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1. Introduction

The theory of nonlinear difference equations has been widely studied due to important
applications of discrete models in many fields such as physics, computer science, eco-
nomics, neural network, ecology, cybernetics, and so on. Oscillatory and non-oscillatory
properties are studied in [1, 2, 10, 11]. Boundary value problems are investigated by
[9, 17, 24]. Detailed classification and existence of such solutions to various generalized
Emden-Fowler equations are proved in [1, 11-14, 16]. Using retract technique with Lya-
punov approach, asymptotic representations of solutions of an Emden-Fowler equation are
obtained by [3-6, 15]. This paper continues to study the interesting problem on asymptotic
behaviour of solutions of the following discrete generalized Emden—Fowler equation:

A%y = quitlyns1l’ sgnynr1, n> 1, (1)

where A is the forward difference operator given by Ay, = y,+1 — y, and A%y, =
A(Ayn) = Ayny1 — Ayn = Ynt2 — 2Ynt+1 + yu- The class of Emden-Fowler equation
appears in the study of polytropic and isothermal gas spheres, electron distribution in heavy
atoms, etc. [12]. Our tool is the continuation theory for k-set contractions. Let (X, | - [x),
(Y, ]| - |y) be Banach spaces and Q C X a bounded open set. The (Kuratowski) measure of
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non-compactness for a bounded subset S C X is defined by
ax(S) = inf{d > 0; S admits a finite cover by its subsets

m
S = U Si, diamy S; < d},

i=1

where diamy §; = sup, ., |x — y|x. A continuous and bounded map N : Q — Yiscalled

k-set contractive if ay(\NS) < kax(S) for all bounded sets S C Q, where k > 0 is a
constant.

Theorem 1.1 ([21]): Suppose that L : X — Y is a Fredholm operator of index zero, p € Y
is a fixed point, and N : Q — Y is k-set contractive with k < (L), where

(L) = sup{r > 0;rax(S) < ay(LS) for bounded S C X}, (2)

and Q C X is bounded, open, and symmetric about 0 € Q. Assume further that

(i) Lx#rNx+rpforxe o, re(0,1).
(i) [ONx+ Op,x] - [QN(—x) + Op,x] < 0 for x € ker L N 0Q, where [-,-] is some
bilinear form on Y x X and Q is the projection of Y onto coker L.

Then there exists x € Q such that Lx = N'x + p.

Theorem 1.1 is a powerful tool in showing the existence of periodic solutions [8,
18-20, 23]. Note that (1) is a discrete analogue of the following generalized Emden-Fowler
equation:

y' =g®lyl" sgny, t=>0. (3)

Qi and Zong [22] extend Theorem 1.1 to the study of asymptotic behaviour of solu-
tions of (3). We aim at this paper to extend asymptotic results in [22] to the difference
Equation (1). However, the method for a prior estimates in [22] is not applicable here due
to the lack of continuity of solutions. We shall work on a space consisting of truncated
sequences to find the desired solutions and then extend them to the whole positive integers.
Properties on asymptotic behaviour are preserved if only finitely many terms are neglected.

We introduce the idea and main results on asymptotic behaviour in Section 2. The
existence of nontrivial decaying solutions and asymptotically linear solutions is proved in
Sections 3 and 4, respectively.

2. The idea and main results

We shall prove existence results with Theorem 1.1 on appropriate sequence spaces to
obtain asymptotic properties. Such spaces will be clear provided suitable transformations
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of variables are taken. For convenience, let

y y>0,
fG) =lyl" sgny =10, y=0, (4)
—(=»7, y<o.
Ify > 1,thenf e C'(R, R). Putting
Yn = Xn + hn: Pn = Qn+1f(hn+1) - Azhna n>1, (5)
(1) takes the form of
A%y = qui1 [f Cont1 + hug1) = f(rag)] + s 1> 1, (6)

where h is a known suitable sequence to be determined later. Therefore, a solution x of (6)
which decays faster than h gives rise to a solution y of (1) behaving asymptotically like h.
We illustrate this point with an example. Let 1, a>0,b # 0,

_a b 1
qn_n_ﬂ+nﬂ+1+0 it ) (7)

Setting h, = cn™", ¢> 0, a straightforward computation shows that

=) on—=(m-1)" on—=(n—1)"

lim 7 :llm—v-nzhm—v‘

n— 00 =T n— 00 (n — 1) n— 00 n
1 v

~ lim [1_(1__) ]z
n— 00 n
1 1 —cv
s =y ot = | = o |~ @0
and using

1+ =1+ys+ @52+0(sz) (s— 0
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to get
1 1 2
o T ooy T
lim (n+1) (11 1) n
n—>oo _
nv+2
oo+ (=1 =2 —1)" b2
= lim n
n—>00 (n—=1D"n"(n+ 1)
o+ )+ (n—1)" —2(n*—1)" ,
= lim 3 n
n— 00 n=v

) 1 v 1 % 1 Vv 5
= lim |[{1+-) +(1-=) —2({1—-—= n
n— 00 n n n

-1 -1
:hm[L+z+51_)+1_2+51_2_2@_2J+0(2
n

n—o0 n 2n? n 2n? 2
=v(v+1),
cvv+1
Anhn_l = hn+1 — 2hn + hn—l ~ % (f’l - OO)
n
Furthermore,
o _|a, L
qnf(hn) - qnhn - [nﬂ + n/l+1 +o (n/l+1)i| n’v

ac? bc? 1
= v T e 1O (nﬂ+yv+1) (n — 00).
Choose v, ¢ so that
u+yv=v+2, ac =cw@+1),
then

. be? 1
P = G e To\ Lt )

sup |n/‘+V”+1pn| = sup |nV+3

n>1 n>1

Pnl < 00.

If x decays at a polynomial rate such that

v+1

max[sup |n" x|, sup |n" T2 Ax,|, sup |n”+3A2xn|] < 00,
n>1 n>1 n>1
by the intermediate theorem, there exists 6, € (0, 1) such that
f Gen + 1) = fF(h)|l = 7 10nn + Bal’ "+ |xal, 7> 1
Therefore,
|17 [f Con + ) = f ()]
=y 1n"qul - 17 V10,2 + |7 TH - 1"y

—1 1
=y |t qnl - 0un"xn + n"hy|” 71 - 0T x,,
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which is bounded on N*. Thus both sides of (6) decay at the polynomial rate of order
v+ 3.
Given A>0and N € N¥, define the quantities

A
Ixllzn = sup [n"xul,  llxll2,n0 = max{|Ix|lzns | Axl 41,8}
n>N

2
%l 2,8:2 = max{||x[lz,n, | Ax]liq 18, [A%x] 2428}
and the spaces of sequences decaying at a polynomial rate

YN ={x:[N,00) "N = R;|lx[l,n < 00},
Yy ={xeYnAx e Yipinh (8)

2 2
Y,l,N ={xeY,nv;Axe YN, A°x € YN}

For simplicity, we write Yf and || - ||1;¢ respectively instead of YfN and | - ||1,n;¢ with
N =1, where £ =0, 1, 2, and we have used the convention that YgN =Y,n and | -

N0 =1l - laN-
The first main result is formulated as follows. Its proof is put in Section 3.

Theorem 2.1: Suppose that y >1, u € (0,2), v = ;—__ﬁl, A>v+1,and q e Y, \{0}. Then

foreveryh e YS\{O} such that y |1q|| . ||h||5_1 < landp = qf(h) — A*h € Y;45, (1) has at
least one nontrivial solution y € Y2 withy — h € Y2.

As for the sub-linear case y < 1, we consider quantities

A
%[l = sup le"xnl,  lxll2,1 = max{llx|lz, | Axll 741},
n>1

2
llxl12,2 = max{llx|lz, [| Axll 241, [| A%l 142}

and spaces

Z; ={x:NT" 5 R;|xll, <o}, ZI={xeYiAxe Y11}

(9)

Z2={xe Y Ax e Y1, A*x € Y42},

The second main result reads as follows. Its proof is put in Section 4.

Theorem 2.2: Suppose thaty € (0,1), 10>0,q9 € Z,,. Then forany A € (0,49),a # 0,b €
R, (1) has at least one asymptotically linear solution y with y, — an — b € Z3.
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The transformation is slightly different from (5). Given 4 € (0, 4¢), choose ¥y > 0 so
that

/12
Yo ¢
By [22], there is an odd function f : R — R such that]‘(y) = f(y) for large |y|, and
- 1
Yo
Then we consider the auxiliary difference equation
Azyn = qn-i—l.f(yn-i-l)’ nz= L. (12)
Foranya # 0, b € R, setting
Yn =Xp+an+b, pnzq,,Jr]f(an—l—a—l—b), n>1, (13)

(12) is reduced to
A%y = quia[fConpr +an+a+b) —flan+a+b)]+pyn, n>1 (14

Consequently, a solution x of (14) which decays to zero at an exponential rate gives rise to
an asymptotically linear solution y of (1).

3. The existence of decaying solutions

Following [22], we can prove basic properties for the space (Yf)N, Il - 1l 2,N;¢) on complete-
ness, compactly embedding and continuity of measure for non-compactness with respect
to A. They are listed in the appendix for convenience of readers. Our first goal is to obtain
the following two results.

Lemma 3.1: The second-order difference operator
A% Yf)N = YN, x> A%x (15)
is a Fredholm operator of index 0 such that
(i) The kernel ker A equals {0}.
(ii) The range ran A%isY;oN.

(iii) The codimension codim A? = dim Y, 1, n/ran A?is 0.

Proof: Note that A2x=0 implies x,, = Cyn + C, which equals the constantlim,,_, 5 x,, =
0. Thus A? is injective.
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Next we show that A? is surjective. For any y € Y, 42N,

Iyllisan .
lyjl < j}“T’ j=N.

Define

o0
zn:—Zyj, n > N.
j=n

Then forn > N,

o o
Aznzan—zn:Zyj— Z Vi = Yn>

j=n j=n+l
ie. y= Az and
[o0) o ]
- 7o dt
ol < Wlisan 3 3 < Wlean S [ 2
J=n j=n j—1
= Yl it2n / < dt Iyl
= +2, _
p1 tA2 —(A 4+ 1)+ -
Iyl 242,

T G4 D(n— 10

it < ()T Wl (N YT e
"o \n—-1 i+1 T \N-1 A+1

Hencez € Y} +1- By the same method, the sequence

o0
Xp = — ZZ]', n>N
j=n
fulfils x € Y7 and A%x = y such that

il < () ey (NN Il
N=\N=-1 2 —\N-1 A0 +1)

At last, (iii) is obvious. u

Lemma 3.2: £(A?) > 1 for the A? given by (15).

Proof: Inviewof A? : YiN - Y/Zf,N — Y;4on C Ygqanfor A > f > 0, weshall show for
each bounded S C Y7 ,

apN2(S) < apaaN(A°S),
which yields by Lemma A.6 the desired inequality

a1, N2(S) < a2 N(A%S).

Let & = apan(A%S). By Lemma A7, api1n;1(AS) < apian(A%S) =¢. Lemma A3
shows that Y;%’N is compactly embedded into Y4 n. Hence a g n(S) = 0. Given € > 0, there
is a finite decomposition § = U™ | S; with diamg n S; < €.
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From AS; C ASand A2S; c AZS it follows that apy1,N;1(AS;) < ¢ and aﬂ+2,N(A28i)
< ¢. There is a finite decomposition AS; = U;’;lA]i such that diamgyqn;1 A],- <¢+e.
Setting Sjl: ={xeS;Axe AJI:}, it follows that

', diamgi Ny AS] < diamgyyng AL < & e

$=UL UL, S,
Foranyx,y € Sé,
Ix — yll g < diampy S, < diampgy Si < e,
|Ax = Ayllprin < 1Ax — Ayllgsing < diampiing AS, < & + 6,
IA%x = A*Yllg1an < |Ax = Ayliprang < & +e.
Thus diamyg ni2 S| < & + € and ap N (S) < agian(A2S). n

Set p(t) =y liqll . (t + [All,)? ~1 for t > 0. It is easy to check that ¢ is continuous and
strictly increasing for t > 0. Conditions in Theorem 2.1 imply 0 < ¢(0) < 1. Hence there

is > 0 such that ¢(0) < ¢(¢) < 1 for t € [0,]. Since 4 > 1, for any R > {l"ilf(t;), there
exists an integer N > 1 such that

— <l €i=——— <. (16)
N-1 (N + 1)4~V

Then ¢(€1) < ¢(0) < 1. Let Q = B(0,R) C Yf)N be the open ball centred at 0 with
radius R.
Define according to (6) the following nonlinear operator:

Nixe Yy Wy = qurt[fGart + har)) = fhagD)], = N

Then (6) with n > N is equivalent to A2x = N'x + p. The reason why we only consider (6)
with n > N is to simplify the estimation of the bound of Nx.

Lemma 3.3: N is a bounded and continuous map from Qto Y)4+2,N and is k-set contractive

with k = $(5) < 1.

Proof: We first show that A/ maps Q into Yi4oN. Let x € Q. By the intermediate value
theorem, there is 8,41 € (0, 1) with

12N X)nl < (14 D2 qup1 [f Gt + Basr) — F(rar)]]
= |(n+ D *qu1] - 7 11 + 1" Onp1Xnsr + For ) 71 10+ 1) 20011

|(n + 1) x41]
(n+ 1)4~v

INA

y—1
v 191l [ + ”h”v] “lxll 2N

y—1
+ IIhllv} R=¢(e)R < p(dR, n=N.
(17)

R
7 191l W
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Hence N'x € Y, 45 and NQ Y, 42N is bounded by ¢ (d)R. Similarly, for any x, y € Q
and n > N, there is 0,41 € (0,1) with
2 Nx = Ny),l
<10+ 1 P quia[f Gt + Bus1) = fGnrr + hag )]
=+ D quy1l - 7 1(n + D)’ [Onp1 Kng1 = Yug1) + Ynr1 + hn-i—l]ly_l
101+ 1 Gt = yu)]

(n+1)*
(n+ 1)V

y—1

<7lqlly- Ons 1041+ (1= O D)ynr1] + (n+ 1) gy lx = yllan

R r-l
< 7 lIqllx [W + IIhllu} lx = yllanN < @ (D)lx — yllinNs (18)

showing the uniform continuity of A" on Q.
At last, we show that V' is k-set contractive. Let S C Q be bounded and # = &, n2(S).
For any € > 0, there are finite decompositions such that

S=ULSi, diam;n2Si < n+e,
For x, y € §;, (18) yields
INx = Nylligan < dO)lx = ylin < ¢O)llx — ylling < @) (n +€).

Since ¢ can be arbitrarily small, @, 12 N(N'S) < ¢(8)n = ka,) N:2(S). [ |

Lemma 3.4: Suppose that all the conditions in Theorem 2.1 hold. If Lx = rNx + rp for
some x € Yf’N with ||x|| s N2 < Randr € (0,1), then || x||;n2 < R

Proof: Summing up the equation £Lx = rN'x + rpon [N, n] and letting n — 00, we obtain

n n
DA% = (Axjp1 — Axp) = Axppr — Axy
=N j=N

n

=r > [(Nx);+pjl,

j=N

—Axy =71 [(Nx); +pjl,

=N

Axppr =—r D [(Nx)j+pjl.

j=n+1
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Therefore, for n > N,

o0 o0
|n/1+len| < n)_-i-l Zj—l—Zj)r‘er(Nx)j +p]| < n/l-‘rl Zj—l—ZHNx_'_p”)H_lN

j=n j=n

< " Nx+p] Z n N x + T

< plla+2n t'1+2 = x+pllataN i

—J—1 |o© N N A+1
— YN 1 _ INx+pllivan
n TN x +pllatan mypnnt N T N_1

< [¢(OR+ lIpllr42] < @R+ plli+2 <R,

A+1

where (16) and (17) and the definition of R are used in the last inequality. In the same way,

Z ij Z(x]—H - x]) = Xn+1 — XN

j=N
o0
—XN = Z ij, Xn4l = — Z ij.
j=N j=n+1
Therefore, for n > N,
o0 [e.e]
2 ) —J—1:441 yl —7—1
" xal < 1" D7 T Axl < | Axligan D5
j=n j=n
, 00 —11*
A
<n ||Ax||/H-1,N/ s = n | Axll 111N pral
n—1 -1

p
. ||Ax||;+1,N (N]j 1) < |Axll;418 <R,
and
In* 2 A%, = i TN x) + pul < INX 4 pllisan
< ¢pO)R+ lplli+2 <R
Summing up, ||x[l1,n;2 < R. u

Proof of Theorem 2.1: (i) of Theorem 1.1 is true on Q by Lemma 3.4. The bilinear form
[-,-] and projection Q can be chosen arbitrarily due to the fact that ker £ = {0}. Then
by Theorem 1.1, Lemmas 3.1-3.4, (6) has at least one solution x € Y)2 N-Thusy=x+he
Y? yNisa nontrivial solution of (1) on [N, co) N Nwith ||y — A, N2 < R. By the recurrence
relatlon

Yn = —Ynt2 + 2nt1 + f(Yns1)

this solution extends naturally to a unique solution of (1) in Y&. |
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4. The existence of asymptotically linear solutions

We consider in this section (1) in the sub-linear case y < 1. With a slight modification of
the proofs, Lemmas 3.1 and 3.2 are true for the difference operator

A*: 72 > Z;, x> A (19)
Lemma 4.1: Define according to (14) the nonlinear operator
N:xeZi Nx), = Gui1[fGinp1 +an+a+b) —flan+a+b)], n>1.
Then N € C(Z2,Z;) and is k-set contractive with k € (0, 1) defined by (10).

Proof: Letx € Zﬁ. By the intermediate value theorem and (11),

lu — v

@) =fWI = IF O =l < == (20)
Yo
for all u, v € R. Consequently,
A(nt1) —A(n+1)
e e
|e’1”(Nx)n| < 1—_y|Qn+1xn+1| =15 |€M”+1)61n+1€/1(”+1)xn+1|
Yo Yo
e—i(n-i—l) ;
< ——llqllz - lIxllz2 = ke "D lxlz0 n = 1
Yo
Hence N'x € Z; and
INxllz < kllxll 2. (21)
Moreover, from (20) and
(Nx _Ny)n = Qn+1[f(xn+1 +an+a+b) _f(yn+1 +an+ a+ b)]
it follows that
INx = Nyll; < kllx =yl (22)

showing the uniform continuity of A" on Z7.
At last, we show that A/ is k-set contractive. Let S C Zﬁ be bounded and 7 = a, 1 (S).
For any € > 0, there is a finite decomposition § = U}" | S; with diam; » S; < n + €. By (22),
diam, NS; < kdiam;, S; < k( + €).

Since € can be arbitrarily small, a; (N'S) < kn = ka2(S). |

Lemma 4.2: If Lx = rN'x + rp for some x € Zﬁ and r € (0,1), then ||x|;2 < A‘Zl‘ﬂlf—k’
where p is given by (13).
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Proof: By (13),

1" pul < 1"V guif(an + a + b))
=17 gy ] - 47RO D an 4 a - by

< llallzoe =" * Dlan + a + b)’
for large n. Hence p € Z;. From A%xj = r[(Nx); + p;] it follows that

Z A’xj = Z(ijﬂ Axj) = Axpy1 — Axp = TZ[(NX)]’ +pils

j=1

—Ax; = rZ[(/\/x)j +pi Axur=—r > [(Nx);+pjl.
=1

j=n+1
Therefore,
o0 o0
le*" Ax,| < e Z |(Nx); + pjl = ™" Z e~ HeM|(Nx); + pil
J=n j=n
) ° ‘ 0 pj
< MMNx+pll D e < N x4 pll; Z/ e dr
j=n j:n ]_1
y! * ¢
=Nl [ e de= SNl
n—1
&
< T(kllxllx,z +lplly) =:C, n>1
Furthermore,
|einxn| <

o0 o0
" |Axjl = e > e et Axjl
j=n j=n

)  _,. e Ce*
AN _/L.j _ . —
< e[| Ax|; E e’ lAx]l; < iR
j=n
Ax|y = r|N Kkllx]l o
lA%x[l; = rlINx+pllx < klixllz2 + lpllz < T

Summing up,

<, = _ ?(knxllz,z + lpll2)-

et A Ce* e
et P

lxllz2 < CmaX[l

Therefore,

ezl
il < 2021 Iply
A2 = 1— ej—; N2e—20 — |
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Proof of Theorem 2.2: In view of ker £ = {0}, the bilinear form [-,-] and projection Q
i
decaying solution x € B(0,R) C Z3 of (14) follows from Theorem 1.1, Lemmas4.1 and 4.2.
Thus y, = x, + an + b is an asymptotically linear solution of (12). Clearly, |y,| is large for
large n. Hence y is a solution of (1) for large 1, and it gives rise to a solution of (1) on N*

satisfying y, — an — b € Z3. |

can be chosen arbitrarily. Let R = + 1. The existence of a nonzero exponentially

5. Final remarks

This paper proves the existence of nontrivial decaying solutions to the sup-linear discrete
generalized Emden-Fowler equation and the existence of asymptotically linear solutions
to the sub-linear one. The topic on asymptotic behaviours of solutions has been studied in
[3, 5, 6, 11-16]. The coefhicients of the Emden-Fowler equations in [12-14] are close to a
power sequence, while the sequence g in (1) is bounded, and even decays at the infinity at
either a polynomial or an exponential rate. The equation studied in [3, 5, 6, 15] is of the
form

Au(n) + n*u™(n) = 0. (23)

As indicated by the example in Section 2, we need b # 01in (7) so that in (5) the sequence p
could decay faster than /. Hence our method is not adapted to (23). See also Example (5.1)
below. On the other hand, previous works rely much on hard analysis about equations
and inequalities, e.g. the retract technique with Lyapunov approach in [3, 5, 6, 15] and
the detailed classification of solutions in [1, 11-14, 16]. Our approach is based on nonlin-
ear functional analysis which could avoid some cumbersome calculations, and we mainly
focus on properties of operators defined by the equation and related function spaces. Con-
sequently, quite different types of conditions are required in our work. We only need to
consider the cases of y > 1 and y < 1 separately. Conditions on decaying speed of func-
tions and bounds of coeflicients are imposed. As a consequence, we cannot get descriptions
of asymptotic behaviours of solutions as detailed as those in previous works such as [I,
11-14, 16].

Example 5.1: Consider the following Emden-Fowler equation:

1 1
A= [(n+ NN 1)%‘“} el g nen 2 .
where y > 1and u € (0,2). Let
1 1 c
qn = o + PyESE h, = Y

withv = i—__&l and ¢ 7! = v(v + 1). Then

c’
- (I/l + 1)v+3 >

which belongs to Y, 43 as shown in Section 2. Moreover,

Pn = qnt1f (huy1) — A%h,

1
llqll, = sup (1 + ;) =2, ||, =supc=c.

n>1 n>1
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Therefore,
ylgllellbll 7t =2y P =2pv(w +1) < 1

holds for suitable v. Thus for fixed y > 1, if u € (0,2) is close to 2, then all conditions in

Theorem 2.1 are true. It follows that (24) has a solution y € Yf with {y,, — niv} € Yf 1

Example 5.2: By Theorem 2.2, if y € (0, 1), then the Emden-Fowler equation
Ay =" Mywial” sgnynpr, n>1

has an asymptotically linear solution y with y, — an — b € Z3 forany 4 € (0,1),a # 0and
beR.
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Appendix. Sequences decaying at a polynomial rate

We prove in this section fundamental properties for the space (YE)N, I - ll1,5:¢)- Note that in the
norms a semicolon is used before the order ¢ of difference to distinguish it from N.

The following lemma is a special case of Proposition 7.4 in [7, p. 44] on the compactness criterion
for sets in (cp) which consists of real sequences decaying to zero at the infinity.

Lemma A.1: A setS C (co) is relatively compact if and only if S is bounded and equi-convergent, i.e.
for each € > 0 there is an N(€) € Z4 such that |x,| < € foralln > N+ 1landx € S.

Lemma A.2: (Yf,N, | - Il1,n:¢) is a Banach space for £ =0, 1, 2.

Proof: We first prove that Y,y is complete. Let {x'"} C Y,y be a Cauchy sequence. Then

{n)‘xg,m)} C B([N,0) NN, R) is a Cauchy sequence in the Banach space of bounded sequences
with supremum norm. Let the limit be y € B([N, 00) N N, R) and define a sequence x by setting
X, =nt yn. Obviously, x € Y, y and
1< = xll5 = sup [n*x™ = yul = 0
n>N
asm — 00.
Next we show the completeness of Y/{)N. Let {x("} c Yil, y be a Cauchy sequence. Then {x(my

Y, N and {Ax"} C Y;41 N are Cauchy sequences, whence converge to, say, x € Y; vy and y €
Y, +1,N, respectively. If n > N,

Tim [n* (<" = x| = lim 0" [Ax] = ] = 0.
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So

mlgnooxr(lm) =X In = n}gnoo[xi(ﬁ-)l - x1(1m)] = Xpt1 — Xn = Axy.
Therefore, x € Y})N and limy,— o [l%m — x||;,N;1 = 0. The completeness of Y;ZHN can be proved
similarly. |

Lemma A.3: YiN and Y/%’N are compactly embedded into Yg n for 2 > f > 0.

Proof: A direct calculation shows that for x € Y, n,
I sxal = Al < WP lixllin, mz N
Let {x(’”)} C YAI’N be bounded and define sequences {y(’")} by
y;m) = nﬂx,gm), n>N
for m € Z. It follows that
1< AP A < 1

Therefore, {y™} C (co) is bounded and equi-convergent. By Lemma A.1, {y™)} is relatively
compact in (¢g). Thus {xM1 is relatively compact in Yy .

At last, Yf’N is compactly embedded into Yz v since a set bounded in Yf’N is also bounded in
Yl [

Lemma A.4: Suppose that x € Yf’N, ¢ =0,1,2, then

lim |x 2 = x|l 1.N:¢-
Jim sl = e

Proof: Letx € Y, n.Clearly, ||x|lgn < llx[l2nfor0 < g < A.Foranye>0, there exists ne > N such
that
lxll2n — € < Imgxn | < llxllanN-
It follows that
Y ) -

Ixllpn = 1nfxn | = Ingxn |nf =" > (Ixllin — )nl ™
Consequently,

lxll.n — € < liminf ||x[lgn < limsup [[x[lgn < lIx[l2N-

p—i- B—A—

Since € > 0 is arbitrary, the limit equality holds.

At last, the proven limit equality for £ = 0 and max{u, v} = yield the ones for £ = 1
and 2. |

u+v+|u—v|
2

Lemma A.5: Suppose that S C inN is bounded, £ = 0, 1, 2, then

lim diamg ;e S = diamy ny¢ S.
p—i—

Proof: Denote I’ = diam; ny¢ S. For any € > 0, therearex,y € SsuchthatI' — e < |lx — y|lin;e <
I'. By Lemma A.4,

I'—e <|lx—yligne < diampn;e S < T
for 0 < A — f << 1. Thus the conclusion holds. |
Lemma A.6: Suppose that S C Yf)N is bounded, £ = 0, 1, 2, then

ﬂ_1>n/11_ apN;e(S) = az Ny (S)
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Proof: For any finite decomposition S = U[",S;, there is j with diam, n;¢ S; > a, n;e(S). By
Lemma A.5, diamg ¢ S; > a)n;¢(S) — € for 0 < 1 — B << 1. Hence a; n;¢(S) — € < apgne(S) <
a;,N;¢(S) and the conclusion holds.

Lemma A.7: {(A) > 1 for
A Y}1L+1,N - Y,4oN, x> Ax

Proof: Clearly, A : Y/LLI,N - Ylli'+1,N — Y)42N C Ygion for 2 > f > 0. We shall show for each
bounded S C Yi_H’N,

ap+1.8:1(8) < apraN(AS),
which yields by Lemma A.6 the desired inequality

03+1,N:1(8) < az42,N(AS).

Lety = apioN(AS). ByLemmaA.3, Y/%+1,N is compactly embedded into Yz 1,n5.Soag41,8(S) = 0.
Given € > 0, there is a finite decomposition § = U, S; with diamg 1§ S; < €.

Because AS; C AS, api2n(AS;) < n. There is a finite decomposition AS; = UJ'.LA]; with
diamgio N A]i < 5+ €. Setting SJi ={xeS;Axe A]l»}, it follows that

5> diampy o N ASJi < diamgyon A]i <n+e.

$=UL UL, S
Foranyux, y e S]l:,
lx —yllg+1,n < diampyn S],j < diamp11,n Si <€,
IAx — Ayllpsan < diampion AS) < 5+ €.

Thus diamg 1 n;1 S{- <n+eandapyini(S) < apianN(AS). | |
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