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Abstract

The fuzzy Henstock integral provides a flexible and powerful tool for handling high oscillation
functions, its primitive is a fuzzy bounded variation function rather than a fuzzy absolutely
continuous function. In this paper, we first provide some basic properties of fuzzy bounded
variation function spaces. Then it was proved that the solution of the generalized fuzzy
differential equations(GFDEs) based on fuzzy Henstock integral must be a bounded variation
function, which is to give the structure for the bounded variation solutions(B V-solutions) of
the GFDEs. Finally, by using the embedding theorem for fuzzy number space and Schauder
Tichonov’s fixed point theorem, we obtain the existence theorem of BV-solutions for GFDEs.
In addition, we provide the local uniqueness theorems for two types of fuzzy solutions of
GFDEs.

Keywords Generalized fuzzy differential equations - Bounded variation solutions -
Existence and uniqueness theorems - Fuzzy number - Fuzzy analysis - Fuzzy Henstock
integral

Mathematics Subject Classification 03E72 - 26E50 - 34A07 - 34D20

1 Introduction

As we all know, there are critical applications in many scientific fields for the differential
equations, such as automatic control, design of various electronic devices, trajectory cal-
culation, flight stability of aircraft and missiles, stability of chemical reaction process, etc.
However, the solutions of ordinary differential equations must be absolutely continuous func-
tions. To expand the solutions of differential equations, Henstock integral was proposed by
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Henstock (1963) and also independently by Kurzweil (1957), which extended the Riemann
integral, imporper Riemann integral, Lebesgue integral and Newton integral (1989).

Since Chang and Zadeh (1972) put forward fuzzy numbers, the study of properties for
fuzzy numbers (in particular algebraic properties) has attracted many researcher’s attention.
However, for each fuzzy number pair, the difference is not well defined until g-difference
is proposed (see Bede and Stefanini 2013). In fact, the fuzzy derivative and the subtraction
of fuzzy numbers are developed simultaneously. Puri and Ralescu (1983) proposed the H-
derivative for fuzzy-valued functions using H-difference. This definition is similar to the
definition of derivative in real analysis. Due to the limitation of H-derivative, in 2005, Bede
and Gal (2005) introduced the strongly generalized derivative. Since then, Bede et al (2007),
Stefanini and Bede (2014) have used the strong generalized derivative for further research.

As the applications of the fuzzy derivatives, Kaleva (1987) first researched the following

F@) = ft,%5@), Ft) = %o (1)

where I = [a, b], R is the space of fuzzy numbers and f : I x Rr — Ry is fuzzy
continuous with X € Rx.

1.1 Related work

After then, the existence theorems and uniqueness theorems of the solutions for (1) have
been studied by many scholars (Allahviranloo et al 2009; Kaleva 2006; Lakshmikantham
and Vatsala 2000) under various conditions, but they have not achieved satisfactory results.
We know the solution does not necessarily exist if only based on the continuity of f for (1).
The fuzzy number space R £ is not a vector space, but it is isomorphic to a cone in a Banach
space (see, Kaleva 1998). Until 1999, Nieto (1999) obtained that problem (1) have a unique
solution if f is bounded and continuous. Using the embedding theorem (Theorem 1), C. Wu
and S. Song Wu and Song (1998); Wu et al (1996) translated the certain problem (1) to a
ordinary differential equation in a closed convex cone of C[0, 1] x C[0, 1]. Furthermore, they
proved that if the generalized Lipschitz conditions is satisfied by f , the solution for (1) is
unique. In 2008, combined with the properties of the Hasegawa function, under dissipative-
type conditions, we Gong and Shao (2008) obtained the global existence theorems of the
solutions for (1). In 2022, Ghaffari et al (2022) obtained the traveling wave fuzzy solutions for
the fuzzy fractional wave equation and the fuzzy fractional diffusion equation by using fuzzy
traveling wave method. Bahrami et al (2023) based on the direct and inverse fuzzy transforms
derived analytical approximate solution of flexible basic functions for the fractional-order
linear semi-explicit differential-algebraic equations with variable coefficients. By using the
differential inclusion theory, Dai and Chen (2020) studied the structural stability for periodic
solutions of problem (1). More research by Chen et al. for FDEs, see Dai and Chen 2017,
Dai et al. 2018; Sin et al. 2017.

In addition, the research on the integro-differential equations and boundary value problem
has also achieved good results. By introducing the mixed solutions of the FDEs, Alikhani et al
(2012) discussed the existence and uniqueness of global solutions for the FDEs of Volterra
type. Using the fixed point theorem, Villamizar-Roa et al (2015) proved the existence and
uniqueness theorem of the FDEs. For more in-depth research for fuzzy integro-differential
equations(see Liu et al 2020; Qahremani et al 2021). Using mean values and left-right spread
systems, Akram et al (2021) obtained the solutions for L R-bipolar fuzzy linear system,
L R-complex bipolar fuzzy linear system with real coefficients and L R-complex bipolar
fuzzy linear system with complex coefficients of equations in 2021. Using Laplace trans-
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form technique, Akram et al (2022) determined a potential solution for linear third-order
fuzzy initial-value problem, the solution is represented in terms of the MittagLeffler function
involving a single series. By using the fuzzy Laplace transform, Akram et al (2023) obtained
the analytical solution of a two-dimensional homogeneous system of fuzzy linear fractional
differential equations with the Caputo derivative of two independent fractional orders.

In 2023, Laiate (2023) provides algebraic properties of the i/-cross operations on S-
linearly correlated fuzzy numbers and study the fuzzy polynomial differential equations
under the v-cross product. And apply the results to solve the Abel equation. In 2024, Sar-
vestani and Chehlabi (2024) obtain some properties of continuity of the derivative function
and the existence of switching points for a fuzzy-valued function based on the generalized
differentiability. And they prove the new sufficient conditions for existence of solutions for
periodic boundary problems of first-order linear fuzzy differential equations. By the finite
difference method, Wasques (2024) presents a numerical approach to solve fuzzy partial dif-
ferential equation restrict to fuzzy boundary and initial conditions. They apply this method
to solve the heat equation. Yang and Wu (2024) focus on solve a class of second-order lin-
ear fuzzy differential equation semi-homogeneous boundary value problem. They prove the
existence and uniqueness of Green function for semi-homogeneous BVP of self-conjugate
equations and present several examples to illustrate the solution of boundary value problem
for fuzzy differential equations using Green function method.

However, in all the papers mentioned above, the right-hand side function of the FDEs is
Kaleva integrable. In 2002, Xue and Fu (2002) obtained the Carathéodory solutions for the
FDEs. If f is a highly oscillatory function, then the solution of the FDEs is a bounded variation
function. Therefore, it is not enough to consider only f satisfies Carathéodory condition and
f is a Kaleva integrable function. In 2000, Wu and Gong (2000, 2001) gave the concept
of fuzzy Henstock integral, which is a nonabsolute fuzzy integral. To complement fuzzy
Henstock integral theory, for the fuzzy Henstock integrals, Shao et al (2017, 2019) studied
some controlled convergence theorems. As its applications, they considered the retarded
fuzzy functional differential equations, and obtained the existence and uniqueness theorem
of the solutions.

1.2 Motivation

To sum up, it is not enough to consider only Carathéodory solutions in Xue and Fu (2002),
and it is also not enough to consider only the Kaleva integral. Our motivation and innovations
can be summarized as follows:

1. Although a large number of studies have been committed to expanding the solutions of
fuzzy differential equations, most of the existing studies of fuzzy differential equations are
fuzzy absolute continuous function. In the case of fuzzy Henstock integrals, the solution
of the GFDE:s is of fuzzy bounded variation. Therefore, to enlarge the class of solutions
of fuzzy differential equations, this paper considers the bounded variation solutions of
GFDEs based on the fuzzy Henstock integral, and extends the solutions of GFDEs from
the fuzzy absolutely continuous function space to the fuzzy bounded variation function
space.

2. Before g-difference was proposed, the subtraction of a pair of fuzzy numbers did not
always exist, and the main drawback of solving fuzzy differential equations was that the
existence theorem always assumed that the right-end function was subtractable. There-
fore, this paper uses g-difference to handle the right-end function of GFDEs, making the
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conclusions obtained in this paper more extensive than those based on H-difference and
gH-difference.

Expanding the space of solutions for fuzzy differential equations is meaningful, as it can
lead to some fuzzy differential equations having solutions in a broader sense, even though
there were no solutions in previous sense, allowing for further research. The original fuzzy
differential equations studied the properties of solutions in the fuzzy absolutely continuous
function space. However, the primitive function of the fuzzy Henstock integral is in the
fuzzy bounded variation function space, which includes the fuzzy absolutely continuous
function space. In theory, we have the foundation to study the solutions of fuzzy differential
equations based on fuzzy Henstock integrals in fuzzy bounded variation function spaces. To
ensure that 1. The solution of a fuzzy differential equation must be a fuzzy bounded variation
function and 2. any bounded variation function must be fuzzy Henstock integrable, we need
to impose certain restrictions on the integrand(Definition 10). These limitations ensure that
the integrand function can be controlled, but they also require that any two fuzzy numbers
can be subtracted, which is the property that only possessed by g-difference. It is easy to
think of extending the derivative of fuzzy differential equations from the gH-derivative to the
g-derivative to expand the solution space of fuzzy differential equations. Therefore, this paper
extends the solution space of fuzzy differential equations from the fuzzy absolute continuous
function space to the fuzzy bounded variation function space based on the fuzzy Henstock
integral and the g-difference between fuzzy numbers.

The study of BV-solutions for GFDEs is meaningful. In fact, there exists a generalized
fuzzy differential equation where the right-hand function is not integrable in the sense of
Kalevaintegral due to its discontinuity, but there is a solution. Let’s use the following examples
to show such a generalized fuzzy differential equation.

Example 1 Considering the GFDEs as follows, I = [a, b], Xo = AeR F with

S, 0<s<l
As) =32—s5,1<s<?2
0, others.

let f @) = xet) + A where y transforms g into a fuzzy-number-valued function such that
[xer]n = [g(0), g(®)] for VA € [0, 1], and g : [a,b] — R is a real-valued function as
follows:

-1 2 1
2tsmt—2—;cost—2,t7é0

gm:{o, t =0.

The above fuzzy differential equation has the following solution: X (¢) = xg() + At, where

2 qin A
tosin 5, t #0
G(t) = 2’
@ {0, t=0.
£ (1) is not integrable in the sense of Kaleva integral, the method of using integral equations
to solve the above fuzzy differential equations is limited.

We will illustrate in Example 5 that the above differential equations no (i) and (ii) solutions
in the sense of gH-differential, but there exists a bounded variation solutions in the sense of
g-differential.
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1.3 Outline of the article

The essence of the first part of this article is the derive some basic properties including the
relevant theories of fuzzy bounded variation function spaces, and the connection between
solutions of GFDEs and fuzzy bounded variation functions, which provide theoretical support
for the study of bounded variation solutions for GFDEs. Further, based on the embedded
theory of fuzzy number space and Schader Tichonov’s fixed point theorem, we prove the
existence and uniqueness theorems of GFDEs. We summarize the main contributions of our
research work as follows:

1. Proving the existence and uniqueness of bounded variation solutions for GFDEs based
on fuzzy Henstock integrals.

2. Using the g-difference between fuzzy numbers to prove the existence and uniqueness of
GFDE:s.

3. Extend the solutions of GFDEs from the fuzzy absolutely continuous function space to
the fuzzy bounded variation function space.

4. Provide specific examples to demonstrate how to use the main results of this paper to
obtain the existence and uniqueness of bounded variation solutions.

1.4 Layout of the paper

This paper is rest: In Sect. 2, we provide some basic notion and preliminary results. In Sect. 3,
we study the structure of the BV-solutions for the FDEs. In Sect.4, we prove the existence
theorems of the BV-solutions for the GFDEs. In Sect. 5, we prove the uniqueness theorems
of the BV-solutions for the GFDEs. At last, we give some conclusions and future research in
Sect. 6.

2 Preliminaries

In this section, some preliminary notion are introduced as a prework, including operations
and metric of fuzzy numbers and properties of the fuzzy Henstock integrals. Especially, some
important results about fuzzy Henstock integrals can be found in Gong 2004; Gong and Shao
2009.

2.1 The fuzzy number space

Throughout our paper F(IR) denotes a set of all fuzzy subsets on R. For 0 < « < 1, denote
[ile = {x e R:ulx) > a} = [u, , uir]. Suppose u# € F(R), satisfies u is normal, convex,
upper semi-continuous and [i]o = |, €(0,1][11]0( is a bounded set, then i is called a fuzzy
number. We use R~ to denote the fuzzy number space. For addition and scalar multiplication
of fuzzy numbers, refer to Diamond and Kloeden (1994); Kaleva (1987). In the paper, the
multiplication of a fuzzy number A and a real number f is unified as SA.

Define the Hausdorff metric D : Rz x Rz — R U {0} by

D@, 0) = sup max{lu; — vy |, Juf — v},
1€[0,1]

where [i], = [u; , uf], [0]x = [v;_, v, ]. Using the results of Bede and Stefanini (2013):
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(1) (Rz, D) is complete;
(i) D@+ w, v+ w) = D(u, v) foru, v, w € Rr;
(iii) D(kit, kv) = |k|D(ut, v), k € R.
Definition 1 (Bede and Stefanini (2013)) The g-difference of iz, v € R£ is given as follows
[it ©g D1 = cl(conv |_J (liilp Ogn [T1p))
B>
for all A € [0, 1], where [i]g Ogy [V]g represent the gH-difference between [it]g and [v].

Next, we will provide an example of obtaining the g-difference between two fuzzy numbers
u and v. In this example, the gH-difference between i and v does not exist, but the g-difference
does exist. This fact precisely demonstrates that g-differential promotes gH-differential.

Example 2 Let ii is a triangular fuzzy number and v is a trapezoidal fuzzy number such that
[u]y = [A, 2 — A] and [0]x = [O, 2]. Therefore,

[it O . = cl(conv |_J (1.2 = 1] Ogm [0, 2])) = cl(conv | J (=2, A1) = [—1, 1].
B=x B>A

That means the g-difference between i and v is a trapezoidal fuzzy number with [ O, V] =
[—1,1].

Llleorem 1 (Wu and Ma (1991)) Denote j(ii) = (u™,u™) for i € Rg. Y:henj Ry —
C[0, 1] x CI0, 1] satisfies that j(Rr) is a closed convex cone with vertex 0 with

(i) j(aii 4+ bv) =aj(u) +bjv) fora>0,b > 0;
(i) D@, v) =1|j@) — j@ll.
i.e. j embeds R into C[0, 11 x C[0, 1] isometrically and isomorphically.

2.2 The fuzzy Henstock integrals

Let §(¢) : [a, b] — R™. Given the partition I' = {[u, v], &}, if

Da=th<tij <---<t, =b;

(i) & € [tim1, 6] C (& —8(5), & +8(6)),
then I' is é-fine (see Lee (1989)). We call &; the associated point of [t;_1, ;] and #; the
division point.

Definition 2 (Wu and Gong (2000, 2001)) If there is Ae R, for Ve > 0, 35(§) > O s.t.
for every I' = {[u, v], £} which is §-fine,

D(z?(f, D,A) <e

where ¥ ( f , N = f &)(v — u), then f is fuzzy Henstock integrable and write
(FH) [? f(t)dt = A with f € FHla, b).

Theorem 2 (Wu and Gong (2001)) f € FHla, bl iff forVe > 0, 35(§) > 0 s.1.

D(ﬁ(f,m,ﬁ(f, Fz>)> <e

for every T'1 and Ty which are §-fine.
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Deﬁniti9n3 (Bede and Stefanini (2013)) Let 9 € (a, b) and f : (a,b) — Rg. If there
exists féﬁ(to) € Rz, s.t.

o S0+ O fo) _ [ (t0) O fllo = h)
im = lim

h—0 h h—0 h

= fe(t0),
then f is g-differentiable at #.

Remark 1 In this paper, the g-differential is applied to all problems about differentiable
fuzzy-valued functions.

Denote X[a, b] by the continuous function space f : [a, b] — CJ[0, 1] x C[0, 1], then
Xla, b] is a Banach space with

[l 1lxa,p) = sup ||f(t)||f[(),]]xf[o,]]-
t€la,b]

Theorem 3 Let j be the embedding operator from (Rz, D) to CI0, 11 x C[0, 1] and denote
C([a, b], Rx) by the continuous function space f : [a, b] — R, then C(la, b], Rr) can
be regarded as a closed convex subset in X|a, b].

Proof If f,§ € C([a,b],RF),a € [0,1] then o f + (1 — @)g € C([a, b], RF), that is
C([a, b], Rr) is a convex subset in X[a, b].

Next, let us show that C([a, b], Rr) is a closed subset of X'[a, b]. Denote by f;, £ jo f~n
and f,(1) = (fu(®)~, fu(H)T). Let fn € C([a, b], Rr) be a sequence which satisfied that
fn(t) converges to f(t) € X[a, b]. By the properties of fuzzy numbers and the Definition
of X[a, b], it enough to show f(¢)~(f(¢)™) is bounded and nondecreasing (non-increasing)
on [0, 1].

Due to

||fn(t) - f(t)”f[(),l]xf[(),]] = ||fn - f||X[a,b]

forevery t € [a, b], and fn € C(la, b], Rr). f,,(t)~ is bounded, left continuous and nonde-
creasing on [0, 1] thatis let r1 < o € [0, 1], ¢t € [a,b], f,(t)"(r1) — fu@®)"(r2) < 0.
From f,(t)~ — f(@)~ for every t € [a,b], f(t)"(r1) — f(®)"(r2) < 0. Similarly,
FOF () — fFOF () < 0and £~ (1) < fF(O)F (D).

Therefore there is a unique f € R s.t. for each A € [0, 1]

[f1a =10~ FOTO1

3 The Properties of BV-solutions for GFDEs

In this section, we give some properties of the B V-solutions for GFDEs. Some useful theorems
are obtained by using the concept of class V(G, h, @) (Definition 10). We begin by presenting
the concepts and properties of the fuzzy bounded variation functions.
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3.1 The space of fuzzy bounded variation functions

Definition 4 (Gong and Wu (2002)) Soppose T : a = 1o < 11 < ... < t, = b and

f:la,b] > Rgif
sup > 11/ (1) O S i)l
i=1

is bounded, then f is fuzzy bounded variation.

For convenience, denote V(f, [a, b]) by the total variation of f, and BV{a, b] by the
space of fuzzy bounded variation functions.

In order to construct the fuzzy bounded variation function space, we first propose the
following:

Theorem 4 ||f|| is of bounded variation iff~ € BV]a, b].

Proof Since f € BV|a, b],

s;pZ D(f (1), f(ti—1)) < 0.

i=1
Therefore,
|D(f(t;),0) — D(f(t;-1), 0)|
= | sup max{|f; ()| | £ )} — sup max{| f, (ti—DI, | £ Gi—DIY
1€(0,1] Ar€l0,1]

= max{| fy (&), | f (t)1} — max{| fy (ti—D)I, | fof ti—)}
< sup max{|f, (&) — f; (ti—D|, | ;7 @) — fF G0}

r€[0,1]
= D(f(t), f(ti-1)).
That is

sng |D(f(1:),0) — D(f(ti-1). 0)| < 0.

i=1

Corollary 1 If f, g € BV[a, b], then D(f (1), §(1)) is bounded.
Let f, g € BV|a, b] and denote

D*(f, 8 = s[upb]mf(r),g(z)),
t€la,

then the mapping D* is well-defined by Corollary 1 and we have
Theorem 5 (BV{a, b], D*) is a metric space.
To obtain some completeness, we propose the following theorem:

Theorem 6 Given the Cauchy sequence {fn} C (BV]a,bl,D*) and IM > O s.t.

V(fa.la.bl) < M for each n then f € (BV[a,b], D*) with V(f,[a.b]) < M where
f is the limit of point by point convergence of f;.
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Proof Let {f,} € BV[a,b],and V(f,, [a,b]) < M forVn € N.
Let M,, = V(fu, la, b]). By known conditions, for Ve > 0, IN € N s.t.

sup D(f(1), fu(1) <&

tela,b]
where n > N. For arbitrary partition I, let
1
N(T) x m’
where m > 0 and N (T') represent the total number of intervals of 7. Due to
D(f(t). [(ti-1) < D(F (1), fu(t)) + D(fut). Futi-1) + D(fulti-1). f(ti-1)).

we have

£ =

k
sup Y D(f (1), f(ti-1) < 3 +lim sup M.

T i— 1 n—0o0
From the arbitrariness of m,

supZHf(z,)@g fi-pll <M.

i=1
O

Definition 5 Let M > 0, we call f g [a, b] — R is of fuzzy M -bounded variation if it is
of fuzzy bounded variation with V (f, [a, b]) < M, and write f € MBV|a, b].

Theorem7 ForVf, 3, h € MBV|a,b],

(i) (MBV]a,b], D*) is complete;
(ii) forV¥lai, b1] C la, b], feMBV[al,bﬂ
(iii) D*(f +§& h+§) = D*(f.h).

Definition 6 If t~here is a finite division 7" and some fuzzy numbers E,- s.t. f(t) = Ei, t e
(ti—1, t;), then f is a finite step fuzzy-valued function.

Definition 7 Iffors € (a,b] and 7 € [a, D), the onesided limits f(t—), f(t—l—) exist respec-
tively, then f is regulated on [a, b].

Obviously, the finite step fuzzy-valued function must be fuzzy regulated.
Theorem 8 f € BV]a, bl iff f;, f;‘ are bounded variation functions uniformly about \.
Proof For any division T of [a, b],

an(r,)eg fai- 1)||—Z sup max{f;” () = f;” G-, |fF @) = £

i=1 i=1 1€[0
< V(f.la,b]).

Therefore, f, f;r are bounded variation functions uniformly about A for f € BV]a, b].
Conversely, IM > 0, s.t.

n M
DT = f Gl =
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and
. M
PAOENNCEIEES
i=1

for all A € [0, 1], then

D Nf @) o finll < M.

i=1

m}

Theorem 9 The right limit Off at pointt € [a, b) exists iff there are A}, A:for Vi € [0, 1]
st f, — A, and f;r — Air from the right uniformly about for ).

Proof Thereis A € R s.t. lim | f(t+8) = A, then
§—0

limsup max{|f, (t +8) — A, .| f; (¢t +8) — Af |} =0.
§—0%,1€[0,1]

Conversely, for VA € [0, 1] there are A, Ai s.t. f, — A, and f;r — A;r uniformly

about for A, then by the properties of fuzzy numbers, there is AeRrst[A], = (A, Ar]
for all A € [0, 1]. m]

Corollary 2 If f € BV|a, b), then it’s fuzzy regulated.
From Theorem 8 and 9, it can be obtained easily.

Theorem 10 For any fuzzy bounded variation function f , there is a sequence of finite step
fuzzy-number-valued functions { f,} s.t. f, — f.

Proof Let I:"(t) £ X{(f [a, t])~and f(t) = f(a). It’s obvious that I:"(t) is bounded and

nondecreasing with F(a) =0, F(b) = V(f, [a, b]).
Leta =co,b =cp41andc; € la,bl,i =0,...,ns.t

F(ep) = V(. [a b,

and .
~ 1 ~
F(ehyz ~V(f.la. b)),
where ¢; exists by Corollary 2.
Then we let ~
flei), t=ci,i=0,....n+1,
feh. 1 e (e i=0.....n,

ﬁﬂmz{
From the construction of ﬂ

T B
D*(fu, ) = ~V(f.la.b.

Theorem 11 M BV][a, bl N C([a, b], RF) is closed and convex.
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Proof From (i) of Theorem 7, we derive that M BV [a, b]is closed in C([a, b], Rr). Suppose

f.g € MBV[a,b] and B € [0, 1], then for any division, we have

STNBF+ U =P@)w) g B+ 1 =PRI

i=1

=Y D(Bf+ (=B, Bf+ (1 =P (ti-1)

i=1

<> (D(ﬂf(m, B (ti-1)) + D((1 = Bg(&), (1 — ﬁ)é(ti_l))>

i=1

<BY D). fti)+ (=B D@EW). §ti-1)

i=1 i=1
< BV(f.la, b)) + (1 =BV (g, la, b))
<M+ A -pHM =M.

Thatis Bf + (1 — B)g € MBV|a, b]. O

3.2 The BV-solutions for GFDEs

In this subsection, we consider the following GFDEs
T = f(t.5(1), F(to) = Fo @)

where Xo € Rz and f : G — Ry is fuzzy Henstock integrable. Denote by G £ ] x B,
where I = [a, b] and B, = {ii € R£, ||u|| < c}.

Next, we will provide the definition of BV-solutions for problem (2) based on the fuzzy
Henstock integral.

Definition 8 We call x(¢) a BV-solutions of (2) on [«, 8] C R iff it is continuous and of
fuzzy bounded variation on [, ], and satisfies the following integral equations

{)E(t) Og %o = [ (s, %(s))ds
X(tp) = Xo
Definition 9 (Xue and Fu (2002)) Let f : G — Ry, if

@) f(t, -) is continuous a.e. t € [a, b];
(i1) f(-, X) is measurable for VX € B..

then f is called the Carathéodéry function.
Definition 10 A Carathéodéry function f : G — Rz belong to V(G, h, @) if
(a) thereisad : I — (0, 00),forVr € [u,v] C (r —8(tr),t +68(r)) CITand x € B,
D(f(z,5)(v = u), 0) < h(v) — h(u);
(b) forVx,ye Bo.andt € [u,v] C (r —8(r), Tt +6(v)) C I
I1f (2.5 Og (@ DI =) < @ (|17 O FID () = hw));

@ Springer f DMAC



410 Page120f24 Y. Li, Y. Shao

(c) for each finite step fuzzy-valued function X (¢), f (t, x) is fuzzy Henstock integrable,

where i : I — (—00, 00) is increasing and continuous from the left, @ € K ie. @ :
[0, o0) — [0, 00) is increasing with continuous and satisfies @ (0) = 0.

Theorem 12 Letf :G —> Rr eV(G,h,w)and[a, B] C [a,b]. IfX : [a, B] > Rrisa
BV-solution of (2), then X € BV [, B] with

V (&, [a, B]) < A(B) — A(ar) < oo.

Proof For any I of [«, B]. f[;’;l f(t, X(t))dt exists on [t;_y, tj] forall j =1,---,n, then
for Ve > 0 there is a function §; : [t;—1, ;] — (0, 00) s.t. for each §;-fine partition: I';,
gelr] i1 —8;E) & +8;)) foralli = 1,2, my. From (a)

L. i . - -
||/ Ft, 2] < ||/ Ft, 50)dt 0 9CF(t, 5, Toll + 18 (F (e, £, Tl
tj—1 tji—1

IA

55+ hit) = hitj-).

Therefore,
k k .
D NE() Og £t = ZH/ F(. 2(@)de]]
j=1 j=1

k
< e+ Y (h(t)) = h(tj—1) = & + h(B) — h(@).
j=1
[m}
Theorem 13 Suppose a fuzzy sequence %, — % and f : G — Rx € V(G, h, w). For
Vs € [a, B, (s, 5(5), (5, %(s)) € G and [P f(t, %, (1)dt exists, then [P f(z, %(t))ds

exists with p p
lim / f(t, %, (0))dt = / £, %(t))dr.
n—0o0 o o
Proof By Theorem 2, for Ve > 0, since f € FH|a, B], 35,() > O s.t.
D(ﬁ(f(t, %), T, 9 (f (2, %), Fz))) <,
for every I'1 and I'; which are §,-fine. ; ;
Let§(£) £ 8,(£), then the 8-fine partition I" is also §,,-fine. From D(f (7, X), f(z, ¥))(v—
u) < @ (DX, y)(h(v) — h(u)),

D(ﬁ(.f(r,f), ), & (f(t, %), r)) <y D(.f(s,i@)), f@,in@)))w —u)

IA

Y @ (DEE), £0(E))(h(v) — h(w))

sup @ (D(x(2), X, (1)) (N(B) — I(e)).
refa,p]

IA

Dueto X, — X and w € K,

D<15‘(f(t,i), D), 0 (f(t, %), F)) — 0.
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For any I'y and I', which are §-fine,
D(ﬂ(f(r, %),T0), 0(ft, %), Fz))
< D(ﬁ(f(r,f), 1), 9(f (@, %), m) + D(ﬁ(f(r,)a, T), & (f(t, %), Fz))
+D<ﬁ(f(r,in), L), 9(f(t, %), Fz)) <e.

By Theorem 2, [# (1, %(1))dt exists. Also,

B B
D(/ f(t,)fn(t))dt,/ f(t,i(t))dt)

N B B B _
< D<15‘(f(t,in),1“),/ f(t,in(t))dt> +D(l9(f(t,i), F),/ f(t,i(t))dt)
+D<z9(f(t,i),F),l‘/‘(f(t,i,,),r‘)) <e.

so. [ fa. ®aenar — [£ Fa, 2 @)ar. .

Corollary 3 Suppose a sequence of finite step fuzzy-number-valued functions X, — X and
f:G = Rr € V(G, h, o). ForVs € [a, B, (s, X(5)), (5, n(s)) € Gand [P f(1, %, (1))dt
exists, then ff f(t, x(t))dr exists with

B B
tim [ F g = f Fa, 2.

Corollary4 If f € V(G,h, w) and ¥ € BV|[a, B), then by Corollary 3 and Theorem 10
B Fis. %(s))ds exists.

4 Existence of BV-solutions for GFDEs

In this section, for the fuzzy Henstock integrable function f € V(G, h, w) of problem (2),
we obtain some existence theorems.

Next, the local existence theorems of BV-solutions for problem (2) will be established
where f € V(G, h, @) with (f0) = %y € Rr.

Theorem 14 Let (ty, Xo) € G and f € V(G, h, @). Then there exist A=, AT > 0 s.t. on
[to — A™, to + AT there is a BV-solution x of (2) with X(ty) = Xo.

Proof Since B. is a open ball in R thereisa A~ > 0s.t.ifr € [fp — A7, ol and X € Rr
is s.t. ||X Og Xol| < |M(t) — h(tp)| then (X,7) € G = I x B, and similarly there exists
aAt > 0stifr € [to, 70+ Atland ¥ € Ry is s.t. || O, Zol| < |A(t) — A(ty)], then
(1.%) € G where h(ty) = lim (7).
t—)l‘o
Denote A by the set of all functions ¢ : [tg — A7, o + AT] — Rr s.t.

8 eMBVItg— A~ 1o+ AT\ Clto — A, 1o+ AT],
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[lo(t) Og Xoll < [h(t) — I(to)]
fort € [ty — A7, to],
116(1) ©g Toll < |R(t) — At))]

fort € (ty, to + AT, where M = (b)) — h(a).

Obviously, A C MBV[tg — A", tg + AT](Clto — A™, to + A™] is a convex subset,
ie. if 91,02 € A, € [0, 1] then @9 + (1 — )02 € A.

From the definition of A, 9(ty) = X foro € A.Next, letus show Aisclosed. Let {gx} C A
be a sequence which converges in MBV[tg — A™,to + AT](Clto — A, t0+ AT]toa
function o. Let || - || x 2. |l x[o—A— 1o+a+]> SINCE

1ok () ©g 0| < llok Og ollx

fort e [tg — A™, 1o+ AT],
lim [|ox (1) ©4 0()|| =0
k—00
uniformly fort € [tp—A~, to+AT]. Therefore, forVe > 0,3k € N s.t.fort € (ty, to+A™],
[lo(t) ©g Xoll < [l0(1) ©g Ok (D] + |10k (1) Og Xoll
< e+ |h@1) — h(t ).

This means for ¢ € (19, to + A™]

12(t) ©g Xoll < |A(t) — At)I.
Similarly, for ¢t € [tg — A™, to]

llo(t) ©g Xoll =< [(t) — R(10)]

and therefore 0 € A and A is closed. From Theorem 3 and Theorem 11, A can be regarded
as a closed convex subset in X[tg — A™, 1o + AT].
For a given ¢ € A define the mapping

t
To(t) Og Xo = / fs,00s)ds, 1€ltg— A", 10+ AT].
0]

By Corollary 4, T is well-defined. Due to fz:) f(s, 0(s))ds exists for Vt € [to — A, 1o +

A*] where p € A, then ff f (s, 0(s))ds exists for every [c, 1] C (to, to + A1), & € A.
ForVe > 0,35(&) : [c,t] = (0,00) s.t. for I" = {[ci—1,¢il, &},i = 1,2...m which is
S-fine.

t ~
[ITo(r) ©g Xoll = || f(S,é(S))dSII = lim || f(S 0(s))ds||

(T—)to

< lim |:||/ f(S o0(s))ds @ng(El’Q@t))(cl ci—DI

i=1

-+l Zﬂs,», 8(EN) (ci — cH)H]
i=l1

< e+ lim Zm(c,) —h(ci_)|=¢+ 11m (h(t) — h(c))

o‘~>to i=1 U~>0

=&+ |A(t) — At
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This means for t € (¢o, to + A™]

ITa(1) ©g Xoll < [A(r) — A1)
Similarly, for ¢t € [tg — A7, tol,

[ITo(t) ©g Xoll = |(r) — h(to)|.

Therefore, To C Aforp € A,ie. T : A — A. Next, we shall show T : A — A'is
continuous. If 9,7 € A, then

[ITo ©g Tlllx = sup [ITo(t) ©f TU(1)I|
te[toy—A—tp+AT]

r ~ ~
= sup / f(s.0(5)) Og f(s.1(s))ds]|.

I
telto—A" to+AT] fo
Letl :t0— A~ =up <uj <--- <u = to+ A be any partition of [fg — A ™, tg+ AT].
Dueto [,/ f(s.0(5))Og f(s. Us))ds existson[uj_1, uj]forall j = 1,2, -, k.ForVe >
Othereisd; : [uj_1,u;] — (0, 00)s.t.forany §;-fine partition '™ : u;_| = t({ < tlj <<
fm; = ujand {6],6], -, 6] }satisfied that 6] € [/, /1 C (6] —8(6]).6] +56))),
we have

t ~ ~
sup / f(s,0(5)) O f(s,1(s))ds]|
0

Il
te[to— A~ to+AT] 1

t~ ~
< sup [H(f F(5,8(5) 0 F(5. 1(s))ds)
0

telto— A~ 1p+AT] 1

@g(Df(s,-, 0(&)) O f (&, 1EN)(ci — cH))n

i=1

I (FE 6GD) O F(ETEN) (e — ch}

i=1
< swp [s+2w(||é<a)@gf(s»n)(h(c,-)—h(ci_o)}
telto—A~1o+AT] i—=1
to+AT
<o+ / @ (116() O 1O INAR(D).
to—A~
that is
to+AT
175 O Tf||X<e+/ @60 O T0IDAnG).
n—A"

Suppose @, 0k € A with lim [|gx O4 0]|x = 0. Then by
k—o00
lim [|ok (1) ©Og 0(1)]| =0
k—00
uniformly for ¢ € [to — A, tp + A™] and since @ is continuous at 0 with = (0) = 0,
lim |[Tox ©g Tollx =0.
k—00
i.e. T is continuous.
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Finally we shall prove T : A — A is compact. Let K € As.t. AN > O s.t. ||o||lx < N
for o € K.

Therefore the sequence of equally bounded functions {gx} is of equibounded varia-
tion where 9 € K,k € N. That means this sequence contains a pointwise convergent
subsequence which we again denote by {0z} by Helly’s Choice Theorem. Therefore, for
tefto— A", tg+ AT]

lim 0x (1) = o(1)
k— 00
where 0 € MBV[ig — A, 19+ AT Clio — A7, 1o + AT].
Put

t
70 05 50 =760 0 fo = [ fls.a60ds
fo
fors € [to — A™, to + AT]. It can be obtained from the above certificate that
lim [|Tox ©g yllx = 0.
k—o00

Therefore, we have T : A — A is compact.
By Schauder-Tichonov’s fixed point theorem, thereisa x € As.t. X = Tx, i.e.

t
X(1) Og Fo = T(X(1)) Og X0 = / f(s, %(s))ds
to
fort € [to — A™,to + AT] and
I
Tx(t) ©Of TX (1) =/2 F(s, %(s))ds
1

and this implies that X is a BV-solution of (2).
Next, we will provide a simple example to prove the existence of bounded variation
solutions for linear fuzzy differential equations using our method. O

Example 3 Considering problem (2), let ¢ > 0, I = [a.b], Xo € Rr with [Xp]y = [A, A +
(1 —=2)5]and
ft,%) =tA+7%,
where A € R
Let _
h(t) = (c + bllAlD?
and
5= —"
w = .
c+b|A|

Obviously, i : I — (—o00, 00) is increasing and continuous from the left, @ € I, and f is

a Carathéodory function. Next, let us show f e V(G, h, w).
(a) thereisad(t) = %,for‘v’r € [u,v] C (r — %, T+ %) Cclandx € B,

D(f(r, %) —u),0) < (X + tIAID@ —u) < (c+bIAI( — u) < h(v) — h();
(b) forVi,§ € Be,teluvlC(r—Lr+1Hc1

o N (2P
17D 0 FE DI =) < 11F 0, Sl —w < - ==t

@ (|1X ©g YD (h(v) — hu))

(c +bIIAD — u)

IA
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(c) Obviously, for each finite step fuzzy-valued function x(z), f (z, x) is fuzzy Henstock
integrable.

From Theorem 14, there exist A~, AT > 0s.t. on[tg — A7, to + A ] there is a BV-solution
x of (2) with X (#p) = Xo.

For slightly more complex fuzzy differential equations, our method can also be used to
prove the existence of bounded variation solutions.

Example 4 Now, we consider the GFDEs as follows, ¢ > 0,1 = [a.b], X0 € Rx with
[Folx =[50 — 1), $(1 — A)] and
'
F, %) = %x
Let ;
ht)=c-¢ and w()=-.
c

Then, i : I — (—00, 00) is increasing and corltinuous from the left, w € K, and f is a
Carathéodory function.Similarly, we will show f € V(G, h, @).
(a) thereisa §(t) = 5, forVr € [u,v] C (§, %) C I and ¥ € B,

D(f(z, H)(v —u),0) < i||)E||(v—u) <c- 5(1) —u) < c-(ﬁv - ﬂu)
T T v u

=c-(e" —e") = h(v) — h(u);
(b) forV)E,fl (S Bc7 T E [uv U] C (%’ 37.[) c 1

A

i [1X Og ¥1I v_ u
—  .c- (e —e¢
. ( )

I1f(r,%) Og f(z, DIV —u) < %ni Og FIl(v —u) <
@ (||1F Og FID(i(v) — Ti(u))

(c) Obviously, for each finite step fuzzy-valued function x(z), f (z, x) is fuzzy Henstock
integrable.

IA

Therefore, by Theorem 14, there is a BV-solution X of (2) with X (f) = Xp.

To demonstrate that this paper extends the existing work, we will provide an example to
illustrate the existence of a fuzzy differential equation with bounded variation solutions in the
sense of g-differential, but there are no (i) and (ii) solutions in the sense of gH-differential.

Example 5 Let us considering problem (2) given in Example 1. Let
h(t) = (V(g, la, b]) + g(a) + 2)t

and
w(t) =t,

where V (g, [a, b]) represent the total variation of real-valued function g. Obviously, A :
I — (—00, 00) is increasing and continuous from the left, o € K, and f is a Carathéodory
function.

First, we prove that the fuzzy differential equation does not have a solution in the sense of
gH-differential. For the solution X(¢) = xG«) + At, where

t2sinti2,t;£0

G(t)z{o, 1=0,
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we can easily find that the diameters of solution equals to O for = 0, and greater than O for
t # 0. That means t~here no (i) and (ii) solutions in the sense of gH-differential fora < 0 < b.
Next, let us show f € V(G, h, @).

(a) thereisad(t) = 5, forVr e [u,v]C(r— 5,7+ %) ClandX € B.

D(f(zr,5)(w —u),0) = D((xg(r) + A)(w — u), 0)
D(xg(ry(v — u), 0) + D(A(v — u), 0)

IA

IA

1 2 1
max {27sin — — —cos —}(v —u) +2(v — u)
t€lu,v] ‘L’2 T ‘L’2

< (V(g, [u,v]) +gu) +2)(v — u)
< (V(g,la,b]) +gla) +2)(v —u)
< h(v) — M(u);

(b) forVx,y e Be,teu,v]C(t -5, 1+ 5 Cl

I1f(r,%) Og f(T, DIV —u) < & (||F O FI)(Ti(v) — h(w))

(c) Obviously, for each finite step fuzzy-valued function x(¢), f (z, x) is fuzzy Henstock
integrable.

From Theorem 14, there exist A=, AT > 0s.t.on [fo—A~, fo+A™] there is a BV-solution
x of (2) with x(¢y) = Xo.

This indicates that the GFDEs extends the theory of fuzzy differential equations based on
gH-derivatives.

5 Uniqueness of BV-solutions for GFDEs

Since Bede and Gal (2005) proposed the generalized derivative and the generalized solutions
of the FDEs, the solutions has lost its uniqueness. However, it can be proved that under the
given conditions in this paper, the GFDEs has uniqueness with respect to the B V-solution.

Definition 11 Let X : [f9, 0 + n] — Rz be the BV-solution of problem (2). If for any
solution y : [fg, fo + 0] — Rz of (2) with y(t9) = X(t), An1 > 0 s.t. X(t) = y(¢) for
t € [to, to + nl(\[to, to + o 1(\[to, to + n1], then X is locally unique.

To obtain the uniqueness theorems of the BV-solutions for problem (2), an important
integral inequality is given.

Lemma 1 (Schwabik (1992)) Let  : [a, b] — [0, 00), h : [a, b] — [0, 00) be given where
Y is bounded and h is continuous from the left and nondecreasing. Suppose that the function
@ : [0, 00) — R is nondecreasing and continuous with @ (0) = 0.

Foru > 0 let us set .
W (u) :/ dr
uy @ (r)

with some ug > O.

The function ¥ : (0,00) — R is an increasing function with V(ug) = 0 and
lim V(u) =a > —oo, lim ¥(u) =B < .
u—0+ Uu— 00
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Assume that the inequality

&
wE) <k+ / @ (9 (1))dA(7)

holds for & € [a, b], where k > 0.
If W (k) + h(b) — h(a) < B then

Y() < W (W) + hE) — ha))
where & € |a, b], U (q, B) — R is the inverse function to W.

Theorem 15 Assume f € V(G, h, w) and for Vu > 0

u
1
lim/ dr = oo.
v—=0+ ), @)

Then every BV-solution X of (2) s.t. X(ty) = Xo where (X, ty) € G is locally unique.

Proof Assume that X, y : [fo, fo + n] — Rz are BV-solutions of problem (2) s.t. X(fp) =
J(to) = %o where n > 0. Due to [; [f(s, £(5)) Og f(s, 3(s))1ds and [; @ (||%(s) O
y(s)[dh(s) exists, for Ve > 0, 351 : [tg,t] — (0, 00) s.t. for & € [uj—1,u;] C (& —
818, & + 81(5)),

t ~ ~
I / LF (5. £(5)) Og F(s, 5(5))1ds]|
fo
t ~ ~
< / LF(s. £(5)) O F(s. F(s))1ds
to

Og Y _IF & 2E)) Og f&. FENI i —ui)|

i=1

D L RED) O FE, FEDw — i)l

i=1

<3+ D 1E) oy SN ~ -1,
and
S @ (11EE) O FEIDau) — hlwi—1)

i=1

t
=< II/ @ (|1X(s) ©Og y(s)INdh(s)
10

=Y @ (IEE) Og FEIN () — h(ui 1)

i=1

HIDw(IFE) Og FE I Bui) — hlui—1)|

i=1

t
: §+f o (15(s) Op 56)NdACs).
10
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Therefore

t
[1X() ©g (DI = II/ [f (s, X(s)) Og f(s, y(s))]ds]]
to

t
< s+/ o (15(5) Og 5(s) D).
0]
This obtain

t
[1X(1) ©g y@)II S/ @ (|[X(s) Og Y(s)[DdA(s)
0]

to+36
_ / o (5(s) Op F)NdA(s)

19
t
+ / @ (15(s) Og F)IDdAs),
10+36
where 0 < § < t — ty. Besides,

to+6
/ @ ([1x(s) Og y(s)INdhi(s)

to

= @ (|[%(t9) Og (00)IDIA(1y) — hlto)]

to+36
+ lim, / @ (15() O 5()|DdA(s)
n

tlﬁlo

< sup @ ([lx(s) Og YDty + ) — h(t)]
s€(to,to+6]

= A(9),

because @ (||X(tg) O, Y (10)|]) = @ (0) = 0. So 5li%1 A(8) = 0, since h(tg') exists. Therefore
-0+

t

[1X(1) ©g YOIl < A(S) +/ s @ (|1x(s) Og y(s)IDdR(s)
o+

fort € [ty + 6, 10 + nl.
Let ug > 0 and

ol
W (u) :/uo w(r)dr'

For t € [t9 + &, to + 1] by Theorem 15,
I15(1) @ FOII < W (W(A®)) + h(t) — h(to + 8))
which means W1 (W(A(8)) + Aty + 1) — h(tg + 8)) < B where g = uli)ngo V(u) < oo.

Evidently, we have
W(A(8)) + It + n) — h(to + 8) < W(A(S)) + h(to + n) — h(to+)
and because SEI(I]IJF A(5) =0and MEI})I+ W (u) = —oo we obtain
agr& W(A(8)) + hlto + 1) — hto+) = —o0.
So, there is §p > 0 s.t.

W(A(S)) + h(to +n) — h(to+) < B
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for 8 € (0, 89). Applying W to (3), then
W([X (1) ©g YOI = W(AD)) + h(r) — hlto + 9),
and this means
W(|1x(1) ©g YOI — W(A(S)) < I(t) — h(to + 8) < h(r) — h(to+).

Therefore,

KOO0
/ dr < h(to +n) — h(tp+)
AG) @ (r)

fort € [to+ 8,10+ nland § € (0, ).
Assume for t* € (19, 1o + n] ||1X(t*) O4 y(t*)|| = k > 0. Then

k

1

/ dr < Rty + 1) — h(g+) < 00
Ay @ (1)

for every § € (0, §p) s.t. § < t* — tp. Now it is possible to take § — 0+ for obtaining the
inequality

ko
lim / dr < hito + 1) — h(to+) < oo,
§—0+ A(S) ZZT(I’)
which contradicts the known conditions. So, for ¢ € (to, to + 1], [|1X(t) ©Og y(®)|| = 0.
Therefore,

t
150 0 5| < / @ (5(s) Og F)DdAs)
)

when X, y : [fo, To + n] — R are (ii)-solutions of (2) s.t. X(fg) = ¥(f9) = Xo where n > 0.
For the fuzzy differential equation given in Example 3, we use the above conclusion to
further prove the uniqueness of bounded variational solutions. O

Example6 Let h, w and f are given in Example 3. Considering the uniqueness of BV-
solution for problem (2) based on Theorem 15.
All we need to prove is

u
1
lim / dr = oco.
v=>0+J, @ (r)
Obviously,
" b|lA - uq
lim / L””dr = (c+b||Al) - lim / —dr = oo.
v—=>0+ /, t v—>0+ J, 1
That is the BV-solution given in Example 3 is unique.

For the fuzzy differential equation given in Example 4, we use the above conclusion to
further prove the uniqueness of bounded variational solutions.
Example 7 Similarly, let us show the uniqueness of BV-solution where A, o and f come
from Example 4. Since @ (1) = £, we have
u c u
lim —dr =c- lim —dr = oo.
v—=>0+ J, 1 v—=>0+ /,

That is the BV-solution given in Example 4 is unique.
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6 Conclusions and future research

In order to obtain the connection between the fuzzy bounded variation function space and the
GFDEs, we first discuss some properties of the fuzzy bounded variation function space and
obtain that the solution of the GFDEs must be a fuzzy bounded variation function (Theorem
12), and the right-end function must be fuzzy Henstock integrable (Corollary 4).

Next, by using the embedded theory of fuzzy number space and Schader Tichonov’s
fixed point theorem, we prove the existence and uniqueness theorems of GFDEs, and extend
the solutions of GFDEs from the fuzzy absolutely continuous function space to the fuzzy
bounded variation function space.

The main drawback of this paper is that it’s difficult to calculate from a numerical level.
Due to the shortcomings of fuzzy Henstock integrals and g differences, which are difficult to
calculate in practice, this paper only discusses them from a theoretical perspective and lacks
numerical experiments.

Our results extend the results given in Schwabik (1992).

The next research are as follows.

(1) Since the function of ®-bounded variation is the extension and development of the
function of bounded variation (see Li and Wu 2003), we will study the fuzzy ®-bounded
variation solutions of problem (2).

(ii) The stability of the solutions for the GODE:s is essential research in real analysis (see
Schwabik 1992). Therefore, We will study the stability of the BV-solutions for problem
2).

The research on fuzzy differential equations still attracts the attention of many scholars.
Some paper consider a wider range of fuzzy differential equations, such as the heat equation
with fuzzy boundary initial values (see, Wasques 2024); Some paper consider fuzzy differ-
ential equations defined by different algebraic operations, such as y/-cross operations (see,
Laiate 2023). However, most paper are based on the gH-derivative of fuzzy-number-valed
functions, instead of considering g-derivatives, it is impossible to consider a class of fuzzy
differential equations (Example 1). This paper is based on g-derivative and considers the
existence and uniqueness of fuzzy bounded variation solutions for GFDEs, expanding the
space of solutions for fuzzy differential equations.
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