𝝀𝝀𝝀𝝀 then 𝐴𝐴 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 𝒑𝒑(𝑟𝑟)(𝑰𝑰 −𝑨𝑨)𝑸𝑸 , and the same can be obtained by Condition A2, 
𝐴𝐴 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸 = 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸 and 𝐴𝐴 𝒑𝒑𝒑𝒑𝒑𝒑 = 𝝀𝝀𝝀𝝀𝝀𝝀 then 𝐴𝐴 𝒑𝒑𝒑𝒑 = 𝝀𝝀𝝀𝝀. Moreover, Conditions A1 and A2 also 

imply C3.
As a result it generates two value-price systems given by,

(

𝝀𝝀𝝀𝝀𝝀𝝀 + 1 − 𝛼𝛼
(

𝑟𝑟
𝜆𝜆
)) (

1 + 𝑟𝑟
𝜆𝜆
)

= 𝝀𝝀𝝀𝝀,�

(𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨 +𝑤𝑤(𝑟𝑟))(1 + 𝑟𝑟) = 𝒑𝒑(𝑟𝑟)𝑸𝑸.�

Note that these equations generates a mutually consistent system where labor surplus is distributed 
proportional to total capital. The two equations are independent of each other, and unless we establish 
a causal link (i.e. observed profits correspond to surplus value), they impose no restrictions on each 
other. It does however avoid inconsistencies which were observed in the previous solutions. Unfortu-
nately, this model cannot be sustained unless in a very special case. The reason is that if we apply all 
the invariance conditions and obtain expressions for 𝐴𝐴 𝐴𝐴(𝑟𝑟) then, in general, 𝐴𝐴

𝝀𝝀𝝀𝝀

𝜑𝜑(𝑟𝑟)
≠

1+𝑟𝑟

1+𝑟𝑟+𝑟𝑟𝑟𝑟(𝑟𝑟)
 , which are 

two different expressions for wages that need to be satisfied. The reason is that we cannot, in general, 
simultaneously maintain gross and net output invariant.

The special case where all the conditions are satisfied is that of the Standard Commodity (as defined 
in Sraffa, 1960), 𝐴𝐴 𝑸𝑸

∗ such that 𝐴𝐴 𝑨𝑨𝑨𝑨
∗
=

𝑸𝑸
∗

1+𝑅𝑅
  . This is the right eigenvector of 𝐴𝐴 𝑨𝑨 associated with the maxi-

mum eigenvalue 𝐴𝐴
1

1+𝑅𝑅
 . This implies that 𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨

∗
=

𝒑𝒑(𝒓𝒓)𝑸𝑸
∗

1+𝑅𝑅
 and in particular that 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀

∗
=

𝝀𝝀𝝀𝝀
∗

1+𝑅𝑅
 . If we 

consider Condition A1, 𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑸𝑸
∗
= 𝝀𝝀𝝀𝝀

∗
, then 𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨

∗
= 𝝀𝝀𝝀𝝀𝝀𝝀

∗ and 𝐴𝐴 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸
∗
= 𝒑𝒑(𝑟𝑟)(𝑰𝑰 −𝑨𝑨)𝑸𝑸

∗ . 
The same can be obtained by Condition A2, 𝐴𝐴 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸

∗
= 𝒑𝒑(𝑰𝑰 −𝑨𝑨)𝑸𝑸

∗ , and then this implies that 
𝐴𝐴 𝒑𝒑𝒑𝒑

∗
= 𝝀𝝀𝝀𝝀

∗ and 𝐴𝐴 𝒑𝒑𝒑𝒑𝒑𝒑
∗
= 𝝀𝝀𝝀𝝀𝝀𝝀

∗
.

These conditions were developed by Eatwell (1975), although for the neo-Ricardian model with a 
wage bundle, and make him to conclude that by using the Standard Commodity as defined in Sraffa, 
then this would produce an invariant condition between the price system and the value system, using 
similar arguments to that of the New Interpretation:

These problems may be overcome by returning to Marx's definition (I) [as the value of 
“the sum of money v expended upon the labor power,” -” in effect as the share of wages 
in the value of output], making units of standard net product our “money” and measur-

9 This can be proven by noting that 𝐴𝐴 𝐴𝐴(𝑟𝑟)𝜑𝜑(𝑟𝑟) ≤ 𝜑𝜑(𝑟𝑟) ≤ 𝝀𝝀𝝀𝝀 .
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ing necessary labor time in terms of this “money.” The total amount of labor performed 
in one production period and the amount of labor embodied in one unit of standard net 
product are equal. (p. 554)

Araujo (2019) explores the compatibility of the two solutions and reached the same conclusion:

Standard Commodity can be a consistent solution to the transformation problem of labour 
values into prices of production because it satisfies rigorously the mathematical condi-
tion of invariability in relation to income distribution between wages and profits. (p. 615)

Both Eatwell (1975) and Araujo (2019) define their system in terms of the neo-Ricardian model 
where a fixed consumption bundle is associated with wages. An interesting model is developed by 
Roberts (2009) where the redistribution of surplus is studied in this framework. As noted above, it 
generates two independent systems. This is because by using 𝐴𝐴 𝒑𝒑(𝑟𝑟)(𝑰𝑰 −𝑨𝑨)𝑸𝑸

∗
= 1 and 𝐴𝐴 𝒑𝒑(𝑟𝑟)𝑨𝑨𝑨𝑨

∗
= 1∕𝑅𝑅 , 

we obtain

𝑤𝑤(𝑟𝑟) =
(𝑅𝑅 − 𝑟𝑟)

𝑅𝑅 +𝑅𝑅𝑅𝑅
, 𝑟𝑟 =

𝑅𝑅(1 −𝑤𝑤(𝑟𝑟))

1 +𝑅𝑅𝑅𝑅(𝑟𝑟)
.�

Moreover, form 𝐴𝐴 𝝀𝝀(𝑰𝑰 −𝑨𝑨)𝑸𝑸
∗
= 1 , then we obtain 𝐴𝐴 (1 + 𝑅𝑅)𝝀𝝀𝝀𝝀𝝀𝝀

∗
− 𝝀𝝀𝝀𝝀𝝀𝝀

∗
= 1 then, 𝐴𝐴 𝝀𝝀𝝀𝝀𝝀𝝀

∗
= 1∕𝑅𝑅 , 

such that

�
(

��
)

=
��(1 +�)
�
(

1 + ��
) ,�

1 − �
(

��
)

= 1 −
��(1 +�)
�
(

1 + ��
) =

�
(

1 + ��
)

− ��(1 + �)

�
(

1 + ��
) =

(

� − ��
)

�
(

1 + ��
) ,�

�� =
��

(

��
)

1 +�
(

1 − �
(

��
)) .�

Note that the use of the Standard Commodity in fact produces equivalent price and value systems, 
where both 𝐴𝐴 𝐴𝐴(𝑟𝑟) and 𝐴𝐴 1 − 𝛼𝛼

(

𝑟𝑟
𝜆𝜆
)

 represent the shares of the net output paid to workers, as opposed to 
𝐴𝐴 1 −𝑤𝑤(𝑟𝑟) and 𝐴𝐴 𝐴𝐴

(

𝑟𝑟
𝜆𝜆
)

 that is appropriated by capitalists. However, there is no relation between the value 
and price systems unless an additional invariant condition is imposed.

Let 𝐴𝐴 𝑸𝑸
∗
= 𝑪𝑪(𝑸𝑸)𝑸𝑸 where 𝐴𝐴 𝑪𝑪(𝑸𝑸) is a diagonal matrix that applies the corresponding shares of produc-

tion that will result in the Standard Commodity. Then, 𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑨𝑨𝑨𝑨(𝑸𝑸)𝑸𝑸 = 𝝀𝝀𝝀𝝀𝝀𝝀(𝑸𝑸)𝑸𝑸 = 1∕𝑅𝑅𝑅 Then we 
could define the transformation 𝐴𝐴 𝑨𝑨

∗
(𝑸𝑸) = 𝑨𝑨𝑨𝑨(𝑸𝑸) where 𝐴𝐴 𝒑𝒑(𝒓𝒓)𝑨𝑨

∗
(𝑸𝑸)𝑸𝑸 = 𝝀𝝀𝝀𝝀

∗
(𝑸𝑸)𝑸𝑸 = 1∕𝑅𝑅 . Note that 

𝐴𝐴 𝑨𝑨
∗
(𝑸𝑸) could be interpreted as a different technology that corresponds to the Standard Commodity 

simple reproduction scheme.

5  |  TYPOLOGY OF TRANSFORMATION SOLUTIONS

From the previous analysis it is clear that there are six alternative transformations. The different solu-
tions will be judged on (i) FMT1, how the surplus value rate (or the appropriation rate) relate to the 
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profit rate, and (ii) on FMT2, the comparison of the money wage and the necessary labor. Tables 1 
and 2 summarize the main analytical results of the solutions.

The cases A1-A2, A1-C3 and A2-C3 have an equality of both the profit rate in prices and values, 
and of wages in prices and necessary labor. The problem here is that we cannot achieve a consistent 
solution that connects the value and price system, and thus solves for the endogenous surplus rate, 
unless we have the quantities given by the case of the Standard Commodity. The other cases do not 
have this problem.

All other models except A2-C1 satisfy the FMT1 in a weak form, implying that exploitation is a 
necessary condition for profits. As noted above the model A2-C1 could have more than one solution, 
for which one of them may have that 𝐴𝐴 𝐴𝐴 = 0 but the model is solved for 𝐴𝐴 𝐴𝐴 𝐴 0 . Nevertheless for 𝐴𝐴 𝐴𝐴 = 0 
there is one solution that has 𝐴𝐴 𝐴𝐴 = 0 . The relationship also goes in the other way, for all models, a value 

of 𝐴𝐴 𝐴𝐴 = 0 is associated with 𝐴𝐴 𝐴𝐴(0) = 𝜎𝜎(0) = 0 and 𝐴𝐴
𝜕𝜕𝜕𝜕(𝑟𝑟)

𝜕𝜕𝜕𝜕
> 0 . This determines that value level categories, 

that is, either 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴 or 𝐴𝐴 𝐴𝐴
𝜆𝜆 , which are all linked together, can be obtained with the expected relation in 

terms of the (price level) profit rate. The proposed transformation procedures does not have an a priori 
causal relationship between prices and values, and as such, this result can be interpreted both ways. 
First, implying that different distributional configurations (i.e. changes in 𝐴𝐴 𝐴𝐴 ) determines value level 
exploitation (i.e. changes in either 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴 or 𝐴𝐴 𝐴𝐴

𝜆𝜆 ). Second, indicating that changes in the price system 
distributional variables are the result of changes in exploitation at the value level.

The explored solutions differ in terms of the posed FMT2 condition. The solution based on A1–C1 
and A2–C1 are rather unsatisfactory because there could be a positive necessary labor, even when 
money wages are zero, that is, 𝐴𝐴 𝐴𝐴(𝑅𝑅) = 0 < 1 − 𝛼𝛼(𝑅𝑅) . The NI model A2–C2 (and its variant A1–C2) 
and the capital invariant transformations (C1–C2, C1–C3, C2–C3) have by construction that wages are 
equal to the necessary labor, thus 𝐴𝐴 𝐴𝐴(𝑅𝑅) = 0 = 1 − 𝛼𝛼(𝑅𝑅) .

MONTES-ROJAS    

A1 A2 C1 C2 C3

A1 -  a  a

𝐴𝐴 𝐴𝐴 = 𝑟𝑟
𝜆𝜆  𝐴𝐴 𝐴𝐴 = 𝑟𝑟

𝜆𝜆  𝐴𝐴 𝐴𝐴 ≤ 𝑟𝑟
𝜆𝜆  𝐴𝐴 𝐴𝐴 = 𝑟𝑟

𝜆𝜆 

𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼  𝐴𝐴 𝐴𝐴 ≤ 1 − 𝛼𝛼  𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼  𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼 

A2 - -  a

𝐴𝐴 𝐴𝐴 ≥ 𝑟𝑟
𝜆𝜆  𝐴𝐴 𝐴𝐴 ≤ 𝑟𝑟

𝜆𝜆  𝐴𝐴 𝐴𝐴 = 𝑟𝑟
𝜆𝜆 

𝐴𝐴 𝐴𝐴 ≤ 1 − 𝛼𝛼  𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼  𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼 

C1 - - -  b  b

𝐴𝐴 𝐴𝐴 ≤ 𝑟𝑟
𝜆𝜆  𝐴𝐴 𝐴𝐴 ≤ 𝑟𝑟

𝜆𝜆 

𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼  𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼 

C2 - - - -  b

𝐴𝐴 𝐴𝐴 ≤ 𝑟𝑟
𝜆𝜆 

𝐴𝐴 𝐴𝐴 = 1 − 𝛼𝛼 

C3 - - - - -

 aA1–A2, A1–C3, A2–C3 Standard Commodity. A1–C1 total capital invariant solution. A2–C1 total capital invariant solution with net 
product. A2–C2 New Interpretation. A1–C2 New Interpretation with gross product.
 bC1–C2, C1–C3, C2–C3 capital invariant solution.

T A B L E  1   Summary of transformation solutions: equalities and inequalities
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6  |  NUMERICAL EXAMPLE

Consider the example in Sraffa (1960, Section 25) with 3 commodities that correspond to basic indus-
tries that produce iron, coal and wheat in the following way:

90 �.���� ⊕ 120 �.���� ⊕ 60 ��. �ℎ��� ⊕ 3
16

������ → 180 �.����,�

50 �.���� ⊕ 125 �.���� ⊕ 60 ��. �ℎ��� ⊕ 5
16

������ → 450 �.����,�

40 �.���� ⊕ 40 �.���� ⊕ 200 ��. �ℎ��� ⊕ 8
16

������ → 480 �.�ℎ���.�

Since iron is produced in quantity just sufficient for replacement, then the net product consists 

of only coal (165 t.) and wheat (70 qr.). This model can be represented as 𝐴𝐴 𝑨𝑨 =

⎛

⎜

⎜

⎜

⎜

⎝

120

180

120

180

60

180

50

450

125

450

60

450

40

480

40

480

200

480

⎞

⎟

⎟

⎟

⎟

⎠

 , 

� =
(

3
16 ,

5
16 ,

8
16

)

 and 𝐴𝐴 𝑸𝑸
′
= (1, 1, 1). In this case, the maximum profit rate is 𝐴𝐴 𝐴𝐴 = 0.20 , thus the model 

guarantees non-negative prices for 𝐴𝐴 𝐴𝐴 ∈ [0, 𝑅𝑅] .
Figure 1 presents the estimated 𝐴𝐴 𝐴𝐴(𝑟𝑟) exploitation rate functions for all the studied cases. The main 

differences are observed for A1–C1 and A2-C2 that are the ones that are below the rest, with 𝐴𝐴 𝐴𝐴(𝑅𝑅) < 1 , 
but for the others 𝐴𝐴 𝐴𝐴(𝑅𝑅) = 1 . Figure 2 presents 𝐴𝐴 1 − 𝛼𝛼(𝑟𝑟) , the necessary labor, while Figure 3 reports the 
implied surplus rate. Finally, Figure 4 plots the profit rates in values and prices. For the latter, the only 
solution with the same rate in both prices and values is A1–C1.

Note that for this A1–C1, for 𝐴𝐴 𝐴𝐴 = 0.20 , we have 𝐴𝐴 𝐴𝐴(0.20) = 20.9 and 𝐴𝐴 𝐴𝐴(0.20) = 0.954 , while 
for the A2–C1, 𝐴𝐴 𝐴𝐴(0.20) = 2.648 and 𝐴𝐴 𝐴𝐴(0.20) = 0.726 . This determines that for the former case the 
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F I G U R E  1  𝐴𝐴 𝐴𝐴(𝑟𝑟) appropriation rate functions [Colour figure can be viewed at wileyonlinelibrary.com]
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maximum exploitation that is compatible with the price system is 95.4% of total labor, while for the 
latter 72.6%. These numerical results illustrate the case of positive necessary labor when wages are 
zero (i.e.1- 𝐴𝐴 𝐴𝐴(0.20) > 0 ).

MONTES-ROJAS  134

F I G U R E  2  𝐴𝐴 1 − 𝛼𝛼(𝑟𝑟) necessary labor functions [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E  3  𝐴𝐴 𝐴𝐴(𝑟𝑟) surplus rate functions [Colour figure can be viewed at wileyonlinelibrary.com]
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7  |  CONCLUSION AND DISCUSSION

This paper proposes a unified framework to evaluate different transformation solutions. The proposed 
procedure allows for a simple computation of key variables in the economic system, which are of 
interest for economists with interest in measures of surplus, either within the Ricardian, Marxian or 
Sraffian perspective, what Garegnani (1984) calls the surplus approach. The proposed model solves 
for the implied appropriation rate, from which the surplus rate and the necessary labor can be obtained, 
to satisfy different value-price invariance equations. Thus it proposes to get this value-level measure 
endogenously.

The main purpose of this analysis is that distributive parameters that are specific to the prices 
of production system can be recovered from a joint solution. Moreover, the movements along the 
wage-profit frontier that correspond to different distributive configurations in an economy (as in the 
Sraffian framework) can be traced to the labor value analysis. As noted by an anonymous referee, 
the proposed framework determines that the different procedures can be either interpreted as 𝐴𝐴 𝐴𝐴

-determined, 𝐴𝐴 𝐴𝐴-determined or 𝐴𝐴 𝐴𝐴-determined, depending on which parameter index is used to study 
distributional features.

The different solutions are judged on whether they satisfy two conditions, defined as FMT1 and 
FMT2, which correspond to the relation between profit and surplus value rates, and total variable 
capital and money wages, respectively. An analysis of the solutions determines that the NI and the 
capital invariant solutions are the most appropriate. In turn, this paper proposes that if using any of 
these two alternatives, the Marxian value system can be incorporated to a Sraffian price system if the 
intention is to use value level categories to explain the distribution of income.

Petri (2015) criticizes recent transformation procedures since the NI, many of which are all special 
cases of our proposed framework. This author argues that, in the proposed solutions, the labor theory 
of value loses the role of instrument for the determination of the rate of profit and relative prices, and 
is redefined as the reinterpretation of independently determined prices as ‘representing’ quantities of 
labor, on the basis of the postulate that only labor produces exchange value. While we agree with this 

MONTES-ROJAS    

F I G U R E  4  𝐴𝐴 𝐴𝐴
𝜆𝜆
(𝑟𝑟) profit rate in values functions [Colour figure can be viewed at wileyonlinelibrary.com]
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postulate we claim that social relations can always be interpreted in different schemes. The exploita-
tion and surplus value rates are good proxies of the relative power of labor and capital. The workers' 
self-consciousness of their importance for the reproduction of the capitalist system can exert direct 
influence on the exploitation rate, which in turn, affects price-level distributive variables.
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