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Abstract

Granular Computing has been successfully applied in many fields to assist modeling while uncertainty exists due to its
intrinsic flexibility and comprehensive evaluation on different formats of information granules. The study of residual
modeling calls for some flexible tools like Granular Computing techniques to capture the high uncertainty intra the
residual. In this study, we devote ourselves to designing a hybrid time series prediction model by developing linear series
model and nonlinear (residual) series model separately. After that, a linear information granule aggregation strategy is
adopted generate the final predicted result. We focus on the developing a granular model (neural network) to capture the
pattern among the highly nonlinear residual and providing an interval residual with upper bound and lower bound which
covers as many training data (real residual) as possible and keeps specific enough simultaneously. To verify the effec-
tiveness of our method, a series of experimental studies are executed on several benchmark time series and compared with
the ARIMA (Autoregressive Integrated Moving Average) model. Our predicted intervals show a more compact results
under the same coverage.

Keywords Interval prediction - Granular neural networks - ARIMA - Cuckoo search - Time series - Residual

1 Introduction

In time series prediction related studies, many researchers
prefer probabilistic methods due to the strong ability of
probability theory and widely successful application in
various fields. However, interval prediction using proba-
bilistic methods only reflect one aspect of the predicted
results, i.e., coverage, which describes the percentage of
covered points of the output intervals. To make the interval
prediction results more comprehensive, some researchers
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propose Granular Computing based prediction framework
which provides two aspects to illustrate the final interval:
coverage and specificity. In fact, the most uncertainty
factor of a time series is the residual and there is no study
exploring modeling residuals using Granular Computing
techniques which becomes the main motivation of this
study.

Hence, in this study, we propose a hybrid time series
prediction model including Autoregressive Moving Aver-
age Model (ARIMA) and a granular neural network which
is used to construct a granular model on the residual. A
comprehensive discussion on the power of granular neural
networks on reflecting the uncertainty of the residual is
shown. Please refer to Fig. 1. Assume that a time series can
be divided into two parts: a linear subsequence and a
nonlinear subsequence. We build a prediction model on the
linear part using ARIMA method since it shows effective
and strong fitting ability on linear curves (Ning et al. 2022;
Luo and Gong 2023). The concomitant residual of ARIMA
is often a highly nonlinear complex part, and its prediction
becomes a challenge. Some studies start to build individual
models on the residual (Wani et al. 2017). Hence, we focus
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Fig. 1 The development process of the hybrid time series prediction
model

on developing a more comprehensive prediction model of
the residual using a type of granular neural networks (in-
terval granular neural networks). Compared with proba-
bilistic based interval models, this constructed granular
neural network comes with both coverage and specificity
metrics which are more rational and in line with human
beings’ thinking.

In Song et al. (2019), we proposed a type of granular
neural networks with granular connections in the network
architecture. The main frameworks of information granules
(granular) include intervals, fuzzy sets, rough sets, shadow
sets, and others. Therefore, the granular neural networks
are more robust and stable than the numeric ones. Since the
residual of a time series is highly random and may have a
large range between the maximum value and the minimum
value, it deserves to take a thorough analysis on the pre-
diction modeling process.

In brief, the main contributions of this study are
threefold:

e We execute a thorough analysis on the performances of
granular neural networks when being used to predict the
residual of a time series from both architecture aspect
and parameters aspect.

e A training—testing procedure guided by a granular
aggregation strategy is designed for a one-step time
series predicting problem. It mainly focuses on provid-
ing a flexible interval residual with upper bound and
lower bound which covers as many training data (real
residual) as possible and keeps specific enough
simultaneously.

e Cuckoo search algorithm is adopted to optimize the
complex information granularity allocation problem
and be testified effective.

The remainder of this paper is organized as follows:

Section 2 discusses some studies about different types
of output modes of time series prediction models. Then,
Sect. 3 introduces an existing classical linear and nonlinear
modeling combinations: ARIMA (autoregressive moving
average models) plus NN (neural network). This combi-
nation is the fundamental architecture of our method. In
Sect. 4, we will describe our method in detail from several
aspects. Section 5 elaborates on the experimental design
and results. Finally, the conclusion is present in Sect. 6.
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2 Related work

In this section, we will introduce the development history
of time series prediction studies from a perspective of the
output mode, i.e., points prediction, probabilistic predic-
tion, and information granules prediction.

2.1 Point forecasting related studies

Time series forecasting issues have been extensively
studied in the literature, and from the modeling perspec-
tive, it can be classified into three main types (Han et al.
2019): (1) Statistical models, (2) Artificial intelligence
models and (3) Hybrid models.

The main traditional statistical models include expo-
nential smoothing, autoregressive moving average models
(ARIMA) (Gencer and Bascift¢i 2021) and improved
models including seasonal factors (SARIMA) (Dubey et al.
2021), generalized autoregressive conditional
heteroskedasticity models (GARCH) (Amirshahi and
Lahmiri 2023), etc. These models assume a linear corre-
lation between historical data and the future, describing the
relationship between historical data and forecast values in
the form of a linear expression through the analysis of their
past values. However, they require that the time series must
be smooth and linear. Therefore, although these models
have achieved good results in early studies, they become
inadequate for modeling recent real-world time series when
used alone for forecasting (Biiyiiksahin and Ertekin 2019).

The number of ARIMA research papers has increased
rapidly in the last decade. For instance, in the last 3 years,
ARIMA has been successfully applied in studying COVID-
19 trends (Busari and Samson 2022; Kiarie et al. 2022).
Therefore, we consider using ARIMA model to capture the
linear character of a time series.

In recent years, the application of artificial intelligence
models to solve nonlinear regression problems has shown
good results. Various improved models of decision trees
such as Random Forest (RF) (Qiu et al. 2017) and Gradient
Boosted Trees (GBDT) (Jamei et al. 2023) and their
combinations are frequently used for time series prediction,
because they have good interpretability. Multi-layer per-
ceptron (MLP), back propagation neural network (BPNN),
support vector regression (SVR), and long short-term
memory neural network (LSTM) also perform well in
various forecasting tasks. Wang et al. (2015) proposed an
improved BPNN using adaptive differential evolution
algorithm and experimental results show effective
improvement in prediction accuracy. Bray and Han (2004)
explored the use of support vector machines (SVMs) for
time series prediction. Recently, deep learning related
methods are successfully applied to solve time series
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prediction problems, especially in data-rich tasks. Chim-
mula and Zhang (2020) apply LSTM models to deal with
infectious disease prediction issues.

Due to the limitations of a single model, Zhang (2003)
proposed to decompose the time series into a linear part
and a nonlinear part and realize modeling separately. Based
on the similar concept, Zhang et al. (2019) proposed an
ARIMA-SVR approach for predicting daily emergency
patient flow, and experimentally demonstrated that the
hybrid model has a promising approach with superior
performance relative to the single model on this dataset.
Biiyiiksahin and Ertekin (2019) combined the ARIMA-
ANN hybrid model with the empirical mode decomposi-
tion (EMD) technique to make the generated prediction
components more predictable.

No matter what kind of models mentioned above, they
finally output a real number as the prediction result which
seems not sufficient enough to evaluate the complex time
series data sets nowadays. This phenomenon definitely
invokes further exploration in this field and probabilistic
studies are one of the most successful cases.

2.2 Probabilistic prediction related studies

Although a plethora of time series forecasting models have
been studied in terms of point forecasting for target value
forecasting, interval forecasting for time series uncertainty
is important in many fields such as agriculture, economy,
and risk management in the financial industry. In many
studies, this uncertainty is described in terms of proba-
bilistic forecasting. Machine learning methods and their
combinations with other methods have been widely studied
(Bhardwaj et al. 2020; Lv et al. 2022; Rhif et al. 2023).
Deep neural networks are a hot topic in recent research to
generate probabilistic forecasts by learning to generate the
mean and variance of the forecasts. A method that mixes
wavelet transform (WT), deep belief network (DBN), and
quantile regression (QR) is proposed in (Wang et al. 2016).
The method first decomposes the original data with WT to
obtain sequences of different frequencies, and then uses
DBN to extract different patterns of each frequency.
Finally, the probability prediction is derived using quantile
regression statistics. Experimental results show that the
model has competitive performance. The same probability
prediction method combining WT and convolutional neural
network is used in Wang et al. (2017). The DeepAR model
in Salinas et al. (2020), which is based on an autoregressive
recurrent network, was trained with a large number of
correlated time series to obtain a probabilistic prediction
model.

2.3 Granular prediction related studies

Recent years witness an increasing study on developing
granular (fuzzy) models to predict time series. Chen and
Hsu (2008) present a method for forecasting the enrollments
of the University of Alabama based on the high-order fuzzy
time series. Chen and Wang (2010) proposed a method to
predict financial time series based on fuzzy-trend logical
relationship groups (FTLRGs). Leite et al. (2011) proposed
a fuzzy granular evolving model to realize time series
prediction which uses information granules in fuzzy rules.
Al-Hmouz et al. (2015) tried to form information granules
on the original time series and analyze it using fuzzy rela-
tion. Chen et al. (2013) proposed a method for fuzzy fore-
casting based on two-factors second-order FTLRGs and the
probabilities of trends of fuzzy-trend logical relationships.
Guo et al. (2018) construct information granules on the
original time series and use Hidden Markov Models to
realize long-term prediction. Chen et al. (2019) proposed a
new fuzzy time series forecasting method based on the
proportions of intervals and particle swarm optimization
(PSO) techniques. Zeng et al. (2019) proposed a clustering-
based fuzzy time series forecasting method based on linear
combinations of independent variables, the subtractive
clustering algorithm and the artificial bee colony (ABC)
algorithm. Deep neural networks are also adopted to add
information granules information in the structure for time
series prediction (Tomasiello et al. 2021). Pant and Kumar
(2022) proposed hesitant fuzzy sets-based hybrid time ser-
ies forecasting method using particle swarm optimization
and support vector machine. Vovan (2023) used improved
fuzzy clustering technique to develop a predictive model for
interval time series, and a new rule is created to interpolate
the historical data and forecast the future. All those litera-
tures concentrate on the entire time series, no matter short-
term or long-term prediction, or single variate or multiple
variates. There is no study about the individual granular
modeling while splitting the original time series.

3 A prediction model comprising ARIMA
and NN

In this section, we will introduce the hybrid prediction
model comprising ARIMA and NN which serves as the
fundamental framework of our proposed method. The
overview of the entire architecture is displayed in Fig. 2.

residual
ARIMA > NN

a time series
R —

Fig. 2 A development process of prediction models using ARIMA
and NN
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3.1 ARIMA

The ARIMA model is a classical statistical tool in time
series analysis, which essentially uses autoregressive and
moving average components to separate the signal from the
noise in the data and take into account the differential
factors. When analyzing time series data, we first do a
white noise test on the data. If it is white noise, then
ARIMA is considered unnecessary to continue the analysis.
If not, do the smoothness test. During the smoothness test,
ADF method is often used to test whether there is a unit
root in the data. According to the significance test statistic,
if it is less than 5% confidence level, there is 95% certainty
to reject the original hypothesis. Thus, the original time
series is smoothy. The most critical issue in ARIMA is the
model ordering. Common ways to determine the order are:
(1) by observing the trailing truncated tails of the autore-
gressive and partial autoregressive plots. (2) According to
the Akira pool information criterion (AIC) and Bayesian
information criterion (BIC). The estimation of the model
parameters is generally evaluated by least squares estima-
tion and maximum likelihood estimation. The expression
of the model after parameter estimation is as follows.

P q
Ve =pt Zyiyt—i +o+ Z Orots—i (1)
i-1 P

where y, denotes the value of the series at time #, u is the
mean of the series, ¢ is the random error, and p and g are
the autoregressive and moving average terms, respectively.
The ARIMA model produces a residual series, for which a
significance test is also performed. It is generally believed
that a proper modeling process will fully and effectively
extract the effective information from the series, while
making the residual series a white noise series.

3.2 NN

Extracting nonlinear patterns embedded in time series is
very strenuous for traditional linear models. Therefore,
when dealing with nonlinear sequences, a nonlinear model
is needed. Artificial neural networks are one such model.
The application of artificial neural networks to time series
prediction is relatively mature, where single hidden layer
feedforward networks are more widely used in time series
modeling and prediction. No matter if shallow neural net-
works or deep neural networks, they are inspired by the
neuronal cells of the human brain and try to fit the original
series using a nonlinear strategy. Since we will adopt a
shallow (one hidden layer for instance) as our basics, the
operation and theory is displayed below.

@ Springer

2= wyx—0 (2)
]

Y =) (3)

where x; is the jth input variable and y, represents the kth
output. The relationship between input x; and output y; is
expressed in formulas (2) and (3), where w;; is the con-
nection weight, and 6 is the threshold, also known as bias.
It can be noted that no matter how many input signals go
through the linear combination of connection weights w;;
and threshold 0, they are still linear. A simple linear
combination cannot solve complex problems. Therefore, a
nonlinear function f() is needed as an activation function to
offer the ability to solve nonlinear problems.

3.3 Aggregation

Since the objective of developing a prediction model is to
predict future tendency (short time or long time), an
aggregation strategy should be carefully designed. Now,
we will introduce the simple linear aggregation mechanism
to aggregate ARIMA and NN model.

Based on the idea of decomposing a time series into a
linear sequence and a nonlinear sequence, the residual
series e, is obtained by making the difference between the

results L, predicted by the ARIMA model and the actual
value Y; as follows.

€ — Yl‘ — Et (4)

The NN is used to analyze and model the residual
sequence e,.The trained neural network is then used to

predict the nonlinear part of the residual sequence, N..
?t == Z‘\l + ﬁ[ (5)

Finally, two parts of the prediction result are added to be
the final prediction result.

4 A hybrid model comprising ARIMA
and GNN

This section presents our hybrid interval prediction model
based on a granular neural network and ARIMA. In the
study of Zhang (2003), it was found reasonable that a time
series comprising a linear autocorrelation structure and a
nonlinear part. Based on this theory, we design a time
series prediction model including two main phases.

Phase 1: ARIMA modeling. On the premise that none of
the data sets used are white noise series, the original time
series is differenced to the first or second order according
to the ADF test results, and no differencing is required if
the series is already smooth. The autocorrelation and
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partial autocorrelation plots of the time series are then
drawn to initialize the model order. Then parameter esti-
mation is performed for each of the initially selected
models. The AIC and BIC values are calculated for each
obtained model. The model that is smaller under both AIC
and BIC criteria is selected by comprehensive comparison.
ARIMA modeling is completed.

Phase 2: GNN modeling. The residual series is obtained
after ARIMA and needs to be transformed into a form that
can be processed by GNN. The method of sliding window
is used in this paper.

Each phase of the proposed model will be explained in
detail in this section. In the following, we first provide the
fundamental information about GNN, and then describe
cuckoo search algorithm. Then the interval prediction
method for the hybrid model of granular neural network
and ARIMA is presented.

4.1 GNN

Granular neural networks are an extended study based on
numeric neural networks proposed in the literature (Song
and Wang 2016). It aims to transform traditional numerical
weights and biases into information granules and then
makes the architecture of a network more robust and
general. A level of information granularity ¢ is assigned to
the system and then allocated to each weight and bias of a
numerical neural network. Assume all the weights and
biases are stored in a vector v = [vy, vy, ..., v,,]. There will
be p levels of information granularity ¢; (i =1, 2, ..., p)
allocated onto v. The protocols of allocation can be uni-
formly allocation or nonuniformly allocation which
depends on the users’ requirements or the complexity of
the problem. However, they all should satisfy an equation:

el+e+...+e=pxe (6)

One simple way to construct interval information
granules is:

Vi < [vi —vi* e, vi + v kg @™

In this case, a numeric weight is extended into an
interval v. There also can be asymmetric strategies which
is more complex than the symmetric case. Hence, we
choose the symmetric strategy to show the entire devel-
opment process as a starting point. In general, people hope
to develop a well-performed model and therefore, an
optimization tool is often required to optimize the set of ¢;.
There is an equation constraint for the information granu-
larity set which makes the optimization more challenging
especially when the value of p is value.

4.2 Cuckoo search algorithm

We choose cuckoo search algorithm as our optimization
algorithm because of its merits in searching for global
optimal results (Ong and Zainuddin 2023). Cuckoo search
algorithm was inspired by the breeding characteristics of
cuckoos, which lay their eggs in the nests of other bird
species. The key to the success of this breeding method is to
select the most suitable host nest. A study of the cuckoo’s
host nest selection strategy suggests the following rules.

1. Lay one egg at a time and place it in a randomly
selected nest.

2. Nests that successfully reproduce quality eggs will be
passed on to the next generation.

3. The number of host nests is fixed and the probability
that a cuckoo egg is likely to be found and destroyed.

4. The optimization of a set of parameters looks similar to
the above nest selection strategy and many researchers
adopt this method as their optimization tools (Zhang
et al. 2023; Priya et al. 2022). We choose this method
and let ¢; be each host nest. The objective function is
designed accordingly in Sect. 4.3.

4.3 The objective function

Granular Computing based prediction framework provides
two aspects to illustrate the final interval: coverage and
specificity. The term “specificity” reveals the compact
level of the final intervals, that is, large length of the
interval means a small specificity and small length of the
interval means a large specificity. The term “coverage”
describes the percentage of covered points of the output
intervals.

In the conventional time series prediction modeling
process, the MSE (mean squared error) or other similar
evaluation metrics are adopted. In probabilistic interval
prediction modeling process, coverage is the single metric
along with a certain probability (confidence interval).
Later, some interval prediction models are proposed with
two evaluation metrics from two different aspects: gener-
ality and specificity. Generality is often expressed by
coverage whereas specificity is mostly computed by the
average length of all intervals. The first study defined those
two metrics are (Wang et al. 2020) in which Prediction
Intervals Coverage Probability (PICP) is defined for cov-
erage and Mean Prediction Interval Width (MPIW) is
defined for the average length of all intervals.

C
PICP = —
P+ ®)

where N is the total number of test data and c is the number
of true values included in the prediction interval.
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I o
MPIW = =3 (5" = 5}) (9)
=1

50

where y,”’ denotes the upper limit of the prediction

interval for the tth sample point on the test set and )7£L> the
lower limit of the interval, and ¢ denotes the number of true
values successfully captured by the prediction interval.
There is a critical issue about formula (9): it only considers
the intervals that cover the real data and calculates their
average length. However, sometimes, although an interval
doesn’t cover a real output, it was just that close. And in
this case, the interval still deserves to be looked insight.
Thus, in this study, we introduce another average length
metric in the following formula:
1 &

AL =53 G = 5)

N2 (10)

To obtain a better result, we need to follow two main
principles. One is to make predicted intervals contain as
many real data as possible. That is, larger value of PICP is
preferred. The other is to keep the length of each prediction
interval as small as possible. That is, smaller value of
MPIW is preferred. To comprehensively consider those

two factors simultaneously, we define one formula
including the two metrics in (11).

PICP
0 AL +1 (11)

4.4 Algorithm

Assume a time series T containing n sample observations,
with y, denoting the rth observation Here we only consider
the one-step prediction premise. Five stages are designed:

Stage 1: Predict the linear components of the time series
with the ARIMA model and obtains the linear part pre-
diction results and the residual series.

Stage 2: Trains an artificial neural network with the
residual series to get the network weights and biases.

Stage 3: Use the cuckoo search algorithm to allocate
weight granularity to the numeric weights and biases to
develop a suitable granular neural network.

Stage 4: Utilize the granular neural network to predict a
set of intervals for the residual.

Stage 5: Aggregate the predicted results generated in the
first and fourth stages with a linear combination function
(summation) to form the final intervals.

Assume that the residual sequence is represented as

e:ey,e,...,e,. The input data after the sliding window
method can be represented as: wy,ws,...,w,, where
w, =e1,63,...,6, Wy = €2,€3,...,€51]5...,

Wy = €m, €mtl, - - - €mis—1, Where s represents the length of
the sliding window. The final predicted interval is obtained
by adding the results of ARIMA and the interval of the
granular neural network for the residual series. To better
understand the third and fourth stages of the algorithm, the
pseudo-code is provided in Algorithm 1.

Algorithm 1:

Input: A residual sequence ey, ey, ..., €,, system granularity &

Output: a granular neural network

< @mts—1

, 0,,], where 0k = [Ekl, Ek2y v nns

I: Reorganize the residual sequence into a series of sliding windows: w; =
€1,€7,...,65, Wy = €),€3,...,65411,..., Wiy = €, €yt -

2: Train a numeric neural network using the sliding windows and return a weights
and biases matrix W (the total number of entries in W is equal to p)

3: Initialize a matrix of granularities E,x, = [6; 0»; ...
erpl,and XP_ & =X p

4: For each 6, allocate each entry in it onto each entry of W and make each entry
of Whbecome an interval, then obtain a granular matrix “W. Calculate the interval
output of the granular neural network with the sliding windows and "W.
Compute the objective function value and record itas qx. O = {qr, k=1,2, ...,
nj

5: Apply Cuckoo search algorithm to update E,x, according to Q. Then repeat step
4 until stop condition is satisfied.

6:

Record the best individual in the last iteration as .. At this time, develop the
corresponding granular neural network GNN and return.

@ Springer
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Now, we have completed the entire training process of a
GNN. When we face a prediction task, a linear output is
obtained through utilizing ARIMA and the input sliding
window. A nonlinear part, i.e., the interval residual is
obtained by sending the sliding window to the GNN. The
aggregation can be simply realized through linear combi-
nation of the linear output and the interval residual. Since
the residual is often highly nonlinear and there is no
obvious pattern to be captured, an effective and powerful
tool is needed. In the following experiments section, we
will concentrate on testing the performance of GNN from
as many as possible aspects.

5 Experimental studies

The experiments were implemented under two program-
ming environments: the ARIMA statistical model was
implemented with the help of the R programming lan-
guage, while the basic part of the numerical neural network
was developed using the third-party library keras in python.
The experiments were run on a 2.90 GHz CPU.

All the experiments are done under the one-step pre-
diction requirements and can be equally applied to the
multiple-step case.

5.1 Datasets and parameters setting

The datasets used in this study include: Wolfe sunspot data,
Canada lynx data, and Globtemp data. These datasets have
different statistical characteristics and have been exten-
sively studied in the neural networks related literature and
statistical literature. This study uses these datasets to
demonstrate the validity of the model and compare with the
existing studies.

The sunspot dataset has monthly observation samples
and annual observation samples. The annual data are used
in this experiment, where a total of 221 sample points from
1700 to 1920 are used as training data, while 67 sample
points from 1921 to 1987 are used as test data.

The Canada lynx dataset records the number of Lynx
captured each year in the Mackenzie River region of
northern Canada. The dataset records a total of 114
observations from 1821 to 1934, with observations from
1821 to 1920 used as training data to train the model, and
observations from 1921 and 1934 used as test data. It is
worth noting that these data were processed with a loga-
rithm based on 10 before our analysis of the Canada lynx
data set.

The third dataset is the exchange rate between the Bri-
tish pound and the U.S. dollar. Predicting exchange rates is
difficult in the field of time series. Prediction of exchange
rates has both academic and practical value for

international trade. This study uses weekly observations
from 1980 to 1993, with 731 data points, of which the first
679 data points are used as training data and the last 52 as
test data. Following (Zhang 2003), this study uses natural
logarithms to preprocess the data.

In the process of establishing numerical neural networks
on the residual, a single hidden layer neural network
structure is used, in which the sigmoid function is used as
the activation function of the hidden neurons and the
number of neurons in the output layer is one. Only one
hidden layer is enough for small size time series data sets.
When the size increases, we can enlarge the number of
hidden layers and hidden neurons. The optimizer uses
adaptive moment estimation (Adam) and MSE as the loss
function. Facing different data epoch is set within 10,000 to
make sure the performance of the learning process con-
verges to a stable state.

As a comparison experiment for the ARIMA model we
use the same model order as in (Zhang 2003). The sunspot
dataset uses ARIMA (9, 0, 0),and the Canada lynx dataset
uses ARIMA (12, 0, 0), and the exchange rate dataset is
designed with the model ARIMA (1, 1, 0). Those hyper-
parameters are determined according to the experiments of
ARIMA which show comparable better results on those
parameters.

5.2 Granular modeling on the residual

In the course of many studies, researchers focus on the
accuracy of the model. However, the exploration of the
effect of “uncertainty” is neglected, and this phenomenon
is more obvious in residual series forecasting. As we
mentioned earlier, an important basis for determining
whether a model has fully extracted the valid information
from the data is to do a white noise test on the residual
series. If the residual series passes the white noise test, it
means that valuable signals have been extracted, and what
remains is noise and interference. However, this conclusion
only shows that it is not possible to make accurate point

residuals

T T T
0 50 100 150 200

Time

Fig. 3 ARIMA residuals of the Sunspots dataset
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ACF
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Fig. 4 ACF and PACEF plots of the Sunspots residual sequence

predictions on the residual series. Here an attempt is made
to account for this uncertainty in the form of an interval
prediction.

Taking the Sunspots dataset as an example. The residual
series generated after the ARIMA model prediction is
shown in Fig. 3. A direct observation shows that the series
is irregularly noisy. The autocorrelation plot of the residual
series (Fig. 4.) shows that the autocorrelation coefficients
of the delayed k-order samples are nearly zero except for
the 0-order autocorrelation coefficient which is 1 (due to
the presence of random perturbations, the autocorrelation
coefficient is not strictly equal to 0). It can be considered to
a greater extent that there is no autocorrelation.

The Box-Pierce test on the residual series can more
accurately illustrate the white noise characteristics of the
residual series. The p value of the test result is 0.8695,
which is significantly larger than the critical value (such as
0.05) at the selected confidence level, and the original
hypothesis cannot be rejected, i.e., we can consider the
series as white noise. The critical value will be further used
in the comparison study which is often set as 0.2 and 0.05.

Prediction of Residuals

Partial ACF
-0.10 -0.05 0.00 0.05 0.10
L L

Lag

With these settings, the confidence intervals are 80% and
95%.

In this experiment, a granular neural network is used to
make interval predictions for the residual series to describe
the uncertainty intra the residual series. To observe and
analyze the effectiveness of the GNN on the residual
modeling, we draw the predicted intervals of two time
series data sets in Figs. 5 and 6. For each data set, a set of
different levels of information granularity are used to run
the program and here we only draw two cases. As to the
Sunspot data set, the upper bound and lower bound are
more smoothy when the system granularity is larger (0.15).
In addition, they cover more real output data points. As to
the Lynx time series, the smaller value of system granu-
larity (0.12) can cover almost all data points although there
are some sharp breaks in the curves (the bounds and the
real output). In addition, the bounds are more compact
whilst covering enough real output points.

Together with the predicted interval residual, we add the
linear part and outcome the final output. The final upper
bound and lower bound along with the real time series of
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Fig. 5 The output upper bound and lower bound of the residual, Sunspot data, a e =0. 12; b e = 0. 15
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Fig. 6 The output upper bound and lower bound of the residual, Lynx data, a ¢ =0. 12; b e =0 18
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Fig. 7 Prediction results of the proposed model on the Sunspots
dataset
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Fig. 8 Trend of fitness and coverage versus number of iterations.
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Sunspot data set are illustrated in Fig. 7. It can be seen that
almost all the data points are covered by the two bounds.
This again shows the effectiveness of GNN and our
method. In addition, the width of the bounds is flexible and
controllable by users according to the complexity of the
problem at hand.

5.3 Iterative process for granularity allocation
optimization

After training a numerical neural network, it is crucial to
granularize the weights and biases. To ensure that the fit-
ness function is valid, we plot Fig. 8 to show how the
fitness function and the coverage change as the number of
iterations increases during the iterative process of the
cuckoo search algorithm. It is important to note that there is
a decreasing coverage phase during the iterative process.
This is because the fitness function has to take into account
both the coverage and the average width. To ensure that the
coverage is as high as possible while the average interval
width is small, the selection of an effective optimization
tool is critical.

5.4 Comparison with ARIMA prediction intervals
The prediction intervals given by probabilistic prediction
models in most studies are generally based on a few

common confidence levels fixed in statistics, such as 80%
or 95% confidence level. The interval prediction, however,
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Fig. 9 The predicted intervals of our model and the 95% confidence
interval of the ARIMA model (Sunspot data set)
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Table 1 Prediction results of

ARIMA and our method on 80% level

95% level Ours

three data sets Coverage AL Coverage AL Coverage AL &
Sunspots 0.761 36.477 0.896 55.787 0.902 44.076 0.12
Lynx 0.857 0.492 1 0.753 0.986 0.492 0.01
Globtemp 0.704 0.253 0.926 0.387 0.963 0.33 0.12

can be useful in different fields and can serve as an
informative opinion for decision makers. Therefore, we
show the results for the prediction intervals of the model in
this paper and the 95% confidence intervals of the ARIMA
model, as shown in Fig. 9 (using Sunspot data set). The
model proposed in this paper is clearly better than the
probability intervals of the benchmark ARIMA model,
being 34.7% narrower in width than ARIMA.

In Fig. 9, the interval of our hybrid model is almost
completely covered by the ARIMA prediction interval,
which indicates that the hybrid model gives a more accu-
rate range of the future trend of the data. For the same
volatility data, the model that gives a narrower interval has
a stronger resistance to disturbances.

To further demonstrate better performances of our
method over the benchmark probabilistic prediction model,
a comparison with the ARIMA model on the Sunspots
dataset, Lynx dataset, and Globtemp rate dataset is given in
this section. The prediction results at 80% and 95% con-
fidence levels of ARIMA are presented in Table 1.

It is obvious that our proposed model shows a much
narrower intervals with similar coverage value or even
larger coverage on the three time series data sets.

6 Conclusion

The modeling of the residual is crucial to time series pre-
diction problems. A residual comprises the most stochastic
factors intra a time series which is closely related to the
concept of uncertainty. Therefore, developing an effective
tool to deal with a residual with high uncertainty becomes a
challenging. In this paper, a hybrid time series forecasting
method based on granular neural network and ARIMA is
proposed. The main contribution of this method is to
develop a more compact prediction model on the residual
series to control uncertainty. This hybrid framework has a
convenient and adjustable flexible structure for the interval
output and outputs a high coverage of the prediction
interval. Through the comparison experiments with the
classical benchmark probabilistic forecasting model
ARIMA, our method shows better performance. In addi-
tion, the method provides some aspects for the interval
forecasting field. In the future, we will try to explore the
multivariate time series prediction using the granular

@ Springer

neural networks and ARIMA. Thus, how to effectively use
all the variates and how to aggregate them to form a
comprehensive model becomes the core challenge.
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